
ELECTRONIC COMPOSITES
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composites, beginning with a review of their mechanical, thermal, electromag-

netic, and coupling behavior; their major applications are then discussed. All
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Preface

The subject of ‘‘electronic composites’’ is both old and new. Electromagnetic

properties (particularly dielectric constant and electric conductivity) of elect-

ronic composites have been studied extensively since the time of James

Maxwell in the nineteenth century, while electronic composites are keymaterials

for microelectronics that today include computer packages, actuators, sensors

and micro-electromechanical systems (MEMS), nano-electromechanical systems

(NEMS) and BioMEMS.

The aim of this book is to provide readers with an introductory knowledge

of various models that can relate the parameters of nanostructure and/or

microstructure of the constituent materials to the overall properties of the

electronic composites. The readers that the author wishes to reach are gradu-

ate students and engineers who are interested in and/or involved in designing

microelectronic packages, actuators, sensors, andMEMS/NEMS/BioMEMS.

To determine the optimummicro- and nanostructure of electronic composites,

a knowledge of the modeling of electronic composites necessarily precedes

processing of the composites. This book provides a summary of such model-

ing. The contents of this book are introductory in early chapters (1–3) and

more comprehensive in later chapters (4–8). To help readers who want in-

depth knowledge, the book contains detailed appendices and a long list of

references.

The author wrote a paper on ‘‘Micromechanics modeling of electronic com-

posites’’ (Taya, 1995) and has been teaching ‘‘Electronic composites’’ as a

graduate course at the University of Washington since 1998; the contents of

the book originate from his lecture notes. There are no textbooks on electronic

composites, presumably because electronic composites are strongly interdiscip-

linary, covering a wide variety of subjects. The author was motivated to edit his

lecture notes into this book by including more recent subjects related to elect-

ronic composites.
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Chapter 1 introduces a definition of electronic composites and their early

study during the nineteenth and twentieth centuries. Chapter 2 discusses

various types of electronic composites that are used in current applications:

electronic packaging andMEMS, BioMEMS, sensors and actuators, and also

the control of electromagnetic waves. In Chapter 3, the foundation is given of

the basic equations that govern the physical behavior of electronic composites,

ranging from thermomechanical to electromagnetic behavior. Chapter 4 is a

key chapter of the book, discussing in detail modeling of electronic composites

based on effective medium theory, which ranges from the rudimentary theory

of the law of mixtures to the more rigorous Eshelbymodel of coupled behavior

such as piezoelectricity. Chapters 5 and 6 discuss the resistor network model

and the percolation model, respectively, which are effective for cases that

cannot be modeled by the effective medium theory, providing a nanostruc-

ture–macro-behavior relation for electronic composites. Chapter 7 discusses

the lamination model, which is simple but effective in estimating the overall

behavior of electronic composites with laminated microstructure associated

often with a number of modern microelectronic devices. This chapter includes

design of (i) piezoelectric actuators for bending mode, (ii) thermal stress

analysis in a thin film on a substrate, and (iii) electromagnetic wave propaga-

tion in laminated composites with two examples: switchable window and

surface plasmon resonance. The final chapter (Chapter 8) opens with a

discussion on selected engineering problems associated with the processing

of electronic composites, to acquaint readers with current processing routes,

ranging from lithography to deposition of organic films. This is followed by an

account of standard measurements of key thermophysical properties and

electromigration.

In all chapters, both index formulations with subscripts and symbolic

notations are used. The former is sometimes needed for readers to grasp the

exact relations in the governing equations while the latter provides readers

with a simple expression, yet leading to matrix formulation, the most con-

venient form for numerical calculations.

x Preface
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1

Introduction

1.1 What is an electronic composite?

‘‘Composite’’ is a well-accepted word, generally referring to structural compo-

nents with enhanced mechanical performance. There are a number of text-

books and review articles on these types of composites (e.g., Kelly, 1973; Tsai

and Hahn, 1980; Hull, 1981; Chawla, 1987; Clyne and Withers, 1993; Daniel

and Ishai, 1994; Gibson, 1994; Hull and Clyne, 1996).

Historically, composites with enhanced mechanical performance have been

in existence from ancient-Egyptian time, c. 2000 BC, when bricks were made

of mud, soil and straw (Exodus, Chapter 5, verse 7). Structural composites are

designed primarily to enhance the mechanical properties of a matrix material

by introducing reinforcement; the primary mechanical properties to be

enhanced are strength, stiffness, and fracture resistance.

Normally, a composite consists of a matrix material and one kind of filler,

but sometimes more than one kind of filler can be used, forming a ‘‘hybrid

composite’’. Depending on the matrix material, one can group composites into

three basic types: polymer matrix composites (PMCs), metal matrix compo-

sites (MMCs), and ceramic matrix composites (CMCs). Among these, PMCs

are themost popular type for electronic composites due to their low processing

temperatures and associated cost-effectiveness.

An ‘‘electronic composite’’ is defined as a composite that is composed of at

least two different materials and whose function is primarily to exhibit elec-

tromagnetic, thermal, and/or mechanical behavior while maintaining struc-

tural integrity. Thus, ‘‘electronic’’ should not be interpreted narrowly as

referring only to electronic behavior, but instead be understood in much

broader terms, including physical and coupling behavior. In this sense, elec-

tronic composites are distinguished from structural composites whose primary

function is to enhance mechanical properties.

1
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Among various applications, electronic composites have been extensively

used as the major component materials in electronic packaging: printed circuit

boards (PCBs), thermal interface materials (TIMs), encapsulants, etc., most of

which are polymer-based composites providing ease of fabrication and cost-

effectiveness. As an extension of electronic packaging, electronic composites

are used now in micro-electromechanical systems (MEMS) and BioMEMS,

where their functions are multi-fold: active, sensing and housing materials.

The properties of electronic composites can be tailored to meet specific

applications. Thus, prediction of the composite properties at an early stage of

designing electronic composites is a key task. Normally the composite property

is expected to fall between those of the matrix and filler, following the law-of-

mixtures type formula, and depends greatly highly on the microstructural

parameters: volume fraction, filler shape and size distributions; the properties

of the matrix and filler; and also the properties of the matrix–filler interface.

Sometimes, the property of an electronic composite becomes quite different

from those of the matrix material and filler, and is far from that based on the

law-of-mixture type formula. Such a unique property of the composite can be

designed purposely or found accidentally in the course of development of a

functional composite; it is termed a ‘‘cross product’’ exhibiting ‘‘coupling

behavior’’ (Newnham et al., 1978). Since coupling behavior between various

physical properties is included in the definition of electronic composites, com-

posites with such coupling behavior are often referred to as ‘‘smart composites’’

or ‘‘multi-functional materials,’’ which are the key materials systems for use in

smart structures and devices ranging from bio-micro-electromechanical sys-

tems (BioMEMS) through sensors to actuators. Therefore, construction of

accurate models for the macro-property–microstructure (or –nanostructure)

relation is strongly desired. These models are multi-scale, i.e., covering nano-,

micro-, meso-, and macro-levels. If these models at different scale levels are

interconnected smoothly, one can establish a hierarchical model which will be

useful for many scientists and engineers who want to design new smart (or

intelligent) materials, MEMS and BioMEMS devices, and multi-functional

structures. The main body of this book is devoted to presenting a number of

such models. In the remainder of this chapter, we shall review earlier models of

electronic composites.

1.2 Early modeling of electronic composites

Modeling of electronic composites in the nineteenth century and early part of

the twentieth century focused on the prediction of the dielectric constant " and

electrical conductivity � or resistivity � of a composite composed of spherical

2 Introduction
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fillers with "f, �f (�f) and matrix with "m and �m (�m) where the subscripts f and

m denote filler and matrix, respectively. Landauer (1978) made an extensive

literature survey of early models for the electrical conductivity of composites

that were proposed in the nineteenth century through to the mid twentieth

century. We shall review some of the early models used to predict the electro-

magnetic properties of composites, i.e., (1) Lorentz sphere problem, (2)

demagnetization in a ferromagnetic body, and (3) concepts of thermal, electric,

and magnetic circuits. The first two provide the background for modeling

based on the effective medium theory, the last for the resistor network model.

Both models will be discussed in detail in later chapters.

1.2.1 Lorentz sphere problem

Consider a dielectric material with dielectric constant " which is subjected to

a uniform electric field E, Fig.1.1(a). At a macroscopic level, the dielectric

material is considered to consist of a uniform electric dipole moment with

polarization P (per unit volume). At the atomic level, one can find a free

space with "0 dielectric constant between lattice points (atoms) or molecules

that constitute the dielectric medium. If we consider a spherical domain of

radius r0 between the atoms or molecules, Fig. 1.1(b), a layer of electric

charges (positive and negative) is distributed on the inner surface of the

E

E

E

(a) (b) (c)

free space

++

+

r0

x3

x2
x1

ε0

ε0

ε
+

+

da

P

E r0
θ

–
– – –

–

+
+++

+

–
–––

–

+
+++

+

–
–

–––

Fig. 1.1 Lorentz sphere problem: (a) macro-level model in a dielectric
material subjected to uniform electric field resulting in uniform polarization
P, (b) nano-level model where free space is polarized by pairs of positive and
negative charges. (c) Lorentz sphere problem to idealize (b). (After Ishimaru,
1991, with permission from Pearson Education, Inc.)
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sphere, which is called the ‘‘Lorentz sphere’’, Fig. 1.1(c). The net (or total)

electric field E
t in the sphere is expected to be larger than the applied field by

an amount Ep, i.e.,

Et ¼ Eþ Ep: (1:1)

We shall compute the magnitude of Et using a model developed by four

pioneers in the modeling of electric composites, Mossotti (1850), Clausius

(1879), Lorenz (1880) and Lorentz (1909), which is summarized by Ishimaru

(1991).

Themagnitude of the chargePr in the radial direction on the surface element

da is given by

Pr ¼ P � da ¼ Pcos� da; (1:2a)

where

da ¼ 2pr sin� r d�; (1:2b)

and P is the magnitude of P.

This charge Pr induces an electric field dEp in the radial direction given by

the following formula

dEp ¼
Pr

4p r20"0
: (1:3)

Thus, the magnitude of the electric field, Ep, in the x3-direction, contributed

by the layer of distributed charge on the entire inner surface of the sphere, is

obtained as

Ep ¼
Z
s

Pr cos�

4 p r20"0
da

¼
Z p

0

P cos2�

4 p r20"0
2pr0 sin � r0d� ¼

P

2"0

Z p

0

cos2� sin� d�

¼ P

3"0:

(1:4a)

Since the components of Ep along the x1- and x2-directions are zero, the

result of Eq. (1.4a) can be written in vector form as

Ep ¼
P

3"0
: (1:4b)

4 Introduction
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Macroscopically, the dielectric medium is governed by

D ¼ "0Eþ P; (1:5)

where D is the electric flux density vector (coulombs [C]/m2). The first term in

Eq. (1.5) is the flux density in free space (i.e., if there were no atoms, or

molecules) and the second term is the electric polarization vector resulting

from electric dipole moments that exist in the dielectric medium. The electric

flux density vector in a medium with dielectric constant " is also proportional

to the applied electric field, i.e.,

D ¼ "E: (1:6)

For isotropic materials, P is proportional to the field E as

P ¼ "0�eE; (1:7)

where �e is the electric susceptibility. From Eqs. (1.5)–(1.7)

" ¼ "0ð1þ �eÞ

or "r ¼
"

"0
¼ 1þ �e;

(1:8)

where "r is the relative dielectric constant (non-dimensional) and "0 is the

dielectric constant of free space, see Appendix B1.

At the microscopic level, the polarization vector P is composed of a number

N of elemental dipole moments p which are in turn considered to be propor-

tional to the net local field Et in the sphere, i.e.,

P ¼ Np ¼ N�Et; (1:9)

where � is the polarizability. From Eqs. (1.1), (1.4), and (1.9), we have

Et ¼ Eþ P

3"0

¼ EþN�Et

3"0
: (1:10)

Equation (1.10) provides the relation between E
t and E,

Et ¼ E

1�N�

3"0

� � ; (1:11)

which can be rewritten in terms of "r by using Eqs. (1.7), (1.8) and (1.10):

1.2 Early modeling of electronic composites 5
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Et ¼ ð"r þ 2Þ
3

E: (1:12)

Equating the right-hand side of Eq. (1.11) to that of Eq. (1.12) and using

Eq. (1.8), we obtain

�e ¼

N�

"0

1� N�

3"0

� � (1:13a)

and

"r ¼
1þ 2

N�

3"0

� �

1� N�

3"0

� � : (1:13b)

Equations (1.13) provide the relation between polarizability � and relative

dielectric constant "r:

� ¼ 3"0
N

ð"r � 1Þ
ð"r þ 2Þ : (1:14)

The above formulation, established by the four pioneering physicists named

above, is known as the ‘‘Clausius–Mossotti’’ formula or ‘‘Lorentz–Lorenz’’

formula. Among these physicists, Lorentz summarized the formulae of his

predecessors, and the model of Fig. 1.1 is called the ‘‘Lorentz sphere.’’

1.2.2 Other models for dielectric constants

Let us extend the case of Fig.1.1 to that of a filler material with dielectric

constant "2 embedded as spheres in amatrixmaterial with constant "1, Fig. 1.2.

The effective dielectric constant "c of the composite is given by modifying

Eq. (1.13b):

"c
"1

¼
1þ 2N�

3"1

1� N�

3"1

; (1:15)

where the polarizability � is now replaced by

6 Introduction
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� ¼ 3"1ð"2 � "1Þ
ð"2 þ 2"1Þ

V (1:16)

and V is the total volume of filler material in a sphere. If the spheres occupy a

volume fraction f and N is interpreted as the number of the spheres per unit

volume,

f ¼ NV : (1:17)

Note that NV ¼ 1 in Eq. (1.14) where, effectively, the spheres occupied the

entire space.

After substituting Eqs. (1.16) and (1.17) into Eq. (1.15), the composite

dielectric constant "c is obtained as

"c ¼ "1

1þ 2f
ð"2 � "1Þ
ð"2 þ 2"1Þ

1� f
ð"2 � "1Þ
ð"2 þ 2"1Þ

(1:18)

which can be rewritten as

ð"c � "1Þ
ð"c þ 2"1Þ

¼ f
ð"2 � "1Þ
ð"2 þ 2"1Þ

: (1:19)

The formula Eq. (1.18) was first derived byMaxwell (1904), who considered

the case of concentric spheres where an inner sphere with electric conductivity

ε1

ε2

ε2

ε2

ε2

Fig. 1.2 Filler with dielectric constant "2 embedded in a matrix with
constant "1.

1.2 Early modeling of electronic composites 7
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�1 is embedded in an outer sphere with conductivity �2. By replacing "i by �i in

Eq. (1.18), one can obtain a formula to predict the electric conductivity �c of a

composite, which is called the ‘‘Maxwell–Garnett mixing formula.’’ In Eqs.

(1.18) and (1.19), one can recover special cases, i.e., if f ¼ 0, "c ¼ "1 (matrix

dielectric constant) and, if f ¼ 1, "c ¼ "2 (filler dielectric constant). Even

though the Maxwell–Garnett mixing formula appears to cover the entire

range 0 � f � 1, the model is based on the assumption of a small volume

fraction.

We can further extend our reasoning to the case of two materials ("1, "2)

embedded in a composite matrix material ("c), Fig 1.3. Then, in the back-

ground composite material ("c), each phase ("1, "2) can be viewed as an

inclusion having an electric dipole moment with its polarizability (�1, �2).

The polarization P created by these two different dielectric phases is given by

P ¼ ðN1�1 þN2�2ÞEt: (1:20)

If P is integrated over the entire composite domain, it vanishes because the

electric field in the background composite material is the same as the local total

field Et. This requires

N1�1 þN2�2 ¼ 0; (1:21)

where�i is the polarizability of the ith dielectric material ("i) with respect to the

composite medium ("c). Thus, from Eq. (1.16), �i ði ¼ 1, 2Þ are given by

ε1

ε1

ε1

ε1

ε2

ε2

εc

ε2

ε2

Fig. 1.3 Materials with dielectric constants "1 and "2 embedded in a back-
ground composite with constant "c.

8 Introduction
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�1 ¼ "c
3ð"1 � "cÞ
ð"1 þ 2"cÞ

V1; (1:22a)

�2 ¼ "c
3ð"2 � "cÞ
ð"2 þ 2"cÞ

V2 (1:22b)

and Ni, the number of spheres of the ith dielectric material, is related to the

volume fraction fi of the ith material, by

N1V1 ¼ f1; (1:23a)

N2V2 ¼ f2: (1:23b)

Vi in the above equations is the volume of each sphere of the ith dielectric

material. Upon substituting Eqs. (1.22) and (1.23) into (1.21), and canceling a

common factor "c, we obtain the formula

f1
ð"1 � "cÞ
ð"1 þ 2"cÞ

þ f2
ð"2 � "cÞ
ð"2 þ 2"cÞ

¼ 0: (1:24)

This formula is called ‘‘Bruggeman’s symmetric formula’’ (Bruggeman, 1935)

since the interchange of dielectric materials 1 and 2 gives the same formula.

We can consider a simpler model than those of Figs. 1.2 and 1.3, i.e., one

which we call the ‘‘law of mixtures,’’ having two cases: (1) the parallel model,

Fig. 1.4(a), and (2) the series model, Fig. 1.4(b).

In the parallel model, Fig. 1.4(a), a composite is composed of material 1

with "1 and material 2 with "2 which are aligned in a parallel manner, and the

  

E

D

D

D1 D2

E1

E

E2

(a) (b)

ε1
ε1

ε2

ε2

Fig. 1.4 Law-of-mixtures model: (a) parallel, (b) series.
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electric field E is applied to the top and bottom surfaces of the composite in

such a way that it is common to the two materials, i.e.,

D1 ¼ "1E; (1:25a)

D2 ¼ "2E: (1:25b)

The total electric flux density Dc of the composite is the volume-averaged

sum of the electric flux density in each material.

Dc ¼ ð1 � f ÞD1 þ fD2; (1:26)

where f is the volume fraction of material 2 which is treated as ‘‘filler’’ here.

The composite must obey the following constitutive equation:

Dc ¼ "cE: (1:27a)

A substitution of Eqs. (1.25) into Eq. (1.26), which is then substituted into

Eq. (1.27a), gives the law-of-mixtures formula based on the parallel model,

"c ¼ ð1 � f Þ"1 þ f"2: (1:27b)

If the composite of Fig. 1.4(a) is subjected to an applied electric field E in the

transverse direction, then one can create the series model, Fig. 1.4(b). In this

case the electric flux density is continuous through materials 1 and 2; thus in

the two materials

Dc ¼ "1E1; (1:28a)

Dc ¼ "2E2: (1:28b)

The applied electric field E is the volume-averaged sum of materials 1 and 2,

E ¼ ð1�f ÞE1 þ fE2: (1:29)

From Eqs. (1.27) – (1.29), one can derive the law-of-mixtures formula based

on the series model,

1

"c
¼ ð1 � f Þ

"1
þ f

"2
: (1:30)

The law-of-mixtures formulae of Eqs. (1.27) and (1.30) are interpreted as the

longitudinal and transverse dielectric constants, respectively, of a continuous

fiber composite.

10 Introduction

Cambridge Books Online © Cambridge University Press, 2009



Let us compare the composite dielectric constants predicted by the four

models above. To this end we use the following input data:

"1
"0

¼ 2;
"2
"0

¼ 50: (1:31)

The numerical results of "c/"0 are plotted as a function of volume fraction f of

filler (material 2) in Fig. 1.5 and indicate that the predictions of the law of

mixtures based on parallel and seriesmodels serve as the upper and lower bounds

on the composite dielectric constant, while the predictions of Bruggeman’s

symmetric model exceed those of Maxwell’s model.

McLachlan et al. (1990) reviewed the above models and proposed a

combined model between Bruggeman’s symmetric model and a percolation

model. The combinedmodel proposed byMcLachlan et al.will be discussed in

Section 6.6.

1.2.3 Demagnetization in a ferromagnetic body

When a ferromagnetic body of finite size is subjected to an applied magnetic

field H it is magnetized with magnetization vector M, and a demagnetization

fieldHd is induced in the ferromagnetic body, with the direction ofHd opposite

to that of H, given by (Chikamizu, 1964)

Hd ¼ �NdM: (1:32)
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Fig. 1.5 Composite dielectric constants predicted by various models.
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Nd is called the ‘‘demagnetization factor’’ and depends on the shape of the

ferromagnetic body. The demagnetization vector Hd remains constant (uni-

form) if the shape of the body is ellipsoidal.

Let us consider a thin ferromagnetic plate withM perpendicular to the plate

thickness direction, Fig. 1.6, in which magnetic poles (+, �) are also illu-

strated as well as the demagnetization vector Hd. The surface density of the

magnetic poles is m0M (webers [Wb]/m2) whereM is the scalar value. Applying

Gauss’ theorem along the dashed closed domain, Fig. 1.6,Z
Hdds ¼ MS; (1:33)

where ds is the surface element, S is the surface within the dashed frame, and

Hd is the magnetic field perpendicular to the surface S. The left-hand side of

Eq. (1.33) is equal to SHd, thus Eq.(1.33) provides

SHd ¼ MS (1:34)

and, therefore,

Hd ¼ M: (1:35)

From Eqs. (1.32) and (1.35), the demagnetization factor of a thin ferromag-

netic plate isNd ¼ 1. Therefore, the net magnetization of a thin ferromagnetic

–
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Fig. 1.6 Demagnetization field Hd induced as a result of magnetization
vector M along the thickness direction of plate.
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plate in the direction perpendicular to the plate thickness is M�Hd ¼ 0.

Similarily, the demagnetization factor of a thin ferromagnetic plate in the

plate direction can be found as Nd ¼ 0. Osborn (1945) and Stoner (1945)

calculated the demagnetization factor of various types of ellipsoidal shapes.

For the case of a prolate spheroid where the direction ofmagnetization is along

the longer axis, Nd is given by

Nd ¼
1

ð�2 � 1Þ
�

ð�2 � 1Þ
ln

�
� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1

q �
� 1

( )
; (1:36)

where � is the aspect ratio of the longer to the shorter axis of the prolate

spheroid. For a spherical ferromagnetic body, Nd is given by 1/3. The above

demagnetization vector Hd can be examined in a slightly different way. The

constitutive equation relating the magnetic flux intensityB for a ferromagnetic

body with magnetization vector M subjected to applied field H is

B ¼ �0ðHþMÞ: (1:37)

If the demagnetization vector is taken into account, the second term in the

right-hand side of Eq. (1.37) is modified with an added term Hd. Hence,

B ¼ �0ðHþMþHdÞ

¼ �0ðHþM�NdMÞ; (1.38)

where Eq. (1.32) was used; m0 is the magnetic permeability of free space. The

demagnetization field Hd is considered as a disturbance field due to the

ferromagnetic body of finite size located in an infinite (vacuum or air) domain

subjected to a far-field applied field of H. Then Hd plays the same role as the

disturbance electric field Ep, see Eq. (1.1) in Subsection 1.2.1, where the shape

of the dielectric filler (or inclusion) was assumed to be spherical. For a

spherical inclusion problem, the disturbance field in a spherical body with P

(polarization vector) in the dielectric material andM (magnetization vector) in

the ferromagnetic material can be treated in the same manner, see Eqs. (1.4)

and (1.32) withNd ¼ 1=3. The difference between the dielectric and ferromag-

netic cases is that in the former a factor 1/3 is associated with "0 (the dielectric

constant in vacuum or air) while in the latter the factor is �1/3. Please note

that the magnetization vectorM is sometimes written without m0 in Eq. (1.37)

in older textbooks, i.e.,

B ¼ �0HþM: (1:39)

1.2 Early modeling of electronic composites 13

Cambridge Books Online © Cambridge University Press, 2009



If this type of equation is used instead of Eq. (1.37), then the role of �0 is the

same as that of "0. Hence, the demagnetization factor 1/3 for a spherical shape

should be treated exactly the same as in the dielectric case, i.e., Eq. (1.4), except

for the sign. In this book, we shall use the Institute of Electrical and Electronic

Engineering (IEEE) convention, i.e., Eq. (1.37), to express the relation between

magnetic flux intensity (B), magnetic field (H), and magnetization (M).

Next, we shall consider an infinite ferromagnetic body with uniform mag-

netization M, which has an ellipsoidal cavity, Fig. 1.7(a). The problem of

finding the demagnetization vector Hd in an ellipsoidal cavity can be broken

down into two parts, Fig. 1.7(b) and (c). If the ellipsoidal cavity is interpreted

as a special case of a magnetic inhomogeneity with mf embedded in a matrix

=

 

+M

+ +
++

+

_
__ __

µ0

µ0

µ0
µ

M

 

M

M
Hd

Hd

(a) (b) (c)

Fig. 1.7 (a) Magnetic body with ellipsoidal cavity is superposition of two
problems: (b) uniform magnetization vector M in an infinite magnetic body,
and (c) ellipsoidal magnetic body with M and demagnetization vector Hd.

(a) (b)
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H0
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µ m

µ f

H*
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µ m

Fig. 1.8 Magnetic compositemodel. (a)Actualmagnetic composite, (b)Eshelby
model.
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of ferromagnetic material with mm, Fig. 1.8(a), one can formulate a magnetic

composite model by extending the above model. Then Fig. 1.8(a) is converted

to the Eshelby model with eigen-magnetic-field H� defined in the domain of

ferromagnetic fillers, as shown in Fig. 1.8(b). This will be discussed inChapter 4

as a part of the Eshelby formulation of inclusion problems, where the demagnet-

ization factor Nd is found to be equal to a component of the Eshelby tensor S.

1.3 Concept of electric, magnetic, and thermal circuits

Four basic physical behaviors that are key to electronic composites are electric

flux, electric conduction, magnetic flux, and thermal conduction. These behav-

iors can be cast into a single circuit model. Let us examine these in terms of

governing equations.

1.3.1 Electric flux in a dielectric body

In the absence of true electric change in a dielectric medium with constant ",

D�D ¼ 0; (1:40)

where
D

is the del operator (or divergence [see Chapter 3]) andD is the electric

flux density vector, which is related to electric field E by

D ¼ "E (1:41)

and E is derivable from the electric potential Fe by

E ¼ � D

Fe: (1:42)

Assuming the dielectric constant " is uniform in a dielectric body, one can

obtain, from Eqs. (1.40)–(1.42),

r2Fe ¼ 0 (1:43)

which is Poisson’s equation without source charge, i.e., the Laplace equation.

(The definition of r2 is given in Section 3.1.)

1.3.2 Electric conduction in a conductive body

The electric current density vector J in a conductive medium with uniform

conductivity � satisfies

D� J ¼ 0 (1:44)
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where J satisfies Ohm’s law

J ¼ �E (1:45)

and E is related to electric potential Fe by Eq. (1.42). Therefore, from Eqs.

(1.44), (1.45), and (1.42), we obtain Eq. (1.43).

1.3.3 Magnetic flux in a ferromagnetic body

In a ferromagnetic medium with uniform permeability m, the magnetic field

vector H is derivable from the magnetic potential Fm by

H ¼ � D�Fm: (1:46)

Inside a ferromagnetic medium with uniform magnetization M, the mag-

netic field H is derived from Eq. (1.37) as

H ¼ B

�0

�M (1:47)

where B is the magnetic flux density vector, satisfying

D�B ¼ 0: (1:48)

A substitution of (1.46) and (1.47) into (1.48) results in

r2Fm ¼ � D�M: (1:49)

For uniform magnetization vectorM in a ferromagnetic medium, the right-

hand side of (1.49) vanishes, resulting in

r2Fm ¼ 0: (1:50)

Magnetic potential Fm in the above equations plays the same role as electric

potential Fe, satisfying the Laplace equation.

1.3.4 Heat flow in a conductive body

In the absence of heat sources and sinks, the heat flux density vector q must

satisfy

D� q ¼ 0 (1:51)

where q ð¼ Q=AÞ follows the conduction law:
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q ¼ �K � D

T; (1:52)

where Q is the heat vector (watts (W)), A is the cross-sectional area of

the conductive body and T is temperature. A substitution of (1.52) into (1.51)

leads to

r2T¼ 0; (1:53)

which is the Laplace equation.

The fact that the above four cases converge to the same Laplace equation

suggests that for all four thermophysical properties, problems associated with

inhomogeneities (fillers, voids, etc.) embedded in amatrix can be treated by the

same model, ‘‘Eshelby’s equivalent inclusion method,’’ the details of which we

shall discuss in Chapter 4.

In the above four cases of physical behavior the potential function satisfying

a Laplace equation is well defined as a common basis. Another common

feature arising from these four physical behaviors is a conduction law, e.g.,

Ohm’s law in an electric circuit (or Kirchhoff ’s second law), i.e.,

V ¼ RI: (1:54)

Equation (1.54) is also applicable to the other three thermophysical behaviors.

Table 1.1 summarizes the roles of potential V, current I or flow, and resistence

R in the four cases.

Table 1.1 demonstrates that two relations are common to all four types of

thermophysical behavior: (i) field (or flux density)–(gradient of potential)

Table 1.1Comparison of thermophysical behavior where A is the cross-section of

the circuit line.

Physical

behavior

Field–Gradient

relation

Potential (V ) Current (I )

or Flow

Resistance

(R)

Ohm’s law

electric E ¼ � D

Fe V ¼ F e Aj ¼ I R ¼
R
ðds=�AÞ V ¼ RI

dielectric E ¼ � D

Fe V ¼ F e Qd=AD Rd ¼
R
ðds="AÞ V ¼ RdðADÞ

magnetic H ¼ � D

Fm Vm ¼ NI �or
Br‘p

��

�r
F ¼ BA Rm ¼

R
ðds=�AÞ Vm ¼ RmF

thermal q ¼ �K

D

T T Q ¼ qA Rt ¼
R
ðds=kAÞ T ¼ RtQ

�N is number of turns of an electromagnetic coil
��Br is the magnetic remanence, and �r the magnetic permeability of B–H curve of a

permanent magnet in the second quadrant (see Fig. 3.21), and ‘p is the length of the
permanent magnet along the line of magnetic flux.
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relation, in column 2 and (ii) circuit relation in the columns 3, 4 and 5. The

former is the basis for the Eshelby effective medium model (Chapter 4),

while the latter provides the key basis for the resistor network model

(Chapter 5).
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2

Applications of electronic composites

We shall review applications of electronic composites in this chapter, which is

subdivided into four areas: electronic packaging, MEMS, composites for

sensors and actuators, and control of electromagnetic waves.

2.1 Electronic packaging

Electronic composites have been used extensively for electronic packaging

materials, which often have conflicting requirements that are difficult to meet –

high thermal conductivity, low electrical conductivity, and low coefficient of

thermal expansion (CTE). In addition, low density and low cost are normally

required, particularly for commercial packaging applications. Thus polymer

matrix composites are the most popular choice, while some military and space

applications require the use of high-performance electronic composites, thus

sometimes justifying the use of metal matrix composites and ceramic matrix

composites. A detailed review of electronic packagingmaterials is summarized in

a book by Chung (1995). Zweben (1995) made an extensive review of electronic

composites for use in electronic packaging, which include all types of composites,

polymermatrix composites (PMCs), metalmatrix composites (MMCs), ceramic

matrix composites (CMCs) and carbon/carbon (C/C) composites.

Applications of electronic composites are quite extensive, covering com-

puters, appliances, generators, and transformers, to name a few.Depending on

their physical functions, one can categorize them into several types – housing,

insulator, resistor, and conductor – which are discussed below. It is to be noted

here that the housing material can be an insulator, a conductor, or an electro-

magnetic wave absorber, depending on the specific application.

Housing. Most electronic composites in electronic packaging applications are

used in housing, which protects the electromagnetic functions of the key
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components from various environments: heat, dust, UV,moisture, mechanical

vibration, and incoming electromagnetic waves which would induce

Electromagnetic Interactions (EMIs), as summarized in Table 2.1.

Insulator. Electronic composites as insulating materials have been used exten-

sively for a long time, because the polymer matrix is a lightweight and cost-

effective insulator. Examples are printed circuit boards (PCBs), connectors,

encapsulants, and rotor arms in automobile engine distributors. These elec-

tronic composites are processed by affordable processing routes, such as

injection molding, sheet molding, and bulk molding (see the details of process-

ing in Section 8.1). Even though the polymer is an electrical insulator, it may

exhibit electric breakdown under high voltage. To avoid this, fillers with high

dielectric constant, such as mica, are often used to form a composite which

provides extra-high shielding from high-voltage breakdown. This is particu-

larly so for the distributor/rotor-arm design in automobile engines.

Conductor. Aconductor is normally conductive both electrically and thermally.

Conductive composites, both MMC- and PMC-based, are used as interconnec-

tionmaterials for both thermal and electrical applications, as well as the housing

material for EMI shielding. For some applications, a material that is an elec-

trical insulator, but also a thermal conductor, is required, for example, diamond

and AlN. Table 2.2 summarizes the applications of conductive composites.

Resistor. A resistor controls the flow of electric current. Two designs of

resistor are commercially available: fixed, and variable. A typical resistor

Table 2.1 Requirements of electronic composites for electronic

packaging housing.

Electronic packaging application Main requirements

Computers: cover plate and
housing

Shielding from heat, dust, moisture,
UV, vibration and shock, and EMIs

Mechanical stiffness and strength, high
specific stiffness, low CTE, high thermal
conductivity; and electrical insulator

VTR: mechatronic components
in video deck

High specific stiffness with high-precision
3D geometry; electrical insulator

Floppy disk drive High specific stiffness with high-precision
clearance; electrical insulator

CD pick-up device High specific stiffness with extra-high-precision
clearance; electrical insulator

20 Applications of electronic composites

Cambridge Books Online © Cambridge University Press, 2009



material is composed of a conductor (such as carbon) and an insulator (poly-

mer), thus its microstructure is composite. Some resistors are made of mono-

lithic or alloyedmetals. There exist three different designs of fixed resistor: rod,

film, and wirewound. For microelectronic applications, the most popular type

is a film resistor with two versions: chip resistor, composed of a thin resistance

coating and a ceramic substrate; and a resistor network composed of the

resistor material and a number of metal terminals.

2.1.1 Examples of electronic packages

We shall show a few examples of electronic packages whose microstructures

are often complicated, and may need simplification to a set of standard

electronic-composite microstructures for their analysis.

Figure 2.1 shows one classical design of computer chip, a small outline

gull-wing package (SOP) where (a) is an overview, (b) a vertical cross-sectional

view across line A–A0, and (c), (d), and (e) show, respectively, the horizontal

cross-sectional view along lines B–B0, C–C0 and D–D0 shown in Fig. 2.1 (b).

Figure 2.2 shows the microstructure of an Intel1 Pentium1 II chip along

vertical and selected horizontal cross-sections.

Next, the packaging of a recent Intel1 Pentium1 4 Processor chip is shown in

Fig. 2.3, wherein most of the components are electronic composites, chip (die),

encapsulant, printed circuit board (PCB), and thermal interface material (TIM).

In order to see those components that are used for better thermal manage-

ment, including TIM, the package of the Intel1 Pentium1 4 Processor that is

vertically integrated is shown in Fig. 2.4, where the function and microstructure

of the TIM are emphasized. The above TIM will be discussed in detail in

Subsection 8.2.2, where measurements of thermal resistance are considered.

Table 2.2 Conductive composites and examples of their applications.

Conductive composites Applications

Polymer-based composites:
Carbon/PVCa EMI housing
Silver/PCb or Thermal interface material including die attach
Graphite/PC silver/epoxy material for thermal conduction

Ceramic-based composite Electrode for electronic packaging and fuel cell
Carbon/carbon, C/C Bonding material
Metal-based composite, Cu/C Interconnecting materials, heat spreader and

heatsink

aPolyvinyl chloride; b polycarbonate
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Even though a TIM exhibits anisotropic thermal conductivity if the arrange-

ment of conductive fillers is made along a specific direction, most TIMs are

isotropic. Modeling of the electrical and thermal properties of isotropic con-

ductive materials was attempted by Li and Morris (1997) and Kim (1998). In

parallel with the development of TIMs, anisotropically conductive polymers

have emerged as electrically interconnected materials (Chang et al., 1993). A

typical anisotropic conductive polymer is composed of electrically conductive

fillers and a polymer matrix which is to be sandwiched between a chip with

bumps and a substrate with electrode pads. Conductive fillers in an anisotropic

conductive polymer are chosen which can deform easily under the compressive

force exerted by a pair of bump and pad, thus forming a z-directional (along

the thickness direction) electronic connection. Shiozawa et al. (1995) designed

such a conductive adhesive and reported its reliability data. This anisotropic

conductive polymer has been used as a key interconnect material in a liquid

crystal display (LCD) driver used in large-scale integration (LSI) (Watanabe

et al., 1996).

(a)   (b) SOP cross-section along A–A′ line in (a).

A A′
B

C
D

B′
C′

D′

wire bond
die encapsulant

die attachment lead paddle lead finger

B B′ C C′ D D′

(c) SOP wire bonds,
horizontal cross-section
along B–B′ line in (b).

(d) SOP die, horizontal
cross-section along C–C′
line in (b).

(e) SOP lead frame,
horizontal cross-section
along D–D′ line in (b).

A′

A

Fig. 2.1 Small outline gull-wing package (SOP).
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2.2 Micro-electromechanical systems (MEMS) and BioMEMS

Micro-electromechanical systems (MEMS) is a collective name for packages

that are micromachined using silicon-based integrated circuit (IC) processing.

The functions of MEMS are as sensors and actuators. This MEMS technology

started in the late 1980s and has expanded during the 1990s. During the

expansion period, MEMS technology evolved into several branches: (i) nano-

electromechanical systems (NEMS), by down-sizing the MEMS packages

and their components; (ii) BioMEMS, with application to biosensors; and (iii)

biomimetics (or bio-inspired design). Design and fabrication of MEMS is based

on ‘‘top down’’ manufacturing, i.e., miniaturization from larger- to smaller-sized

components, while Biomimetics aims to borrow or be inspired by design and

fabrication concepts observed in biological cells and their functions, often

associated with ‘‘nano-sized components.’’ Whatever the design and fabrication

(a) CPU mounted onto its card

(c) Wire bonds (d) Die (e) Lead finger

A A

B

C

B′

C′

wire bond

die

encapsulant

die attachment

lead finger

A A′
D D′

B C C′ D D′B′

(b) Vertical cross-section

Fig. 2.2 Intel1 Pentium1 II chip: (a) overall view, (b) vertical cross-section
along the A–A0 line, (c)–(e) horizontal cross-sectional view along lines B–B0,
C–C0, and D–D0 in (b).
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(c) Aligned fibers in polymeric
encapsulant.

(e)(d)
Encapsulant: ablefoam (d) vs. new epoxy foam (e).

A

C

B

D

Solder reset

BT core
Copper

BT pre-preg
Slug adhesive

Signal

Signal

Power

VSS

Kovar pins

Die

Copper slug

Solder
Solder

Chip cap

A5769-01

(b) PBGA die down cross-section(a) Intel® Pentium® 4 Processor

Encapsulant

C D

A B

Copper slug/Heat spreader BT PCB laminate

Encapsulant

Die down design Solder balls

A5765-01

(f )

Fig. 2.3 Intel1 Pentium1 4 Processor in 423-pin package (source:
ftp://download.intel.com/design/packtech/ch_14.pdf ): (a) overview,(b) profile in
a 2-level package with encapsulant, PCB, heat spreader and solder balls, (c)–(e)
microstructures of three different encapsulant materials. (f ) Enlarged vertical
cross-section within ABCD, see (b), but shown upside down.
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concept may be called, the structures ofMEMS, NEMS and biomimetics have a

common feature, namely an inhomogeneous structure which can be considered

as a ‘‘micro- or nano-composite.’’ The key properties of these composites are

thermomechanical, electromagnetic and electrochemical. Therefore, they may

be classified as ‘‘electronic composites.’’ Knowing with accuracy the properties

of the electronic composites is a prerequisite in designing the optimum compo-

nents of MEMS (NEMS), BioMEMS and biomimetics-based devices.

In the following Subsections, we shall review representative MEMS and

BioMEMS, as they are well developed and some of them are already marketed

as commercial products.

Socket 

Pentium® 4
Processor 

Heatsink 

Fan Clip

(a) (b) 

z

y

x

(c)

Fig. 2.4 Thermal management components: (a) expanded view, (b) seq-
uence of packaging – installation of socket, applying TIM, and installation
of fan, heatsink, and clips, (c) microstructure of TIMs.
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2.2.1 MEMS

Polysilicon surface machining was started by researchers at Westinghouse

Research Laboratory (Nathanson et al., 1967). Howe and Muller (1983)

processed a cantilever beam made of polysilicon by using a metal–oxide–

semiconductor (MOS) planar process, a technique later adopted by many

researchers in the 1990s (Howe et al., 1996), leading to rapid expansion of

polysilicon-based MEMS technology.

Sniegowski (2001) defined four different groups of MEMS technology

based on polysilicon surface micromachining – 2-level, 3-level, 4-level and

5-level MEMS, Fig. 2.5, where 1-level denotes the silicon substrate base.

The 2-level MEMS structures are able to perform restricted motion, such as

cantilever beams attached to substrate vibrate in resonance mode. The 3-level

MEMS have a moving component such as a free-spinning rotating gear

attached to the substrate with a free-spinning pin. The 4-level MEMS have

interconnected elements between moving gears and other functioning compo-

nents. Finally, 5-level MEMS have higher hierarchy structures, i.e., up to five

levels of components are placed onmobile platforms which are translated over

the substrate. Examples of 5-level MEMS components are shown in Fig. 2.6.

In parallel with the above definition, Sniegowski (2001) redefined MEMS

into four classes shown in Fig. 2.7; classes I and II are already commercial

products. Examples of polysilicon-based commercial products are pressure

sensors. Esashi et al. (1998) made a thorough review of three types of vacuum-

sealedMEMS pressure sensors: capacitive, based on servo capacitance; micro-

diaphragm, based on piezoresistive polysilicon; and resonant, based on several

different mechanisms. The key properties required forMEMS are also listed in

Fig. 2.7, from mechanical properties for lower-level MEMS to frictional

properties for higher-level MEMS, as some components in the latter have

moving parts.

Sniegowski (2001) identified engineering problems associated with the

above four classes of MEMS devices, listed in Table 2.3.

Sniegowski and de Boer (2000) reviewed polysilicon-based MEMS which

are better suited to the processing of higher-level MEMS. A flowchart of the

processing of the moving gear component of a 4-level MEMS is shown in

Fig. 2.8 where Pi and Si are polysilicon and sacrificial layer, respectively, used

in the ith process step.

MEMS components are exposed to air without any passivation (whereas most

electronic packages are encapsulated by plastic passivation materials), and

higher-level (or higher-class) MEMS components move during service use,

so that durability becomes a serious issue. In MEMS devices, free-standing
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components have a small gap between themselves and the substrate. This ‘‘gap’’

geometry poses a serious problem during processing and service use, called

‘‘stiction.’’

In processing MEMS, liquid solutions are used, which need to be removed

at the end of processing, but which can be easily trapped in, say, a small gap

Electrostatic  Micromotor

S i l i c o n   s u b s trate

Polysilicon level #1
Polysilicon level #2

G e a r Be a r i n g  Motor

Sensors Advanced sensors
Simple actuators

M ot o r  

Silicon substrate

2-level
3-level

Silicon  substrate

Polysilicon  lev e l   # 1 

Gear
Bearing

Mo t o r 

Polysilicon  lev e l   # 2 
Polysilicon  lev e l   # 3 

Drive linkages

Pin joints

Advanced actuators Complex systems

B e a r i n g Drive linkages
G e a r Motor

Silicon substrate

Polysilicon level #1
Polysilicon level #2
Polysilicon level #3

Moveable plate

Polysilicon level #4

4-level 5-level

Polysilicon level #1

Fig. 2.5 Polysilicon surface micromachining nomenclature (Sniegowski,
2001).
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between a free-standing cantilever and the substrate. The stiction force that

arises between two adjacent components with a small gap stems from various

mechanisms: (1) capillary force, (2) hydrogen bonding, (3) electrostatic force,

and (4) van der Waals force, with (1)–(4) arranged in order from strongest to

weakest. All of these forces influence the stiction ofMEMS. Sniegowski and de

Boer (2000) studied in detail the mechanical and surface properties of mater-

ials used inMEMSbased on polysilicon. They suggested several approaches to

overcome the stiction problem – for example, use of a tungsten (W) coating on

the polysilicon surface of micromachinedMEMSmoving components such as

gears. Figure 2.9 demonstrates the effectiveness of a W-coated gear in increas-

ing durability; after 1 billion cycles it is less worn than the uncoated gear

Fig. 2.6 Moving components of 5-level MEMS (Sniegowski, 2001).

Class  I
No Moving Parts

Class II
Moving Parts,
No Rubbing or
Impacting Surfaces

Class III
Moving Parts,
Impacting Surfaces

Class IV
Moving Parts, Impacting
and Rubbing Surfaces

Accelerometers
Pressure Sensors
Ink Jet Print Heads
Strain Gauge

Gyros
Comb Drives
Resonators
Filters
Optical Switches

TI DMD
Relays
Valves
Pumps

Optical Switches
Shutters
Scanners
Locks
Discriminators

Mechanical
Properties 

Frictional
Properties

Adhesive
Properties

Fig. 2.7 Classification of MEMS devices (Sniegowski, 2001).
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Table 2.3 Engineering problems associated with four classes of MEMS defined

in Fig. 2.6 (Sniegowski, 2001).

MEMS
type

Class I
(No moving
parts)

Class II
(Moving parts,
no rubbing or
impacting
surfaces)

Class III
(Moving parts,
impacting
surfaces)

Class IV
(Moving parts,
impacting and
rubbing surfaces)

Engineering
problems

Particle
contamination

Particle
contamination

Particle
contamination

Particle
contamination

Shock-induced
stiction

Shock-induced
stiction

Shock-induced
stiction

Shock-induced
stiction

Mechanical
fatigue

Stiction
Mechanical

fatigue

Stiction
Mechanical
fatigue

Impact damage Friction wear

A A′
(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Si 

SixNy /
SiO2

P0
S1 Anchor Dimple 

Hub contact to substrate Pin joint cut

S2

P2

S3S3

50 µm

P3

A A′

(i)

( j)

P4 

(k)

S4

10 µm

10 µm

Fig. 2.8 (a) Plan view of gear-ratio component of 5-level MEMS. (b)
Vertical cross-section along A–A0 line in (a). (c)–(k) Sequence of processing
in terms of deposition of polysilicon layers (Pi, i ¼ 0–4) and sacrificial oxide
layers (Si, i ¼ 1–4). (Sniegowski and de Boer, 2000.)
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viewed at 1 million cycles (Mani et al., 2000). The W-coated layer, whose

elastic modulus is higher than that of polysilicon, improves the wear resistance

of the gear. An improvement in wear resistance can also be achieved by using a

polycrystalline diamond coating that can be deposited by chemical vapor

deposition (CVD). This CVD diamond processing has been used extensively

to design a variety ofMEMS: active cooling (Björkman et al., 1999a,b), optical

components (Björkman et al., 1999a,b), acceleration sensor and ink-jet ejector

(Kohn et al., 1999), micro-switch (Ertl et al., 2000), micro-tweezer and atomic

force microscope (AFM) tip (Shibata et al., 2000), and motors and gears

(Hunn et al., 1994; Aslam and Schulz, 1995; Mao et al., 1995). The surface

roughness of the polycrystalline diamond processed by CVD is large, �1mm

rms, which is a disadvantage when seeking to down-size the MEMS comp-

onents, and also the rough surfaces contribute to the striction problem. To

overcome this, Sullivan et al. (2001) proposed to use amorphous diamond (aD)

as a key MEMS material as this provides a much smoother surface and also

residual stress in the as-deposited aD films can be reduced by adjusting the

deposition condition. Figure 2.10 shows three examples of aD-based MEMS

components: (a) electrostatically activated comb drive unit, (b) micro-tensile

specimens, and (c) cantilever beams.

W-coated

pin joint

1 million cycles 1 billion cycles

W-coated

pin joint

polysilicon

polysilicon 

3 µm

(a) (b) 

Fig. 2.9 Durability of gears after many cycles: (a) polysilicon gear, (b)
W-coated gear. (Mani et al., 2000, with permission from Mater. Res. Soc.)
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Akiyama et al. (1997) designed a ‘‘scratch drive’’ actuator based on poly-

silicon which provides a 100-mm displacement and a vertical force of 10 mN
with net work of 1 nJ. Bourouina et al. (2002) designed a MEMS optical

scanner based on a magnetostrictive actuator and a piezoresistive detector.

2.2.2 BioMEMS

Most MEMS devices are made from hard materials (silicon and glass, etc.),

while biomedical devices are often composed of soft materials, i.e., polymers,

which are more compatible with biological tissues and reduce irritation and

scarring. Miniaturization of biomedical devices has marked advantages, such

as being implantable in a human body, so BioMEMS-based soft materials

have emerged as a new technology. These soft materials are used as passivation

material, and as active and sensing materials.

BioMEMS can be categorized into three groups: (1) diagnostic, (2) surgical,

and (3) therapeutic. Polla et al. (2000) reviewed BioMEMS for these three

areas. Among these, diagnostic BioMEMS have been studied most extensively

and are reviewed first below, followed by other types of BioMEMS.

Diagnostic BioMEMS

There are many diagnostic BioMEMS components, with designs based on a

variety of mechanisms. Mello and Kubota (2002) made a thorough review on

(a) (c)

300 µm

200 µm

(b) 

40 µm

Fig. 2.10 Examples of amorphous-diamond-based MEMS components:
(a) comb drive, (b) tensile specimens, and (c) cantilever beams. (Sullivan et al.,
2001, with permission from Mater. Res. Soc.)
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biosensors. Figure 2.11 illustrates a flowchart of an analyte/recognition-element

method of analysis.

A diagnostic BioMEMS device normally is composed of micro-fluidics and

a sensor. The former is to pump fluid (blood and body fluids) into a sensor

chamber, while the latter is to analyze the sample fluid by a known sensing

mechanism. A key component of the micro-fluidics is a valve which moves or

vibrates so as to push and displace the fluid sample. This valve can be actuated

by several mechanisms, e.g., thermal (bimetallic laminated composite, shape

memory alloy based laminate), and piezoelectric and electro-active (laminated

composite – monomorph, bimorph). A typical micro-pump based on a piezo-

electric monomorph actuator is illustrated in Fig. 2.12. A piezoelectric con-

stant d13 plays a key role in providing a bending motion to the top plate of the

micro-pump unit. The definition of d is the strain induced in the direction

(x1-axis) of the piezoelectric plate under the action of an electric field applied

across the plate thickness (x3-axis). The constitutive equations of piezoelectric

materials and examples of the bending mode of piezoelectric actuators are

detailed in Chapters 3 and 7. Polla et al. (2000) reviewed types of micro-pumps

composed of multiple pumps used in drug-delivery systems.

There are two types of biosensing for the pair analyte/recognition element:

(i) bio-affinity recognition, and (ii) biometabolic recognition (Dewa and Ko,

1994). The former relies on a strong bonding between the pairs, such as

Analyte
(enzymes, antibodies, antigens, microbial cells, gases, ions, metabolites, micro-organisms, proteins, oligonucleotides)

Recognition element
(cells, receptors, antibodies, antigens, membranes, enzymes, organeles, organisms, tissues, oligonucleotides)

Electrochemical
(amperometric,

potentiometric, FET or
conductimetric)

Thermal Optical Piezoelectric

Signal processing by dual- or multiple-channel ratio or subtraction followed by
comparison with calibration.

Electron tunneling,
ion mobility, diffusion

of electroactive or
charged species

Temperature
change or

heat release

Absorption or
emission of

electromagnetic
radiation

Mass and/or
microviscosity

alterations of wave
propagation

Fig. 2.11 Flowchart of sensing procedure for BioMEMS (Mello andKubota,
2002, with permission from Elsevier Ltd). FET is field-effect transistor.
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receptor–ligand and antibody–antigen. In the latter, the analyte and any

reactants are changed to other product molecules; examples are enzyme–

substrate reaction, and the metabolism of molecules with micro-organisms.

Biosensors based on an electrochemical principle have three subsets, depend-

ing on what signal is measured – impedance (impedometric sensor), potential

(potentiometry), and current (amperometry). The impedance methodmeasures

the frequency response of a small-signal impedance between the electrochemical

electrode and the biological sensing element; it can measure very small signals

accurately. However, this requires large equipment, so its miniaturization to

BioMEMS remains to be explored. The impedometric sensor can measure the

concentration of specific molecules, micro-organisms, and other foreign species

in the sample solution. Potentiometry can detect ion concentration and pH.

Potentiometry that is miniaturized is based on an immuno-field-effect transistor

(IFET), an example of which is shown in Fig. 2.13.

Amperometric biosensors measure the electric current resulting from the

chemical reaction of an electroactive species under an applied electric poten-

tial; the measured current is proportional to the concentration of the electro-

active species. Amperometric biosensors are extensively used for detection of

glucose, galactose, lactose, sucrose, acetic acid, and others. Miniaturization of

amperometric biosensors has been accelerated recently, for example, Petrou

et al. (2002) designed a microdialysis probe amperometer.

Optical biosensors are able to detect the change in optical absorption or

emission of molecules. Classical equipment used for this measurement method

includes infrared (IR) and ultraviolet–visible (UV–Vis) spectroscopes, but these

are relatively larger sized and suited to a laboratory, not portable for field

measurements. Optical fibers are better suited for use in portable biosensors.

There are two methods based on optical-fiber biosensors: (i) direct measure-

ment via fiber-end modified with sensing dye or fluorophore surrounded by a

membrane; and (ii) the middle of an optical fiber modified with an inserted

sensor unit composed of bound receptors surrounded by membrane.

Piezoelectric actuator

Silicon

Electrode
Si3N4/SiO2

Flow in Flow out

Fig. 2.12 A micro-pump based on a monomorph piezoelectric actuator.
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Another optical biosensor is based on surface plasmon resonance (SPR).

Homola et al. (1999) made an extensive review of SPR biosensors. Three

different concepts have been proposed and put into practical SPR sensors:

(i) a prism complex with attenuated total reflection (ATR); (ii) a grating

complex; and (iii) an optical waveguide. These three concepts are illustrated

in Fig. 2.14. The ATR prism-based SPR system has been extensively used since

its design by Kretschmann and Raether (1968) and Otto (1968). An optical

wave incident on the prism with a specific angle �i is reflected and a surface

plasmon wave propagates at the interface between the metal layer and the

analyte layer if the propagation constant kSPR of such a surface plasmon wave

is given by

kSPR ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"mna2

"mþ n2a

r
; (2:1)

(a) (b) (c)

Metal layer

Flow cell analyte
 

prism

analyte

analyte

Metal layer
with grating

Waveguide

Metal layer

Fig. 2.14 Surface plasmon resonance sensors: (a) ATR-prism, (b) grating,
and (c) optical fiber.

3 4

5

2

11
VD

Vg

immobilized antibody

antigen

Source n-SiDrain n-Si

Fig. 2.13 Immuno-field-effect-transistor sensor for formation of antibody–
antigen complex in solution (Mello and Kubota, 2002, with permission from
Elsevier Ltd). VD and Vg are drain and gate voltages, respectively.
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where k0 is the free-space wavenumber, equal to 2p=�0 (�0 is the free-space

wavelength), na is the refractive index of the analyte, and "m is a complex-valued

dielectric constant of the analyte, "m ¼ "0m � j"00m, where j ¼
ffiffiffiffiffiffiffiffiffiffi
(�1)

p
. The wave-

vector corresponding to the incident wave along the interface (x-axis) is given by

kx ¼ k0nglass sin �inð Þ: (2:2)

where nglass is the refractive index of the prism glass.

When kx is equal to kSPR, a surface plasmon wave is generated, resulting in a

reduction in the intensity of the reflected wave. There are two methods of

analysis based on an ATR prism-based SPR system: angle modulation, and

wavelength modulation modes. In the former design, a single wave such as a

collimated laser wave, Fig 2.15(a), is used as an incident wave and the reflected

intensity is measured as a function of the incident angle �i, Fig. 2.15(b). If a

sensor chip ismounted on an unknown analyte layer, the reflected-intensity vs. �i
relation is shifted as shown by the dashed line in Fig. 2.15(b). This shift can be

measured in terms of the change, ��i, in �i, or the change in the intensity, �I,

which can be measured more accurately than ��i. In the case of wavelength

modulation using white light with an infinite number of wavelengths,

Fig. 2.16(a), the intensities of the reflected multiple waves exhibit the lowest

intensity at a certain wavelength of incident waves, the solid curve in

Fig. 2.16(b). The details of SPR analysis based on Maxwell’s equations and

transmission-line theory is given in Subsection 7.6.2.

If an unknown analyte is mounted on the surface of the SPR sensor chip, the

intensity–wavelength curve is shifted to the dashed line in Fig. 2.16(b), providing

the change �� in the wavelength. Cahill et al. (1997) designed an SPR sensor

based on the wavelength modulation mode and the use of a prism with retro-

reflection, Fig. 2.17. An advantage of using this retro-reflector SPR is the

portability of the probe portion, which can be attached to any analyte medium.

et al. (2000) examined the sensitivity of this retro-reflection type SPR.
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Fig. 2.15 SPR based on incident angle (angle modulation mode).
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Akimoto et al. (2003) proposed an SPR design based on a step-like

sensor surface which provides an integrated reference surface. Rich and

Myszka (2002) made an extensive literature survey (700 papers published in

2001) of biosensors based on optical sensing methods, most of which are

based on commercial SPR systems: Biocore AB (Uppsala, Sweden), Affinity

Sensors (Franklin,MA, USA), Nippon Laser and Electronics (Nagoya, Japan),

Texas Instruments (Dallas, TX, USA), IBIS Technologies (Enschede, The

Netherlands), and Analytical �-Systems (Woodinville, WA, USA).

Surgical BioMEMS

BioMEMS actuators are considered useful tools in surgical applications.

Aminiaturized piezoelectric inchworm actuator is a key component of surgical

actuators. The concept of a piezoelectric inchworm actuator is illustrated in

Fig. 2.18, where the key active component is the piezoelectric actuator with top

and bottom electrodes. Under an applied voltage, the piezoelectric actuator

expands by constant d13. By repeating this process at a high-frequency voltage,

the piezoelectric plate can move a sizeable distance.

The displacement u of the piezoelectric inchworm actuator per unit pulse is

given by
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Fig. 2.16 SPR based on multiple incident waves (wavelength modulation
mode) (Cahill et al., 1997).
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Fig. 2.17 Retro-reflector SPR system (Cahill et al., 1997).
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u ¼ Ld13V

t
(2:3)

where L and t are the length and thickness of the piezoelectric plate, V is the

applied voltage and d13 is the piezoelectric constant. An example of the

application of a piezoelectric inchworm actuator to ophthalmology is shown

in Fig. 2.19 where the silicon lens attached to the top of the actuator moves in a

step-wise fashion.

Therapeutic BioMEMS

Patients with a chronic disease can be benefited by a drug-delivery system that

can be either implantable or transdermal (through skin).

An implantable drug-delivery system requires miniaturized BioMEMS.

Polla et al. (2000) designed such a MEMS micro-pump based on silicon

micromachining and a phosphorus zinc titanate (PZT) piezoelectric actuator.

1. Start - left clamp on, right clamp off

2. Extension - piezoelectric voltage applied

3. Hold - right clamp on

4. Contraction - piezoelectric voltage removed 

Fig. 2.18 Four-step operation of piezoelectric inchworm actuator. (1) Back
foot clamped while front foot released, (2) piezoelectric plate extension, (3)
front foot clamped, then back foot released, (4) piezoelectric plate contraction.
It is to be noted that both front and back feet are permanently bonded to the
piezoelectric plate while clamping (by electrostatic force) and release take place
between the lower surfaces of feet and substrate. (After Polla et al., 2000.)
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Figure 2.20 (a), (b) illustrates the profile and plan view of the MEMS micro-

pump. The key actuator in the micro-pump is based on a PZT piezoelectric

dish with key piezoelectric constant d13. Then the volume (�Vol) to be

displaced and the maximum pressure (Pmax) needed can be estimated as

�Vol ¼ 3a4 5þ 2�ð Þ 1� �ð Þd13V
3h2 3þ 2�ð Þ ; (2:4)

Pmax ¼
6Ehd13V

3þ �ð Þa2 ; (2:5)

Fig. 2.19 Application of piezoelectric inchworm actuator to ophthalmology
(Polla et al., 2000).

Silicon wafer

Microtube
input
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Inlet
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n -Si+ Ti/ Pt

(b)(a)

Fig. 2.20 MEMSmicro-fluidic pump: (a) cross-sectional view, and (b) plan-
view photograph (Polla et al., 2000).
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where a, h are the radius and the thickness of a diaphragm made of PZT and

Si3N4, E and � are the averaged Young’s modulus and Poisson’s ratio of PZT

and Si3N4, andV is the applied voltage. If the pump is driven by 1KHzAC, the

flow rate to be pumped is estimated as 1m‘/s.
An alternative to a piezoelectric material for use in a micro-pump is hydro-

gel as the actuator material whose volume change upon stimulus (applied

voltage, pH change, or temperature change) is much larger than any other

active material. Hydrogels are also advantageous due to their flexibility and

can be implantable in a human body if the hydrogel is sealed within a

biocompatible membrane. Ziaie et al. (2004) reviewed several designs of

hydrogel-based micro-fluidic systems with application to a glucose-sensitive

insulin delivery system. Figure 2.21 illustrates a micro-valve design based on a

hydrogel that can swell or shrink depending on pH, which is in turn sensitive

to glucose.

2.3 Composites for sensors and actuators

The key components in actuators and sensors are active and sensing materials

respectively, which include materials that exhibit coupled behavior between

mechanical, thermal, electromagnetic, optical, and chemical properties, for

example, ferroelectric, piezoelectric, pyroelectric, andmagnetostrictivematerials,

conducting polymers, and shape memory alloys. These materials are often

composed of a material exhibiting coupled behavior and a host matrix

material. This is because, to achieve optimum performance, the composite

structure of the material with coupled behavior is usually brittle and a host

matrix material is needed to enclose the brittle phase. In the following

Subsections we shall review examples of piezoelectric, magnetostrictive and

magnetic composites.

External solution
diffusion

Silicon
Flow

Silicon rubber
membrane

Hydrogel

Porous
membrane

Fig. 2.21 Glucose-sensitive micro-valve based on a hydrogel (Ziaie et al.,
2004, with permission from Elsevier Ltd).
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2.3.1 Piezoelectric composites

The development of piezoelectric composites has its roots in the early work of

Newnham et al. (1978). Newnham laid out a terminology used to describe the

microstructure of piezoelectric composites in terms of their connectivity,

where a two-phase composite is denoted by an X–Y system in which X and Y

refer to the connectivity of the piezoelectric and non-piezoelectric phases,

respectively, Fig. 2.22. By this definition, a 0–3 composite denotes the case

of piezoelectric particles (no connectivity, i.e., isolated islands) embedded in a

non-piezoelectric matrix, such as a polymer matrix (continuous in three

dimensions), while 3–0 denotes a composite composed of a piezoelectric

matrix (continuous in three dimensions) with spherical voids (isolated islands,

thus no connectivity). Composites of 1–3 connectivity are those composed of

piezoelectric rods or fibers (connectivity in one dimension) and a polymer

matrix (connectivity in three dimensions). These are often fabricated by

x
y

z

0–0 1–0 2–0 3–0

1–1

3–23–2 3–3 3–3

2–1 3–1 2–2

Fig. 2.22 Connectivity pattern of a piezoelectric composite. (Newnham
et al., 1978, with permission of Mater. Res. Soc.)
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embedding continuous piezoelectric rods in a polymer matrix, while 3–1

composites are made by boring holes in a solid piezoelectric ceramic and

impregnating them with a soft polymer. Newnham’s group (Newnham et al.,

1978; Klicker et al., 1981) advanced the understanding of the physical behavior

of piezoelectric composites through the development ofmechanics-of-materials-

type parallel and series models. This understanding, particularly of 1–3 compo-

sites, was significantly enhanced by Smith and co-workers (Smith et al., 1985;

Smith, 1989; Smith, 1990; Smith and Auld, 1991; Smith, 1993) in the analysis of

continuous fiber-reinforced piezoelectric composites. In these approaches, a

simplifying assumption of either a constant stress or a constant strain comp-

onent in the composite has been made which then leads to the application of

Voigt- and Reuss-type estimates of electroelastic constants. More recent devel-

opments in the modeling of piezoelectric composites based on rigorous micro-

mechanics modeling are those of Dunn and his co-workers (Dunn and Taya,

1993a,b; Dunn and Wienecke, 1997). These include the dilute, self-consistent,

Mori–Tanaka, and differential schememodels. The key to each of these methods

is the use of stress and strain concentration factor tensors obtained through the

solution of a single particle embedded in an infinite medium, while the goal in

the analysis of composite materials is the determination of the effective proper-

ties of the homogenized piezoelectric composite, which are functions of the

electroelastic properties of the constituent phases and the microstructure.

Uchino et al. (1987) fabricated a monomorph made from semiconductive

piezoelectric ceramics. A rainbow-type actuator was developed by Hartling

(1994) by reducing one surface of a PZT wafer that creates a non-uniform

electric field when voltage is applied.Wu et al. (1996) fabricated a piezoelectric

actuator where the electrical resistivity was graded through the plate thickness,

leading to a graded poling of the material. A piezoelectric bimorph produces a

high bending displacement at the cost of a high stress concentration at the

interface between the top and bottom layers, reducing its lifetime (Gamano,

1970). The use of epoxy resin to bond the top and bottom layers in the bimorph

piezoelectric actuator made the interface fragile and fatigue prone (Uchino,

1998). In order to reduce the high stress concentration at the mid-interface, the

concept of functionally graded microstructure (FGM) has been introduced,

where a piezo-actuator of the bimorph type is composed of a number of

laminae with each being a piezoelectric composite, and the electroelastic

properties of the laminae are graded through the thickness direction such

that mirror symmetry with respect to the mid-plane is maintained. In order

to identify the optimum microstructure of FGM piezoelectric laminated

composites, Taya and his co-workers have developed two-stage modeling:

(1) homogenization of each FGM layer (lamina) based on the Eshelby
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model (Dunn and Taya, 1993a,b); and (2) the classical laminate theory

(Almajid et al., 2001; Almajid and Taya, 2001). A detailed account of this

modeling is given in Chapter 7.

2.3.2 Magnetostrictive composites

Magnetostriction is the change of shape or strain induced in a ferromag-

netic material during its magnetization. Under an applied magnetic field,

the crystal lattice in each magnetic domain deforms spontaneously in the

direction of the domain magnetization. For a small magnitude of the

applied magnetic field, the directions of magnetization and strain in each

domain, which are more or less coincident, rotate toward the applied field,

see Fig. 2.23.

If we assume that the spontaneous strain e in each magnetic domain is

independent of the crystallographic direction of magnetization, the magneto-

strictive strain �dem (or macroscopic strain of a ferromagnetic material) in its

demagnetized state, Fig. 2.23(a), is related to e as

�dem ¼
Z p=2

0

e cos2� sin�d� ¼ e

3
; (2:6)

where the direction of spontaneous strain makes an angle � with respect to

the macroscopic specimen (observation) axis. In the saturated state �s¼ e.

Therefore, the net strain � at saturation magnetization to be observed between

the initially demagnetized state and the saturated state is obtained as

e

e

e
e

e

H

e

e

e

(a) (b)

Fig. 2.23 Strain axis (shown by arrows) associated with the crystal lattice in
each magnetic domain rotates from (a) demagnetized state to (b) magnetized
state at saturation during increased magnetization. (Chikamizu, 1964.)

42 Applications of electronic composites

Cambridge Books Online © Cambridge University Press, 2009



� ¼ �s � �dem ¼ 2

3
e: (2:7)

Magnetostriction is the coupling behavior between mechanical and mag-

netic behavior where the strain� induced is proportional to the square of the

applied magnetic field (H). The largest magnetostrictive strain that has been

reported is for the alloys of iron (Fe) with the rare-earth elements, terbium (Tb)

and dysprosium (Dy). One of these alloys is Tefenol-D (Clark, 1993); a typical

curve of the strain e and magnetic field H of Tefenol-D (Tb0.3Dy0.7Fe2) is

illustrated in Fig. 2.24 (Moffett et al., 1991) where the e–H relation exhibits

non-linear behavior (approximated as e/�H2) and also low hysteresis. The

order of strain is as high as 1.5� 10–3. This high strain and low hysteresis at

fast actuation speed makes this Tefenol-D very attractive for applications

in transducers. However, Tefenol-D is known to be brittle and electrically

conductive (thus resulting in higher eddy-current loss), limiting its use

at higher frequencies. To overcome these difficulties, composites made of
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Fig. 2.24 Strain vs. applied magnetic field for Tefenol-D (Tb0.3Dy0.7Fe2)
under various compressive stress levels where numbers 1–8 denote constant
stresses of 6.9, 15.3, 23.6, 32, 40.4, 48.7, 57.1, and 65.4 MPa, respectively
(after Moffett et al., 1991).
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Tefenol-D fillers and polymer matrix have been designed, which are mechani-

cally tougher and whose eddy current loss at high frequencies can be mini-

mized by using a polymer insulator matrix.

Sandlund et al. (1994) designed two kinds of magnetostrictive composites,

isotropic and anisotropic composites. In the isotropic composites, Tefenol-D

particles are randomly distributed, while in the anisotropic composites the

Tefenol-D particles are magnetically oriented during processing. They mea-

sured the elastic modulus, magnetostriction, and piezo–magnetic coupling

coefficient of these composities to conclude that these properties of the aniso-

tropic composite are superior to those of the isotropic composite. Kim et al.

(1998a) used amorphous Tb–Fe–B ribbons as a magnetostrictive filler to

design magnetostrictive composites whose magnetostriction reached the

value of 500� 10�6 at H ¼ 1:1 kOe while maintaining good compressive

strength of the composite. They optimized the processing parameters to obtain

highermagnetostriction (536� 10�6 atH¼ 1.1 kOe), piezo–magnetic coupling

coefficient and compressive strength (Lim et al., 1999).

The University of California at Los Angeles (UCLA) group (McKnight and

Carman, 2001; Nersessian and Carman, 2001) has designed magnetostrictive

composites whose magnetostriction at saturation is of order 1� 10�3. If the

magnetostrictive fillers are made of Tefenol-D particles oriented along [112],

the magnetostriction �c of the composite is increased to 1.6� 10�3, and it is

expressed as

�c ¼
3

2
�s

M

fMs

� �2

; (2:8)

where �s is the saturationmagnetostriction along the prescribed crystal axis,M

andMs are the applied and saturationmagnetization, respectively, ofTefenol-D,

and f is the volume fraction of the Tefenol-D fillers.

Since magnetostriction is the coupling behavior between mechanical and

magnetic behavior, the elastic (Young’s) modulus of the polymer matrix is

expected to have an impact on the overall magnetostrictive strain �. Chen et al.

(1999) studied the effect of the matrix elastic modulus Em on � both experi-

mentally and theoretically. Figure 2.25 (a) and (b) show the comparison

between the experimental data of � and Em, and volume fraction f of

Tefenol-D filler, respectively.

The model proposed by Chen et al. (1999) is based on two types of ‘‘laws of

mixture’’: (1) uniform strain model; and (2) uniform stress model, see Fig. 4.1.

For the uniform strain model, the composite stress �c is the sum of the stress �f
in the filler with its volume fraction f and the stress �m in the matrix with its

volume fraction (1� f ),
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�c ¼ ð1� f Þ�m þ f�f: (2:9)

The elastic Hooke law holds for each phase, composite (c), filler (f), and

matrix (m), hence

�c ¼ Ecec; (2:10a)

�m ¼ Emem; (2:10b)

�f ¼ Efef: (2:10c)

From Eqs. (2.9) and (2.10) and using the uniform strain condition, i.e.,

ec ¼ em ¼ ef; (2:11)

the composite Young modulus is obtained as

Ec ¼ ð1� f ÞEm þ fEf: (2:12)

For the uniform stress model, the composite strain is the sum of the strain in

the filler with volume fraction f and the strain in the matrix with volume

fraction (1� f ), i.e.,

ec ¼ ð1� f Þem þ fef: (2:13)
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Fig. 2.25 (a) Magnetostriction vs. Young’s modulus Em of polymer matrix
and (b) magnetostriction vs. volume % Tefenol-D (Tb0.3Dy0.7Fe2). (Chen
et al., 1999, with permission from Amer. Inst. Phys.)
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Substituting Hooke’s law of Eqs. (2.10) into Eq. (2.11) and using uniform

stress conditions, i.e.,

�c ¼ �m ¼ �f; (2:14)

we obtain the composite Young modulus as

Ec ¼
1

ð1� f Þ
Em

þ f

Ef

: (2:15)

It is assumed in the model of Chen et al. (1999) that the stress induced in a

magnetostrictive composite is solely due to the stress in themagnetostrictive filler;

and the composite stress, when the composite is magnetically saturated, is the

product of the volume fraction f of the magnetostrictive filler and its stress, i.e.,

Ec�s ¼ f Ef�sf (2:16)

where �s is the magnetostriction of the composite at saturation, and �sf is that

of themagnetostrictive filler.WhenEc is substituted fromEq. (2.12) orEq. (2.15)

into Eq. (2.16), one can obtain the magnetostriction at saturation of the

composite based on the uniform strain model (�se) and the uniform stress

model (�s�) respectively,

�se ¼
f Ef�sf

ð1� f ÞEm þ fEf
; (2:17a)

�s� ¼ f�sfEf
1� f

Em
þ f

Ef

� �
: (2:17b)

The predictions of Eqs. (2.17) are shown by the solid line (uniform stress

model) and the dashed line (uniform strain model) in Fig. 2.25. Both models

predict well the experimental results.

2.3.3 Magnetic composities

More-compact actuators are highly desirable in a number of applications. This

demands even more-compact electric motor and electromagnet systems as

sources of driving high-density power where both stator magnets and moving

rotors are made of soft and hard magnets with the requirement of high

magnetic properties. The requirements of a soft magnet are high permeability

�r, high magnetization Bs at saturation, and small hysteresis or equivalently
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low coercivity Hc at use frequencies f. Those of a permanent magnet are high

remanent fluxBr or equivalently highBs, high coercivityHc, and highmagnetic

energy (BH)max. Some of the soft and hard magnets are used as moving parts,

such as the rotor, which then requires additional properties – lighter weight

and mechanical toughness – to render them usable for longer time. Morita

et al. (1985) designed Fe powders reinforced with epoxy resin and Kevlar1

fiber composites for use in the magnetic wedge in an induction motor.

The key constituent magnetic materials for the above magnetic composites

are nano-crystalline Nd–Fe–B alloys. Thus, we shall discuss the magnetic

characteristics of these first, followed by the detailed design and process issues

of magnetic composites.

Nano-crystalline Nd–Fe–B alloys

Since Matumoto and Maddin processed the first amorphous metal in 1970, a

number of amorphous metals, particularly magnetic alloys, have been studied.

Early studies on amorphous magnetic materials centered on Fe–Co alloys

(Fujimori et al., 1974) which are extensively used as commercial magnetic

materials but whose price remains still high. The high price of the Fe–Co

system prompted researchers over the last 12 years to turn their attentions

to less-expensive alloys. Yoshizawa et al. (1988) reported first a successful

soft magnetic material based on Fe–Si–B–Nb–Cu nano-crystals of size 10nm.

Coehoorn et al. (1988) reported an Nd2Fe14B/Fe3B nano-composite that exhib-

ited large Bs (¼1.3 tesla [T]) and largeHc (=0.3mega-ampere/meter [MA/m]).

The Tohoku University group then found other nano-crystalline soft magnetic

materials based on Fe–M–B where M can be Zr, Hf,or Nb (Suzuki et al., 1990

Makino et al., 1994,Makino et al., 1995) and its variations (Makino et al., 1997).

By careful arrangement of a soft phase (t-Fe3B, Fe3B, �-Fe), a hard phase

(Nd2Fe14B), and an amorphous phase, one can design both hard and soft

nano-composites, which are illustrated schematically in Fig. 2.26 (a) and (b),

respectively.

It has been confirmed by the above researchers and others that soft (�-Fe,

t-Fe3B) and hard (Nd2Fe14B) nano-crystals have very high Bs (�1.6 T), and if

they are formed as nano-composites, they exhibit strong exchange coupling

where the soft phase plays the role of a 3d transition metal while the hard

phase’s function is that of a 4f rare-earth element. By virtue of the exchange

coupling, the nano-composite can exhibit a wide range of magnetic character-

istics, from soft to hard, depending on the composition ratio. Another feature

of the nano-composite is its reversible behavior in the second quadrant of the

B–H curve, i.e., ‘‘spring-back’’ (Kneller and Hawig, 1991) where the soft phase

is forced to change its magnetization direction into that of the applied
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demagnetization field, but its movement is constrained by the hard phase

which acts as a bias spring, so that the local B–H curve becomes reversible.

Hinomura et al. (1997) reported that Nd–Fe–B ribbons with a specific

composition which were processed by the spin-melting technique can be

tailored from soft to hard nano-composites by careful annealing treatments.

The higher the annealing temperature, the harder the nano-crystal Nd–Fe–B

becomes, see Fig. 2.27.

Hard magnetic composites

Hard magnetic composites are composed of hard magnet fillers and bonding

(matrix) materials (usually polymer) where the hardmagnet fillers are required

to have high Bs and Hc which are now available from nano-magnetic compo-

sites such as the Nd–Fe–B system.

Composites made of hard ferromagnetic particles and polymer matrix are

called ‘‘bond magnets’’ whose magnetic performance is less than for ‘‘sintered’’

magnets. For the magnetization process to convert the ‘‘green’’ composite body

to a permanent magnet with strong and anisotropic magnetization requires

simultaneous sintering and magnetization at high temperature, which cannot

be used for bond magnets as the polymer phase cannot survive at a high

temperature. Despite their lower magnetic performance, bond magnets are

used extensively due to their low cost and ease of forming into any 3D shape.

Ferromagnetic shape memory alloy (FSMA) composites

An unusual type of ferromagnetic material is emerging as an actuatormaterial.

This is the ‘‘ferromagnetic shape memory alloy’’ (FSMA), such as Fe–Pd and

Ni–Mn–Ga alloys, which possesses both ferromagnetic andmartensitic transfor-

mation properties (Sohmura et al., 1980; Webster et al., 1984; Ullakko et al.,

1996; James and Wuttig, 1998; O’Handley, 1998; Liang et al., 2000; Liang et al.,

2001; Kato et al., 2002a,b; Sakamoto et al., 2003; Wada et al., 2003a). There are

Soft
phase

Hard
phase

(a)

Soft phase

Amorphous
phase

(b)

Fig. 2.26 Nano-composites: (a) hard magnet, and (b) soft magnet.
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three mechanisms of actuation associated with FSMAs under an applied

magnetic field, which can be used as the driving force for fast responsive actuator

materials: (i) magnetic-field-induced phase transformation, (ii)martensite variant

rearrangement, and (iii) hybrid mechanism.

The first mechanism is based on the phase change from austenite to mar-

tensite under an increasing magnetic field, or the reverse phase transformation

under a decreasing magnetic field. If we construct a three-dimensional phase-

transformation diagram with stress (�)–temperature (T)–magnetic field (H)

axes, see Fig. 2.28, the phase transformation of austenite to martensite under a

modest magnetic field requires that the T–H phase boundary surface be

inclined toward the T-axis, otherwise the increasing H loading would not

intersect the T–H phase boundary surface. Kato et al. (2002a) made a pre-

liminary estimate of the magnetic energy needed to induce a phase transfor-

mation based on a thermodynamic model, and concluded that a large H-field

is required for the phase change in both Ni–Mn–Ga and Fe–Pd. Therefore,

this mechanism is not suited for use in designing compact actuators, which

may need a small and portable electromagnetic system as a driving unit.

The second mechanism is to induce the strain in an FSMA with 100%

martensite phase subjected to a constant H-field which acts on the magnetic

moments in the magnetic domains that exist in the martensite phase so as to

rotate them along the easy axis, i.e., the c-axis in the case of Ni–Mn–Ga and

Fe–Pd. The strain induced by the mechanism is a function of the c/a ratio of

the FSMA, i.e., the order of the shear strain, given by a/c� c/a. Thus, the

smaller the c/a ratio, the larger the shear strain that can be induced by this

mechanism. The c/a ratio of Ni–Mn–Ga is reported to be 0.94, which could

Magnetic field, H (MA/m)
0.0–0.2–0.6 –0.4–0.8 0.2 0.4 0.6 0.8

Magnetic flux density, B (T)

1.5

0.5

1.0

As quenched
up to 853 K
up to 873 K
up to 943 K
up to 973 K

Fig. 2.27 Demagnetization curves measured at room temperature for
Nd4.5Fe77B18.5 ribbons as quenched, and annealed at various temperatures
(after Hinomura et al., 1997, with permission from Japan Inst. of Metals).
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provide 6% or more strain. Even though the strain induced by the second

mechanism is very large, the corresponding stress remains modest, just

several MPa, under a modest applied magnetic flux density (1T). The variant

rearrangement mechanism (the second mechanism) is still useful for micro-

electromechanical systems (MEMS)-based actuators as the order of force

and stroke in a typical MEMS-based actuator is modest but the fast speed of

actuation is attractive to MEMS designers. Variant rearrangement in mar-

tensite has been also reported in Ni–Mn–Ga (Ullakko et al., 1996; Sozinov

et al., 2001; O’Handley et al., 2003), Fe–Pt (Sakamoto et al., 2003; Kakeshita

et al., 2000), Fe–Pd (Kato et al., 2002a,b; Yamamoto et al., 2004), and

Ni–Mn–A1 systems (Fujita et al., 2000). The order of reversible strain

induced by a magnetic field was only 0.2% in Ni2MnGa in an earlier study

(Ullakko et al., 1996), but it increased to 6% in an Ni2MnGa single crystal

with off-stoichiometric composition (Murray et al., 2000; Murray

et al., 2001). This remarkable improvement in the magnetic field-induced

strain was acheived with an external bias stress which helps converted

variants to return to initial ones upon removal of the magnetic field.

The thirdmechanism, which we call a ‘‘hybridmechanism,’’ is based on a set of

chain reactions, first applied magnetic flux (or field) gradient, magnetic force,

stress-induced martensite phase transformation (see Fig 2.28), resulting in the

phase change from a stiff austenite phase to a soft martensite phase, leading to a

large displacement. The advantages of this are a large stress (hundreds ofMPa in

the case of Fe–Pd), a modest-to-intermediate strain, and a fast actuation time.

This phase change can be applied by bringing close to the FSMA specimen a
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Fig. 2.28 Three-dimensional phase transformation diagram for a
ferromagnetic shape memory alloy (FSMA) where loading is composed of
three axes, stress �, temperature T, and magnetic field H.
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compact and portablemagnetwhich provides a largemagnetic field gradient, and

thus is suited for use in designing compact actuators with large force capability.

The above FSMA systems are rather difficult to process and the cost of the

materials is also high. To make more affordable FSMA systems, one can use

the concept of a composite, i.e., use two different starting materials, a ferro-

magnetic material and a shape memory alloy of superelastic grade, to form an

FSMA composite. If this FSMA composite is activated using the hybrid

mechanism, one can induce large displacement while maintaing a large stress

and a high actuation speed. There are two routes for designing such FSMA

composites, one is a laminated FSMA composite, the other is a particulate

FSMA composite. Kusaka and Taya (2004) made an analytical study of a

laminated FSMA composite, with the aim of determining the optimummicro-

structure for use as a bending actuator and also as an axial spring actuator.

One can design an FSMA composite composed of a ferromagnetic material

and a shape memory alloy whose cost may be less than those of Fe–Pd and

Ni–Mn–Ga (Kusaka and Taya, 2004). Taya and his co-workers have designed

several actuators based on FSMA composites (Liang et al., 2003; Wada et al.,

2003b; Taya et al., 2003).

2.4 Control of electromagnetic waves

The effective complex refractive index, which is given by the square root of the

product of relative permittivity "r and permeability �r, determines the EM

wave propagation characteristics, such as phase velocity, in composite mater-

ials. Materials with a very high refractive index are extremely useful for

microwave applications because the effective wavelength inside the material

will be much smaller than that of free space. Most materials are non-magnetic;

therefore, the high refractive index of materials such as ceramic composites is

due solely to their high "r values. However, it has been shown that "r can be

controlled by adding magnetic dipoles of certain orientation into the host

materials. By using a composite concept one can increase both "r and �r. One

way to increase "r is by the conductor loading technique, though techniques to

increase "r of non-magnetic materials are not yet well established.

2.4.1 Very high-er meta-materials

High-"r materials such as barium tetratitanate ("r¼ 37 at 6 GHz) are widely

used for wireless devices as a substrate of miniature-sized antennae and

dielectric resonators. A typical antenna has a dimension such as patch length

or line length of approximately �/2 to �/4 where � is the wavelength inside the
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substrate. Because most wireless systems operate at a lower microwave region

with a fairly long wavelength, it is important to fabricate antennae on a high-"r
substrate to reduce the physical dimensions. For example, the Global Star

transmitting antenna for the Qualcomm unit uses two monopole antennae

attached to a dielectric resonator which has "r of 36. The length of each

monopole is only 10mm, which is much less than the free-space �0/4 (Global

Star: 1.6 GHz transmitter and 2.5 GHz receiver). To design small antennae for

wireless systems such as the global positioning system (GPS) and Global Star,

therefore, the substrate materials must have very high "r, and the loss tangent

must be small to maximize the efficiency. Figure 2.29 shows typical patch and

dielectric resonator-backed antennae.

There have been significant USDepartment of Defense (DoD) and industry

efforts to reduce the size of microwave antennae in recent years. Small, rugged,

low-profile antennae can be mounted on military uniforms, helmets, and

vehicle surfaces. The antenna size reduction can be done by two approaches.

The first one is a clever design of the antenna geometry. The second approach

is to develop new, very high-"r materials. Typical high-"r substrate materials

are composites based on titania ("r¼ 96 at 6 GHz) whose "r ranges from 30 to

100. These dielectric materials also have low loss at microwave frequency.

Although materials such as barium titanate (BaTiO3) and strontium titanate

(SrTiO3) have very high "r (2000 to 4500 within a limited temperature range),

they have a limited use as antenna substrates.

It is known that when dielectric materials are loaded with conducting

particles, both real and imaginary parts of "r will increase as the fractional

volume of filler increases (Lee et al., 2000b). This technique has been used for

designing lossy dielectric materials such as beryllia–silicon carbide (BeO–SiC)

for microwave tube applications. Table 2.4 shows the measured complex

dielectric constant of BeO(60%)–SiC(40%) at different frequencies. These

values are much higher than that of the undoped beryllia (BeO), which is

close to 6.4 in the microwave region. BeO(60%)–SiC(40%) is designed to

patchλ /2

εr

(a) (b) εr 

 

monopole

λ /4

Fig. 2.29 Examples of patch antenna (GPS application, 1.5 GHz) and
resonator-backed antenna (Global Star application, 2.5 GHz ) (Carver and
Mink, 1981).
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absorb microwave energy and one of the requirements is a high loss tangent,

which can be controlled by the amount of SiC.

Through careful experimentation using AlN, Lee et al. (2000a) found that

the rate of increase of both real and imaginary parts of "r is related not only to

particle concentrations but also to the particle size, shape and orientation.

Figure 2.30 shows microstructures of BaTiO3–Pt composites with varying

levels of Pt conducting particles. Lee and co-workers have also conducted

numerical simulations and confirmed that the change of "r is related to the

particle size and shape. This suggests that it is possible to increase the real part

while keeping the increase of the imaginary part to a minimum by selecting the

type of inclusion andmanufacturing process. However, the simple approach of

mixing conducting particles with a host will not produce the desired charac-

teristics. One needs to custom-design material compositions and processing

methods. The material processing must be guided by theoretical bases and

extensive numerical analysis.

2.4.2 Non-magnetic meta-material with er greater than 1

The effective relative permeability �r can be modified to be either less or

greater than 1 even for non-magnetic materials. The split-ring resonator is

one approach. Another approach is periodically located conducting rings, as

shown in Fig. 2.31(a). We are interested in the frequency region in which the

size of the ring is much less than the wavelength. Kuga et al. (2005) have

conducted preliminary numerical simulations using the finite element method

(FEM) (HFSS from Ansoft). The material consists of layers of conducting

rings placed inside the X-band waveguide. It is assumed that the substrate

Table 2.4Measured relative complex dielectric constant of BeO(60%)–SiC(40%)

composite. BeO without SiC has a dielectric constant of

6.4�j0.002 at 10 GHz.

"r= "r
0 – j"r

00

Frequency (GHz) Real, "r
0 Imaginary, "r

00

0.4 90 11
0.9 86.6 15.5
1.95 80.5 21.9
2.99 78.6 28.9
8.5 33 13.5

10.0 31 13
12.0 30 13.2
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which holds the rings is a thin styrofoam ("r¼ 1.05). The reflection S11 and

transmission S21 coefficients are computed using HFSS at microwave fre-

quency. This provides four real numbers which can be related to two complex

values "r and �r. The inversion method is used for estimating the effective "r
and �r. Figure 2.31(b)–(d) shows numerical results for an electronic composite

with a periodic array of conducting rings (Kuga et al., 2005).

2.4.3 Active meta-materials with negative to large positive er and mr
Pendry and his group (1996, 1998) proposed a composite with negative "r and

�r which is made of a non-magnetic, metal-based split-ring resonator (SRR)

and an insulator housing plate, Fig. 2.32(a). This work was immediately

followed by the UCSD group (Smith et al., 2000), who measured transmission

power as a function of frequency, and claimed that a composite with negative

"r and �r is indeed realized. The above researchers studied theoretically the

effects of several parameters on the effective values of "r and �r, such as radius,

gap between inner and outer split ring, and the thickness of these split rings.

Additional key parameters influencing strongly the effective values of "r and �r

(a)

(c)

(b)

(d)

Fig. 2.30 Microstructure of BaTiO3–Pt composites with (a) 0, (b) 3, (c) 5,
and (d) 10 vol.% Pt (Kuga et al., 2005).
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are the split gap(s) and also the electric properties (" and �) of the housing

plate. Figure 2.32(b) and (c) illustrate the design of such an active antenna

system in the control of opening/closing of the split-ring gap, where (b)

illustrates active control by use of a shape memory alloy (SMA) spring (via

O
FF Off

O
N On

s

EAP actuator

(a) (b) (c)

Fig. 2.32 Tunable split-ring resonator board: (a) entire view, (b) gap s can
be opened or closed by a mechanical switch based on a shape memory alloy
actuator, (c) electro-active polymer (EAP) mechanical switch.
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Fig. 2.31 Numerical simulations of a composite with periodically located
conducting rings. (a) Structure, (b) magnitude of S11 and S21 responses, (c)
effective �r, and (d) effective "r. (After Kuga et al., 2005.)
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temperature change) and (c) that by an electro-active polymer switch (via an

applied voltage of 1V).

Active composites will be useful for many applications. One example is a

reflective surface which excites surface waves called plasmons. It is well known

that for transverse magnetic (TM) incident polarization the surface plasmons

can be excited for a surface with negative "r. By solving the wave equations at

the boundary of free space and the dielectric layer, one can obtain the cond-

ition "rP0 ¼ �Pwhere, Fig. 2.33,P0 andP are complex propagation constants

normal to the boundary in free space and in the dielectric material, respectively

(Ishimaru, 1991). The imaginary part of P0 and P which gives an attenuating

wavemust be negative to satisfy the radiation condition. From this equation, it

can be shown that a condition to excite plasmons is when "r becomes negative

for non-magnetic material (�r¼ 1). There will be very little reflection from the

surface when the plasmons are excited. For the transverse electric (TE) case, one

can obtain a similar expression. From this, one can show that there is no

plasmon excitation for �r> 1.However, as in the TMcase, the surface plasmons

can be excited if "r becomes negative for the TE incident wave.

Optical sensors which use surface plasmons have been applied in many areas

(Mansuripur and Li, 1997). However, there has been little effort to use surface

plasmons formicrowave applications because of a lack ofmaterials with negative

"r and/or �r. The active SRRwill exhibit negative�r when the gap is open, within

a limited frequency range. One can demonstrate the existence of plasmons for the

TE case using a split ring. By combining structures which create negative "r, such

as a dipole, one can develop surfaces which can support plasmons for both TE

and TM incident waves. By tuning the gaps, one can change material properties

which, in turn, excite or suppress plasmons on the surfaces. Radar cross section

(RCS) and radar polarimetric signature of military targets are closely related to

the surface reflectivity of materials. Using active composites, it will be possible

to control and disguise the target characteristics to enemy radars.

Another application of composites with negative "r and/or �r is in near-field

microwave imaging systems. The traditional near-field microscopes use the

evanescent wave in an optical fiber whose diameter is much less than the

wavelength. Although there is no propagating mode in a small optical fiber,

the evanescent mode still exits and it can be used for optical imaging. The spatial

resolution is determined by the tip size of the optical fiber and it can be much

smaller than the wavelength. A similar approach has also been applied to micro-

wave imaging with tapered waveguides. Pendry et al. (1996, 1998) proposed an

optical imaging techniquewhich also uses the evanescent wave in a thin gold layer

("r< 0) (IEEE Spectrum, Jan. 2001). With the proposed meta-materials which

have negative "r and/or �r, one can construct a micro-wave/millimeter-wave
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imaging system which has a spatial resolution much less than the wavelength.

This system will be useful for non-destructive testing of materials.

2.4.4 Wave-absorbing materials

Housing materials that can absorb electromagnetic waves at quasi-microwave

frequencies (1–3GHz) are increasingly important for wireless telecommuni-

cation applications such as cellular phones, personal computers (PCs), and

local access networks (LANs). Operational interference can be minimized if

one can use a housingmaterial with high absorbing capacity. To design thinner

wave absorbers, one needs to use materials with high absorption, i.e., low

reflection loss where the reflection loss � of a wave-absorbing material backed

by a metal plate is defined by

� ðdBÞ ¼ �20 log
Z tanhð�dÞ � Z0

Z tanhð�dÞ þ Z0

����
����: (2:18)

Here Z, �, and d are characteristic impedance, propagation constant, and

thickness, respectively, of the wave absorber and they are defined by

Z ¼
ffiffiffi
�

"

r
; Z0 ¼

ffiffiffiffiffi
�0

"0

r
; (2:19a)

� ¼ 2pf
ffiffiffiffiffiffi
�"

p
(2:19b)

where � and " are complex permeability and permittivity (dielectric constant),

given by

� ¼ �0 � j�00; (2:20a)

" ¼ "0 � j"00: (2:20b)

The first and second terms on the right-hand side of Eq. (2.20) are real and

imaginary parts, respectively, and j ¼
ffiffiffiffiffiffiffi
�1

p
. The requirements of a wave

absorber are to minimize reflection from the absorber material. To this end,

Free space

Medium

P0

P

β

µ rε r

Fig. 2.33 Definitions of complex propagation constants (P0 and P) near a
boundary. Here 	 (¼ 2p/�) is the phase constant.
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characteristic impedance Z is made close to Z0. In addition, to make the wave

absorber thinner, the attenuation of waves must be maximized, which can be

realized by the maximization of the values of the imaginary relative perme-

ability �r
00 and the imaginary relative permittivity "r

00 for a given use frequency.

Matsumoto andMiyata (1999b) designed a high-performance wave-absorbing

material which is composed of carbonyl-iron particles (CIP) and a polymer

matrix. Figure 2.34(a) and (b) illustrate the absolute values of the complex

relative permeability �r and permittivity "r of a CIP/polymer composite as a

function of frequency. The figure demonstrates the effectiveness of using a

CIP/polymer composite as a wave absorber as compared with the conventional

ferrite particle/polymer composites. If a silane coupling agent is used to coat the

108 109 1010

Frequency (Hz)

Ferrite composite

0

30

20

60

50

40

10

CIP with silane

 εr

CIP without silane

0

8

16(a)

(b)

12

4

108 109 1010

Frequency (Hz)

Ferrite composite

Snoek’s limit

CIP with silane
 µr

CIP without silane
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Fig 2.34 Frequency dependence of wave-absorbing composites: (a) relative
permeability �r, and (b) relative permittivity "r. (Matsumoto and Miyata,
1999b.)
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CIP, both |�r| and |"r| increase, thus contributing to the design of a thinner wave

absorber. Figure 2.35 illustrates the effectiveness of using CIP fillers to make

thinner wave absorbers, although there still exists the challenge of designing an

even thinner CIP composite plate for the quasi-microwave region.

Model for laminated composite

Matsumoto andMiyata (1997) designed two types of composite: (1) a laminated

composite composed of a magnetic layer with permeability � and polymer

matrix with permittivity ", Fig. 2.36(a); and (2) a composite composed of the

same constituents but with their spatial arrangement random, Fig. 2.36(b).

Matsumoto andMiyata proposed a simple model to predict the composite "

and � for the above two types of composite geometry. For the laminated

composite, the magnetic field propagates along the plane of lamination (y-axis

in Fig. 2.36(a)), thus themagnetic flux densityBc in the composite is the sum of

that in each consitituent multiplied by its volume fraction, v1, and v2 with

v1 þ v2 ¼ 1, i.e.,

Bc ¼ v1B1 þ v2B2 (2:21)

B1 ¼ �1H1 (2:22a)

B2 ¼ �2H2 (2:22b)

Bc ¼ �cHc; (2:22c)
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Fig. 2.35 Thickness of wave absorber vs. frequency (Matsumoto andMiyata,
1999b).
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whereBi,Hi, and �i are, respectively, magnetic flux density, magnetic field, and

magnetic permeability of the ith phase material with i ¼ 1 (magnetic material),

2 (low-permittivity material) and c (composite). Since the magnetic field in the

composite is equal to that in each material, we have

Hc ¼ H1 ¼ H2: (2:23)

A substitution of Eqs. (2.22) into Eq. (2.21) and use of Eq. (2.23) yields

�c ¼ v1�1 þ v2�2: (2:24)

As to the propagation of the E-wave, it is along the direction perpendicular to

the plane of lamination (x-axis in Fig. 2.36(a)). The total electric field Ec of the

composite is the sum of that in each material with its volume fraction,

Ec ¼ v1E1 þ v2E2; (2:25)

while the electric flux density D is uniform throughout the composite,

Dc ¼ D1 ¼ D2: (2:26)

For each material,

Dc ¼ "cEc; (2:27a)

Magnetic material layer Low-permittivity layer Magnetic material domain Low-permittivity layer

v1

v1

v2

v2
magnetic field (y)

electric field (x)
(z)

field polarization wave
(y)

(x)
(z) random polarization wave

(a) (b)

Fig. 2.36 Two designs of wave-absorbing materials: (a) laminated compo-
site for fixed polarization wave, and (b) random composite (similar to 1–3
type defined by Newnham et al. (1978), see Fig. 2.22). (Matsumoto and
Miyata, 1997, # 1997 IEEE. Reproduced with permission from IEEE.)
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D1 ¼ "1E1; (2:27b)

D2 ¼ "2E2: (2:27c)

A substitution of Eqs. (2.27) into Eq. (2.25) and use of Eq. (2.26) provides

another law-of-mixtures formula for the composite permittvity "c as

1

"c
¼ v1

"1
þ v2
"2
: (2:28)

Model for random composite

For non-fixed polarization waves, Matsumoto and Miyata (1997) proposed a

model that accounts for 3D distribution of the magnetic material and the low-

permittivity material, Fig. 2.36(b). They considered first that both materials

are continuous along the z-direction, thus the average permeability along the

z-direction is given by Eq. (2.24), i.e., �c ¼ v1�1 þ v2�2. Then they considered

themagnetic field along the x- or y-axis, for which themagnetic field is additive

and magnetic flux density is uniform. Therefore, using the same concept as

applied to the derivation of the composite permittivity for Fig. 2.36(a), they

obtained the composite permeability �c as

�c ¼
1

v1
ðv1�1 þ v2�2Þ

þ v2
�2

: (2:29)

Similarly, the permittivity of the random composite is obtained as

"c ¼
1

v1
ðv1"1 þ v2"2Þ

þ v2
"2

(2:30)

By using the above simple model for the laminated composite of Fig. 2.36(a)

and Eq. (2.18), Matsumoto and Miyata explained the experimental results of

reflection vs. frequency for laminated composites with several thicknesses (t)

of low-permittivity layer, see Fig. 2.37 where both predictions and experimen-

tal data for the case of a thin wave absorber with t ¼ 3mm are compared,

resulting in good agreement. For random composites, they used the predictions

based on Eqs. (2.29) and (2.30) and plotted these as functions of the volume

fraction v2 of free space (porosity), see in Fig. 2.38 where the input data of �, "

are used at 2 GHz. The predictions in Fig. 2.38 imply that the values of "

decrease with increase of the free-space volume fraction, while those of � remain

almost constant. If this random composite is used as a wave absorber, 20dB or
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over of reflection loss for a frequency range of 2–3 GHz is expected for a wave

absorber with thickness 2.5–3.5mm.

The above model requires the input data of constituents at a given frequency,

i.e., " and � at 1 GHz, and it can treat the frequency dependency. Matsumoto
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Fig. 2.37 Reflection loss of wave absorber of laminated composite type
of Fig. 2.36(a) mounted in a coaxial sample holder (Matsumoto and
Miyata, 1997, # 1997 IEEE. Reproduced with permission from IEEE).
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of Fig. 2.36(b) (Matsumoto and Miyata, 1997, # 1997 IEEE. Reproduced
with permission from IEEE).
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and Miyata (1999a) proposed another simple model for the predictions of the

complex permittivity of electronic composites made of metal particles and poly-

mer matrix, where two different cases of particle loading are considered, low

volume fractions (10–20%) and high volume fractions (30–50%). Their model is

based on an equivalent circuit model. Before discussing their model, let us

examine the trend of the experimental data for the complex permittivity of

carbonyl-iron spherical particles (of diameter 2.3mm) in a polysiloxane matrix,

with volume fractions of particles of 10 and 50%. Figure 2.39(a) and (b) illustrate

the real part ("0cr) and the imaginary part ("00cr) of the relative permittivity of the

iron particle/polysiloxane composite as functions of frequency. The complex

relative permittivities ("0pr, "
00
pr) of the polymer matrix (polysiloxane) are also

shown as functions of frequency, Fig. 2.39(c).

The experimental results of Fig. 2.39 reveal that the relative complex

permittivity of composites with 10% volume fraction of particles does not

depend on frequency while that with 50% volume fraction of particles

decreases with frequency despite the fact that the relative complex permittivity

of the polysiloxane matrix material is itself independent of frequency.

Matsumoto and Miyata found experimentally that the complex permittivity

of metal particle/polymer matrix composites ("c) is proportional to that of the

polymer matrix ("p) for low volume fractions of metal particle, i.e.,

"c ¼ k"p; (2:31)

where k (see Eq. (2.37) below) is related to the volume fraction vm of metal

particles and k increases with vm. For high volume fractions, they approximate

the experimental data of the composite permittivity by

"c ¼ k1"p þ Fð f Þ; (2:32)
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Fig. 2.39 Relative complex permittivity of iron particle/polysiloxane com-
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polysiloxane, as functions of frequency. (Matsumoto and Miyata, 1999a,
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where k1 increases with vm and F(f ) is the term that depends only on frequency f.

They proposed a simple model to explain the experimental data . The model

for low volume fractions of metal particles is illustrated in Fig. 2.40. The

electric current is presumed to flow mainly through channel 1 (solid line

in(a)), a series connection of metal particles and polymer matrix sandwiched

between the particles.
Assuming that the impedance of the composite in the equivalent circuit

model of Fig. 2.40(c) consists only of the polymer capacitance, i.e.,

Zc ¼ � j

2pfC
; (2:33a)

where

C ¼ "pS

d1
¼

ð"0p � j"00pÞS
d1

; (2:33b)

and S and d1 are the surface area of the composite specimen and total length of

the polymer region in channel 1, respectively. Therefore, the composite admit-

tance Yc is obtained from Eq. (2.33a) as

Yc ¼ 2pf
ð"00p þ j"0pÞS

d1

� �
(2:34)

and Yc is connected to the composite capacitance, Cc, as

Yc ¼ 2pj f Cc (2:35a)

where

Metal particle

Polymer

(a)

Electric current or
line of electric flux

(b)

(c)

(Metal particle)

Polymer

(Polymer)

Channel 1

Channel 1
R C =

(εp – εp j) S

d1

(Lines of electric flux)

(Electric current)

Metal particle

′ ′′

Fig. 2.40 Equivalent circuit model for metal particle/polymer matrix compo-
site, with low volume fraction of particles (afterMatsumoto andMiyata, 1999a,
# 1999 IEEE. Reproduced with permission from IEEE).
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Cc ¼
ð"0c � j"00c ÞS

d
(2:35b)

with d the specimen thickness.

From the above equations, the complex permittivity of the composite is

obtained as

"c ¼ "0c � j"00c ¼
d

2pfSj
Yc; (2:36a)

and

"0c � j"00c ¼
d

d1

� �
"0p � j"00p

� �
: (2:36b)

The ratio of specimen thickness d to the total length of polymer region in

channel 1 (d1) is defined by

k ¼ d

d1
: (2:37)

Equations (2.36b) and (2.37) lead to Eq. (2.31), the key equation for low

volume fractions. The predictions of Eq. (2.36b) or Eq. (2.31) are verified by

the experimental data, as shown in Fig. 2.41 where "c is observed to be

proportional to "p with its interception at the origin. It is seen from Fig. 2.40

that the slope (gradient, k value in Eq. (2.31)) of the "c – "p lines increases with

volume fraction of particles, as shown in Fig. 2.42.

It is to be noted in Fig. 2.42 that the gradient (k value) for polymer

composites measured at different frequencies leads to the conclusion that the

complex permittivity of polymer composites with low volume fractions of

particles is independent of frequency in accord with the results of Fig. 2.39.

Matsumoto and Miyata (1999a) proposed another equivalent circuit model

to explain the experimental data of the complex permittivity of metal particle/

polymer matrix composites with high volume fractions of particles. The model

is illustrated in Fig. 2.43 where the electrical conduction mechanism is based

on two channels, channel 1 (similar to the model of Fig. 2.39), and channel 2

for the path through interconnected metal particles.

The key formula based on the equivalent circuit model for high volume

fractions of particles is expressed by Eq. (2.32), which is derived from the

model of Fig. 2.43(c) and verified by the experimental results of the polymer

matrix, Fig. 2.44.

It follows from Fig. 2.44 that the lines of the "c–"p relation intercept at

positive values of "c ("
0
c and "00c ) which correspond with the second right-hand
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term in Eq. (2.32). This second term in Eq. (2.32) is dependent on frequency, as

is also supported by their experimental data.

A further study on the effects of the polymer matrix on the complex permit-

tivity of metal particle/polymer matrix composites with higher volume fractions

of particles (55–60%) was reported by Matsumoto and Miyata (2002). They

concluded that the optimum composite for wave absorbers should have a high

real part and a low imaginary part of the composite permittivity.
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Fig. 2.43 Equivalent circuit model for metal particle/polymer matrix com-
posites with high volume fraction of particles (after Matsumoto and Miyata,
1999a, # 1999 IEEE. Reproduced with permission from IEEE).
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3

Foundations of modeling

3.1 Introduction

The microstructure–macro-property relation of an electronic composite is

a prerequisite in designing the electronic composite with unique properties.

In order to establish the microstructure–macro-property relation, one must

know a priori the governing equations whichmust be satisfied in the domain of

the composite as well as in the domain of each constituent. By using these

governing equations and appropriate boundary conditions, one can develop a

composite model. Before discussing composite models we shall review the

governing equations of mechanical, thermal, electromagnetic, and coupled

behavior of materials.

3.1.1 Vector and tensor notation

In this chapter we discuss mostly mathematical equations, by using two types

of expression: index formulation, and symbolic formulation. We introduce

briefly the concepts of vector and tensor. A vector A (symbolic form) can be

expressed in index form as

A¼Ai ei¼A1 e1þA2 e2þA3 e3 (3:1)

where Ai is the ith component of vectorA and ei is the ith base vector based on

Cartesian coordinates and a repeated index is to be summed over i. The dot

(inner) product between two base vectors, ei and ej, is

ei � ej¼ �i j¼
1 if i¼ j;
0 if i 6¼ j;

�
(3:2)
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where �ij is called Kronecker’s delta. The vector (cross) product is

ei � ej ¼ ei j k ek; (3:3)

ei j k emn k ¼ �i m �j n � �i n �j m; (3:4)

where eijk is a permutation symbol (third-order tensor) and takes a value +1

for an even permutation ði ! j ! kÞ,�1 for an odd permutation ðk ! j ! iÞ,
and 0 if any two indices coincide. In this book, we consider only orthogonal

coordinates, Fig. 3.1.

Another important vector operator is the partial derivative operator, called

the ‘‘del operator,’’ defined by

D¼ @

@xi
ei ¼

@

@x1
e1 þ

@

@x2
e2 þ

@

@x3
e3: (3:5)

Next we define tensors. Most important tensors that appear often in the

book are second- through fourth-order tensors. For example, a second-order

tensor B and fourth-order tensor C can be expressed in index form as

B¼Bi j ei ej; (3:6a)

C ¼ Ci j k l ei ej ek el: (3:6b)

In this book, we sometimes use only components for simplicity. When the

del operator

D

is applied to scalar, vector, and itself with inner and vector

products, the following are the expressions in both symbolic and index forms:

e1

e2

e3

x3

x2

x1

Fig. 3.1 Orthogonal coordinates x1, x2, and x3 with corresponding base
vector ei with eij j ¼ 1
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D

T ¼ @T

@xi
ei ¼

@T

@x1
e1 þ

@T

@x2
e2 þ

@T

@x3
e3

¼ T; i ei ¼ T;1 e1 þ T;2 e2 þ T;3 e3; (3:7)

where subscript ‘‘, i’’ denotes @=@xi;

D� A ¼ @

@xi
ei

� �
� Aj ej
� �

¼ @ðAj�ijÞ
@xi

¼ @Ai

@xi
¼ Ai;i ¼ A1;1 þ A2;2 þ A3;3; (3:8)

D� A ¼ @

@xi
ei

� �
� Aj ej
� �

¼ @Aj

@xi
ei j kek

¼ @A3

@x2
� @A2

@x3

� �
e1 þ

@A1

@x3
� @A3

@x1

� �
e2 þ

@A2

@x1
� @A1

@x2

� �
e3; (3:9)

D� D¼ @

@xi
ei

� �
� @

@xj
ej

� �
¼ @

@xi

@

@xi
¼ @2

@x21
þ @2

@x22
þ @2

@x23
: (3:10)

The inner product of second-order tensors B and D can be expressed as

B � D ¼ Bi jeiej
� �

� Dmnemenð Þ

¼ Bi jDi j

¼ B1 1D1 1 þ B2 2D2 2 þ B3 3D3 3 þ B1 2D1 2 þ B2 1D2 1 þ B1 3D1 3

þ B3 1D3 1 þB2 3D2 3 þ B3 2D3 2; (3.11)

where the repeated indices i and j are summed over 1, 2, and 3 (Einstein

convention) and Eqs. (3.2) and (3.3) are used to arrive at the above equations.

3.1.2 Integral theorems

Here we shall discuss two integral theorems, Gauss’ divergence theorem and

Stokes’ theorem.

Gauss’ divergence theorem

Let A be a vector-valued or tensor-valued continuous function in a finite

Euclidean space (x), the volume V of which is closed. Gauss’ divergence
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theorem is a relation between the volume and surface integrals which are

related by

Z
V

D� AdV ¼
Z
S

n � A dS; (3:12)

where

D

is defined by Eq. (3.5),A is either a vector or a tensor, n is a unit vector

normal to the surface S of a finite volume V pointing outward, dV and dS are

volume and surface elements, respectively, see Fig. 3.2. The symbol ‘‘�’’ can be

either a dot (�), a cross product (� ), or have empty meaning (i.e., can be

ignored). Therefore, the following three equations are explicitly given as

Gauss’ divergence integral equations:

Z
V

D

’ dV ¼
Z
S

’ n dS; (3:13a)

Z
V

D� AdV ¼
Z
S

n � AdS; (3:13b)

Z
V

D� AdV ¼
Z
S

n� A dS; (3:13c)

where j is a scalar field, j(x), and A is a vector or tensor field, A(x). For

mechanical problems, A can be a stress s or strain e tensor while, in electro-

magnetic problems, A can be an electric field vector E or a magnetic field

vector H.

dS

n

V

dV

Fig. 3.2 Closed volume V that contains both surface element dS with
outward unit normal vector n and volume element dV.
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Stokes’ theorem

Consider now an open surface S, with unit outward normal vector n, that is

bounded by a closed curve C where the positive unit vector t tangent to the

curve is along C and such that the circular path along positive t makes right-

handed screw direction coincident with positive n, Fig. 3.3. Stokes’ theorem is

given by Z
S

D� Að Þ � n dS ¼
I
C

A � tdC; (3:14)

where dS and dC are surface and line elements, respectively, and A can be

either a vector field or a tensor field,A(x). In Eqs. (3.13) and (3.14), n dS can be

replaced by dS.

In summary, we shall use both symbolic and index formulations throughout

this book, for example in Eq. (3.11) B � D represents the symbolic form, while

Bij Dij is the index form.

We shall state the governing equations related to the behavior of electronic

composites – mechanical, thermal, electromagnetic, and coupling behavior.

Due to the use ofmany variables to cover a variety of behaviors, we shall employ

those symbols summarized in Table 3.1, where some symbols are used to denote

different parameters, depending upon the type of behavior. Hopefully, this will

not confuse the reader.

3.2 Mechanical behavior

The governing equations for the mechanical behavior of solids are equilibrium

equations, strain–displacement relations (or equivalent compatibility equa-

tions), and constitutive equations. The first two equations are given by

dS

dC

S

C

n

t

Fig. 3.3 Open surface S, with outward unit normal vector n, bounded by
closed curve C with unit tangent vector t such that traveling along C in the
positive direction of t following the right-handed screw is coincident with
positive n.
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�ij; j þ fi ¼ �€ui; (3:15)

strain–displacement:

eij ¼
1

2
ui; j þ uj;i
� �

; (3:16a)

compatibility of strain:

Rij ¼ eiprejqsers;pq ¼ 0; (3:16b)

where f is the force per unit volume on the body, � is the body’s mass density

and Rij is the strain compatibilty tensor. As to the constitutive equations, we

first consider elastic materials, then elastic–plastic materials, and finally mat-

erials exhibiting creep.

Table 3.1 Symbols representing selected mechanical, thermal, and electromag-

netic field and flux variables.

Behavior Flux and Field Vector and Tensor Component SI unit

Mechanical displacement ui m
stress �ij N/m2 (Pa)
strain eij –

Thermal temperature � K
entropy � J/K
heat flux qi J/m2

thermal conductivity Kij W/(m�K)
thermal resistance Rt K/W

Electromagnetic electric charge Q C
capacitance C F

electric potential Fe V
magnetic potential Fm A

electric field Ei V/m
magnetic field Hi A/m

electric flux density Di C/m2

electric polarization Pi C/m2

magnetic flux density Bi Wb/m2 (T)
magnetization Mi A/m

electric current density Ji A/m2

electric current I A
electric conductivity �ij S/m
dielectric constant "ij F/m

magnetic permeability mij H/m
electric resistance R O
electric inductance L H
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3.2.1 Elastic materials

Here we consider only linear elastic solids. The constitutive equations of linear

elastic solids can be expressed in general form:

�i j ¼ Cij klekl (3:17a)

or

ei j ¼ Sij kl�kl (3:17b)

where Cijkl and Sijkl are elastic stiffness and compliance tensors, respectively,

(of rank 4). Due to symmetry of the stress and strain tensors, and the posi-

tiveness of the elastic strain energy density E ¼ 1
2�ijeij > 0

� �
, the numbers of

independent components of Cijkl and Sijkl are reduced from 81 to 21. This

number is reduced further to 9 if the characteristic directions of the elastic solid

are made coincident with the three orthogonal Cartesian coordinates x1, x2
and x3, which is then called an orthotropic elastic solid. The strain–stress

relation of an orthotropic elastic material is

e ¼ S s; (3:18)

where

e ¼

e11
e22
e33
2e23
2e31
2e12

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
; s ¼

�11
�22
�33
�23
�31
�12

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
; (3:19)

and

S ¼

1
E1

� �12
E2
� �13

E3

� �21
E1

1
E2

� �23
E3

0

� �31
E1
� �32

E2

1
E3

1
G23

0 1
G13

1
G12

2
666666664

3
777777775
; (3:20)

where Ei and Gij are Young’s and the shear modulus, respectively, of the

orthotropic material.
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Poisson’s ratio �ij used in Eq. (3.20) is defined as

�ij ¼
eii
ejj

����
����; (3:21)

where index i is the direction of observed strain under loading along the xj-axis,

and repeated indices in Eq. (3.21) are not to be summed. Twelve constants in

Eq. (3.20) are used and they are inter-related by the requirement of symmetry

of the compliance matrix [S ]:

�12
E2
¼ �21

E1
;

�13
E3
¼ �31

E1
;

�23
E3
¼ �32

E2
:

(3:22)

Hence, we have only nine independent constants for orthotropic elastic

materials. If the property is symmetric with respect to the x1–x2 plane, we

have

ET � E1 ¼ E2; �12 ¼ �21;

G23 ¼ G13 � GL;

set G12 ¼ GT; set E3 ¼ EL:

Here, subscript T (transverse) means perpendicular to and L (longitudinal)

means in the direction of the fiber axis.

Then Eq. (3.20) is reduced to

S ¼

1
ET

� �12
ET
� �13

EL

� �12
ET

1
ET

� �13
EL

0

� �31
ET
� �31

ET

1
EL

1
GL

0 1
GL

1
GT

2
666666664

3
777777775
: (3:23)

This is for a transversely isotropic elastic material with axis of symmetry

along the x3-axis. There are seven elastic constants in Eq. (3.23), which will be

reduced to only five constants by using the following relations:
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GT ¼
ET

2 1þ �12ð Þ ;
�31
ET
¼ �13

EL
:

(3:24)

If an elastic material is isotropic, i.e., the property does not depend on the

material texture (direction), then we have

E1 ¼ E2 ¼ E3 ¼ E;

�12 ¼ �13 ¼ �31 ¼ �;

GL ¼ GT ¼ G ¼ �;

(3:25)

S ¼

1
E � �

E � �
E

� �
E

1
E � �

E 0
� �

E � �
E

1
E

1
G

0 1
G

1
G

2
6666664

3
7777775 (3:26)

where the following relation holds for E, G and � –

2G ¼ 2� ¼ E

1þ �
(3:27)

– and where G (or �) and E are, respectively, the shear and Young’s modulus

with dimensions of pascals (Pa) or newtons (N)/m2, and � is Poisson’s ratio,

which is non-dimensional.

The above three cases of orthotropic, transversely isotropic, and isotropic

materials are illustrated in Fig. 3.4(a), (b), and (c) respectively, where the

orientations of isotropic fillers are used to illustrate the anisotropy of a

composite. Please note that the anisotropy of a composite is realized even if

isotropic fillers are in an isotropic matrix. Electronic composites are often

processed by using short fibers in a polymer matrix, which is cost-effective.

Then the macroscopic properties are strongly dependent, not only on the

properties of the short fibers, but also on the distributions of the fiber aspect

ratio, and on the orientation angles (�, � in spherical coordinates), Fig. 3.4(d).

3.2.2 Elastic–plastic materials

Here we confine ourselves to describing the constitutive equations of isotropic

elastic–plastic materials. The case for anisotropic elastic–plastic materials can
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be found in Hill (1950). Following Prandtl (l924) and Reuss (1929), the

constitutive equations of an isotropic elastic–plastic material is given, for a

work-hardening material, by

de0ij ¼
3� 0ijd��

2��H0
þ d� 0ij

2G
; (3:28a)

deii ¼
1� 2�ð Þ

E
d�ii; (3:28b)

and for non-work-hardening material, by

de0ij ¼
3� 0ij
2�y

d�ep þ
d� 0ij
2G

; (3:29a)

deii ¼
1� 2�ð Þ

E
d�ii; (3:29b)

(a)

x1

x2

x3

x1

x2

x3

x1

x2

x3

x1

x2

x3

(c) (d)

(b)

Fig. 3.4 Composite property depends on the orientation of fillers or fibers:
(a) orthotropic (continuous filler aligned along the x3-axis, periodically), (b)
transversely isotropic (continuous filler aligned along the x3-direction but
randomly orientated in the x1–x2 plane), (c) isotropic (spherical fillers, orien-
tated randomly), and (d) anisotropic (short fibers, randomly orientated or
with given distribution functions of orientation angles (�, �).
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where the work-hardening rateH 0 of the stress–plastic-strain region and yield

stress �y are defined in Fig. 3.5. In Eqs. (3.28) and (3.29) de0ij and d� 0ij are the

incremental deviatoric strain and stress components, respectively, d�ep and d��

are the incremental equivalent plastic strain and incremental equivalent stress,

respectively, and �� is defined by Eq. (3.34) below. Deviatoric strain and stress

are defined in Eq. (3.36) below.

The yield criterion of an isotropic elastic–plastic material follows the J2
0 flow

rule (Hill,1950),

1

2
� 0ij �

0
ij ¼ k2: (3:30)

The instantaneous stiffness tensor of an isotropic elastic–plastic material,

C ep
ijkl, has been used for finite-element programs in conjuction with updated

Lagrangian formulation (Nemat-Nasser and Taya, 1980). Equation (3.30) is

called the yield surface criterion. If the yield criterion is satisfied, then a

material undergoes plastic deformation following Eqs. (3.28) or (3.29). The

parameter k in Eq. (3.30) is the yield stress in shear and is related to the normal

(uniaxial) yield stress �y depending on the yield criterion used:

k ¼
1
2�y for Tresca;

1ffiffi
3
p �y for von Mises:

8<
: (3:31)

The yield surface for a state of biaxial stress, such as uniaxial tension and

torsional shear stress � , is expressed, following von Mises’ criterion, as

�2 þ 3�2 ¼ �2
y: (3:32)

St
re

ss
 

0 Total strain e

H

E

σy

σySt
re

ss
 

0 Plastic strain

H ′

(a) (b)

ep

σ σ

Fig. 3.5 (a) Stress–strain curve where Young’s modulus E, yield stress �y,
and work-hardening rateH are defined. (b) Stress–plastic-strain curve where
yield stress �y and work-hardening rate H 0 are defined.
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The work-hardening rate H0 defined in terms of the equivalent stress

(��)–equivalent plastic strain (�ep) relation is related to the slope (H ) of the

uniaxial stress–strain curve by

H0 ¼ H

1� H
E

� � ; (3:33)

where H and H0 are defined in Fig. 3.5(a) and (b), respectively. In the above

equations �� is the equivalent stress defined by

� ¼ 2

3
�0ij�

0
ij

� �1=2

: (3:34)

The equivalent plastic strain increment d�ep is defined by 3
2 de

p
ijde

p
ij

	 
1=2

.

When a material experiences unloading, the above constitutive equations are

all reduced to an elastic equation

de 0ij ¼
d� 0ij
2G

; (3:35a)

deii ¼
1� 2�ð Þ

E
d�ii: (3:35b)

Of course, in this case one can omit the incremental symbol ‘‘d’’ in front of

stress and strain. In the above equations, � 0ij and e 0ij are deviatoric stress and

strain components, respectively, and they are related to �ij and eij by

� 0ij ¼ �ij �
1

3
�ij�kk;

e 0ij ¼ eij �
1

3
�ijekk

(3:36)

where �ij is Kronecker’s delta defined by Eq. (3.2) and the repeated index k

follows the Einstein convention, see Section 3.1. Equations (3.28) and (3.29)

can be rewritten in terms of an incremental stress deviator–strain deviator

relation:

d� 0ij ¼ C ep
ijkl de

0
kl; (3:37a)

deii ¼
1� 2�ð Þ

E
d�ii; (3:37b)

where C ep
ijkl is the instantaneous stiffness tensor of an isotropic elastic–plastic

material, given by
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C ep
ijkl ¼ 2G �ik�jl �

9� 0ij�
0
kl

�2 2H0=Gþ 6ð Þ

� �
: (3:38)

A more rigorous treatment of inelastic behavior of materials is summarized by

Nemat-Nasser (2004).

3.2.3 Materials exhibiting creep

Creep is defined here as time-dependent inelastic deformation of amaterial when

it is subjected to a constant stress� at a given temperature �. A typical creep strain

e vs. time t curve is shown in Fig. 3.6, which exhibits three stages: I (primary),

II (secondary or steady state), and III (third or tertiary stage). Usually, the

duration of the secondary creep is the longest, thus the assessment of its creep

rate _ec ð¼ dec=dtÞ is the most important task. Among various parameters, stress

� and temperature � are the major ones influencing _ec and here we are concerned

with creep due to climb and glide of dislocations. Frost and Ashby (1982)

summarized the mechanisms of deformation of a metal under various regimes

of temperature and stress, to produce what is known as a ‘‘deformation map.’’

Since creep is a thermally activated process, its temperature dependence is

given by an Arrhenius-type equation

_ec ¼ f �ð Þ e�Qa=R� (3:39)

where f(�) is a known function of stress �, R (joules [J]/(mol�K)) is the gas

constant, � is the temperature in Kelvin, and Qa is the apparent activation

energy. The most popular form of f(�) is a power-law relation given by

σ = constant

I II

III
C

re
ep

 s
tr

ai
n,

 e

Time, t

Fig. 3.6 Typical creep strain vs. time curve which exhibits three stages:
I (primary), II (secondary), and III (tertiary).
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f �ð Þ ¼ A
�

G

	 
n

; (3:40)

where A and n are material constants, and G is the shear modulus. Although

Eq. (3.39) provides a basic equation for secondary creep, a more rigorous

equation is needed if the effects of parameters other than � and � are to be

examined. For example the Dorn-type equationmay be suited for this purpose

(Mukherjee et al., 1969):

_ec ¼ A
�

G

	 
n Gb

kB�
D0e

�Q=R� (3:41)

where b is the Burgers vector, D0 is the pre-exponential constant, Q is an

activation energy which is constant for self-diffusion, kB (J/K) is the

Boltzmann constant. The values of these constants for most metals are tabu-

lated elsewhere (Mukherjee et al., 1969). It is known that the stress dependence

of the creep rate at higher stresses cannot be described by the power-law-type

equation. In this case an exponential-type law is better suited; that is,

Eq. (3.40) is replaced by

f �ð Þ ¼ A exp �=�0ð Þ (3:42)

where A and �0 are material constants.

3.3 Thermal behavior

3.3.1 Governing equations

The governing equation for heat conduction in an anisotropic solid is

�cp
_�þ qi;i þ qs ¼ 0 (3:43)

where �, cp, �, qi, and qs are mass density, specific heat capacity at constant

pressure, temperature, heat flux component and heat source per unit volume,

respectively, _� is @ �=@t, where t is time. Heat flux qi is related to the tempera-

ture gradient �,j through Fourier’s law by

�qi ¼ Kij�; j: (3:44)

When Eq. (3.44) is substituted into Eq. (3.43), we obtain

�cp
_�þ qs ¼ Kij�; j

� �
;i
: (3:45)

In the absence of a heat source qs ¼ 0ð Þ and for a homogeneous material,

Eq. (3.45) is reduced to
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Kij�;ij ¼ �cp
_�: (3:46)

where Kij (W/(m � K)) is the component of the thermal conductivity vector.

For steady-state heat conduction, Eq. (3.46) is further reduced to

Kij�; ij ¼ 0: (3:47)

Special cases ofKij given by Eq. (3.47) are examined here.When one plane of

reflection symmetry exists, for example the x3-axis, then Kij is reduced to

Kij ¼
K11 K12 0
K21 K22 0
0 0 K33

2
4

3
5: (3:48)

Though K12 6¼ K21, their values are usually much smaller than the diagonal

components (K11,K22, andK33); hence one can omit off-diagonal components.

When two planes of reflection symmetry exist and the coordinates are taken

along such axes (perpendicular to the planes), the material is called an ortho-

tropic solid and its Kij is given by

Kij ¼
K11 0 0
0 K22 0
0 0 K33

2
4

3
5: (3:49)

If the axes in an orthotropic solid are interchangeable, or the heat conduc-

tion is independent of direction, the material is called isotropic and Kij is

reduced to

Kij ¼
K11 0 0
0 K11 0
0 0 K11

2
4

3
5 ¼ K�ij ¼ K

1 0 0
0 1 0
0 0 1

2
4

3
5; (3:50)

where K is the thermal conductivity of an isotropic material (W=(m �K)).

3.3.2 Thermal resistance

The concept of thermal resistance Rt is defined in an analogous fashion to

electrical resistance, as discussed in Section 1.3. Consider two observation

points for which temperatures T1 and T2 (K) are measured for a given heat

flow Q (W), Fig. 3.7. Then the thermal resistance R (K/W) between the two

observation points is defined by

Rt ¼
T1 � T2ð Þ

Q
¼ �T

Q
: (3:51)
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Three modes of heat transfer exist with equivalent thermal resistance

(Lau et al., 1998): (1) heat conduction through a solid medium, (2) heat flow

from a hot surface to a cold coolant (fluid), and (3) radiation heat flow from a

hot surface to a cold surface, Fig. 3.8. We shall discuss briefly the formulae for

calculating thermal resistance for these three modes below.

Heat conduction through medium

The thermal resistance Rt for heat conduction through a solid medium with

thermal conductivity K (watts [W]/(m � K)) is given by

Rt ¼
L

KA
; (3:52)

where L is the thickness and A the cross-sectional area of the medium, see

Fig. 3.8(a). Values of thermal conductivity K and coefficient of thermal

expansion (CTE) of materials that are often used in electronic packaging are

given inAppendix B2. It is to be noted that Eq. (3.52) is derived fromEq. (3.44)

by using

qi ¼
Qi

A
; (3:53a)

K

T1

T1 T1 T2

T2
T2

L
(a)

A

Q Q

(b) (c)

Fig. 3.8 Three different modes of heat flow: (a) heat conduction through
solid medium, (b) heat flow by convected coolant, and (c) radiation heat
transfer.

T1 Rt T2

Q

Fig. 3.7 Thermal resistance Rt
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�; j ¼
�T

�x
; (3:53b)

where all indices are ignored to indicate the steady-state heat conduction along

a one-dimensional (x-axis) direction and �x ¼ L.

Heat transfer through coolant

When a hot component (T1) is subjected to forced flow of coolant (T2), the

equivalent thermal resistance is given by

Rt ¼
1

hA
; (3:54)

where h is the heat transfer coefficient (W/(m2 �K)) andA is the area of the hot

component from which heat flow Q is emitted, Fig. 3.8(b). When a mass of

coolant is flowing over the surface of the hot component which emits heat flow

Q, the coolant increases its temperature by �T given by

�T ¼ Q

cM
: (3:55)

In view of Eq. (3.51), the equivalent thermal resistance Rt is given by

Rt ¼
1

cM
; (3:56)

where c is the specific heat capacity (J/(kg � K)) of the coolant and M is the

mass flow rate of the coolant (kg/s). The specific heat capacities c of common

coolant materials are given by c ¼ 1:16 (air), 1590 (coolant FC77), and 1000

(water) (Lau et al., 1998). Use of a fluid coolant is very effective in removing

heat from a hot component.

When a coolant fluid is forced to flow over the flat surface of electronic

components, it develops a ‘‘boundary layer’’ in both laminar and turbulent

flows. Then the heat transfer coefficient h defined by Eq. (3.54) needs to be

modified to account for this boundary-layer effect. The velocity profile u(x, y)

of a fluid flowing over a flat plate is approximated by the following parabolic

shape:

uðx; yÞ ¼ U
2y

�
� y2

�2

� �
for 0 � y � �ðxÞ; (3:57)

whereU is the constant velocity in the laminar flow region and �, the thickness

of the boundary layer, is a function of x, Fig. 3.9.
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If the modified temperature � is defined by

� ¼ Ts � T; (3:58)

where T and Ts are the temperature at an arbitrary point (x, y) and that of the

surface, respectively, Fig. 3.9, then � is assumed to follow a parabolic law

similar to Eq. (3.57), i.e.,

� ¼ �1
2y

�
� y2

�2

� �
; (3:59)

where �1 is the constant temperature in the laminar flow region. The heat flux

q along the y-axis at the surface of the flat plate is given by

q ¼ �Kf
@T

@y

� �
y¼0
¼ Kf

@�

@y

� �
y¼0

: (3:60)

where Kf is the thermal conductivity of the fluid.

From Eqs. (3.59) and (3.60), we obtain

q ¼ Q

A
¼ 2Kf

�
�1 ¼

2Kf Ts � T1ð Þ
�

: (3:61)

In view of Eq. (3.51),

Rt ¼
Ts � T1ð Þ

Q
¼ 1

2Kf=�ð ÞA : (3:62)

A comparison between Eqs. (3.54) and (3.62) provides the heat transfer

coefficient h for the convected coolant flow with a boundary layer,

h ¼ 2Kf

�
: (3:63)

modified
temperature
profile
θ = Ts– Τ 

θ∞U

y

x

u = 0 Ts

δ δ

Fig. 3.9 Laminar flow with boundary-layer thickness � where the velocity u
and modified temperature � follow parabolic profiles.
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Equation (3.63) implies that, the higher the thermal conductivity of the

coolant and the thinner the boundary layer, the higher the heat transfer

coefficient becomes. It is noted here that the boundary-layer thickness �

decreases with increase of the coolant velocity U, but it increases with larger

values of x, see Fig. 3.9.

Heat transfer by radiation

When a hot body (T1) emits heat into a surrounding medium (T2), even into a

vacuum, the radiation heat flux qr (W/m2) is given by

qr ¼ "� T 4
1 � T 4

2

� �
; (3:65)

where " is the emissivity of the hot surface and � is the Stefan–Boltzmann

constant, equal to 5.670 � 10�8 W/(m2 �K4). The value of " of a hot medium

with a rough surface is 0.91, while that of a medium with a highly polished

mirror surface is as small as 0.04 (Lau et al., 1998). For a small temperature

difference T1�T2,

T 4
1 � T 4

2 � 4T 3
2 T1 � T2ð Þ: (3:66)

From Eqs. (3.51), (3.65), and (3.66),

Rt ¼
1

ð4"�T3
2ÞA
¼ ðT1 � T2Þ

Q
: (3:67)

Therefore, we can define the radiation heat transfer hr using the formula for

heat transfer through a coolant, i.e., Eq. (3.54). Then

Rt ¼
1

hrA
; (3:68a)

where

hr ¼ 4"�T 3
2 : (3:68b)

It is to be noted in Eqs. (3.68) that hr is not a constant, but dependent on the

temperature of the surrounding medium.

3.4 Electromagnetic behavior

Before we examineMaxwell’s equations, we shall discuss briefly Ampère’s law,

Gauss’ electric and magnetic laws, and Faraday’s law, as they inspired

Maxwell to establish unified equations.
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Ampère’s law due to direct current I

Consider an electric current I running through a straight conductive wire.

Then amagnetic field H is generated around the wire, Fig. 3.10. The integral of

H along the circular path l (whose element is dl) is equal to the current I, which

in turn is equal to the integral of current density J across the cross-section S of

the wire: I
C

H � dl ¼ I ¼
Z
S

J � dS: (3:69)

Using Stokes’ theorem (Eq. 3.14), we can write Eq. (3.69) asZ
S

ð D�HÞ � dS ¼
Z
S

J � dS: (3:70)

The integrands in the two sides of Eq. (3.70) should be the same. Therefore

we get

D�H ¼ J: (3:71)

The right-hand side of Eq. (3.71) contains the current density J due to the

direct current. For a time-varying field, we need to add a time-dependent

electric flux density @D/@t:

D�H ¼ Jþ @D

@t
: (3:72)

Gauss’ law for electric field

Consider a finite volume V bounded by a closed surface S, where the total

charge inside isQ, Fig. 3.11. The surface integral of electric flux densityD over

the closed surface S is equal to the electric charge Q inside the surface S:I
S

D � dS ¼ Q: (3:73)

dl

H

I

S

Fig. 3.10 Ampère’s circuital law.
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Using the divergence theorem (Eq. (3.13b)) we obtainI
S

D � dS ¼
Z
V

D�D dV: (3:74)

With Eq. (3.73), Eq. (3.74) is rewritten asZ
V

D�D dV ¼ Q ¼
Z
V

�v dV: (3:75)

The integrands on the two sides of Eq. (3.75) must be the same, resulting in

D�D ¼ �v (3:76)

where �v is the electric charge per unit volume (C/m3).

Gauss’ law for magnetic field

No magnetic charge exists, Fig. 3.12, i.e.,I
S

B � dS ¼ 0: (3:77)

Using the divergence theorem, we can write Eq. (3.77) asI
S

B � dS ¼
Z
V

D� B dV ¼ 0: (3:78)

Therefore,

D� B ¼ 0: (3:79)

ρv

S
D

V

Fig. 3.11 Finite volume V with surface S contains electric charge Q with its
volume charge density �v.
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Faraday’s law

Faraday discovered that electric voltage is induced in a circuit when the

magnetic flux F (webers (Wb)) changes with time. Figure 3.13 illustrates an

experimental setup to verify Faraday’s law, which is composed of (a) a solenoid

with one turn (N ¼ 1) attached to a galvanometer to measure the induced

voltage, and (b) an electromagnet with a switch and battery that generates a

time-varying magnetic flux F where the time-dependent F is generated by

switching on and off.

The induced voltage Vemf due to F is given by

Vemf ¼ N
dF
dt
¼ N

d

dt

Z
B � dS; (3:80)

whereN is the number of turns of the induced-voltage side, andVemf, called the

electromotive force (emf), is the voltage around a closed path and is also

related to the line integral of the E-field as

Vemf ¼ �
I
C

E � dl: (3:81)

B

V

S

Fig. 3.12 Finite volume V with surface S does not contain any magnetic
charge.

N=1 case

(a) (b)

Induced
voltage

Galvanometer Battery

Switch

Solenoid

Φ: magnetic flux

Fig. 3.13 Experimental setup to verify Faraday’s law.
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From these, we obtainI
C

E � dl ¼ �
Z
S

qB
qt
� dS ðN ¼ 1Þ: (3:82)

Using Stokes’ theorem (Eq. (3.14)), we convert the left-hand side of

Eq. (3.82) to a surface integral and, putting the derivative inside the integral

on the right-hand side of Eq. (3.80), we can rewrite this equation asZ
S

ð D� EÞ � dS ¼ �
Z
S

qB
qt
� dS: (3:83)

Since Eq. (3.83) is valid for any arbitrary surface, we obtain

D� E ¼ � qB
qt

: (3:84)

If themagnetic flux does not change with time, we obtain the formula for the

static case, which will be discussed later.

3.4.1 Maxwell’s equations

Maxwell (1904) summarized the above laws into a set of equations that govern

electromagnetic phenomena in all ranges of frequencies and size scales above

atomic size. The following set is known as the Maxwell equations.

Maxwell’s equations in differential form

D�D ¼ �v; (3:85)

D� E ¼ � qB
qt

; (3:86)

D� B ¼ 0; (3:87)

D�H ¼ Jþ @D

@t
: (3:88)

Maxwell’s equations in integral form

I
S

D � dS ¼ Q; (3:89)
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I
C

E � dl ¼ �
Z
S

@B

@t
� dS; (3:90)

I
S

B � dS ¼ 0; (3:91)

I
C

H � dl ¼
Z
S

Jþ @D

@T

� �
� dS: (3:92)

In addition to the above Maxwell equations, the following equations are

needed to fully describe the electromagnetic behavior of a given material

system.

Lorentz force law

When a charge q is moving with velocity v in electric field E and magnetic flux

density B, force F (newtons [N]) is generated:

F ¼ q Eþ v� Bf g: (3:93)

Ohm’s law

For a conductive medium, electric current density J is proportional to electric

field:

J ¼ s � E (3:94a)

where s is electric conductivity which is generally a second-order tensor but,

for isotropic materials, it is reduced to scalar �. Then (3.94a) is reduced to

J ¼ � E: (3:94b)

Convection current law

When a charge density �v (C/m3) is moving with velocity v, it induces an

electric current density J as

J ¼ �vv: (3:95)

Constitutive equations in dielectric materials and magnetic materials

For a dielectric medium:

D ¼ e � E (3:96)
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where e is a dielectric tensor (farads [F]/m), and D is electric flux density

(C/m2),

D ¼ "0E þ P: (3:97)

The physical meaning of the polarization vector P is the electric dipole

moment, which consists of pairs of positive and negative charges, per unit

volume. For isotropic and linear materials, the electric polarization is propor-

tional to the electric field:

P ¼ "0	eE (3:98)

where 	e is electric susceptibility. From Eqs. (3.97) and (3.98), Eq. (3.96) can

be rewritten as

D ¼ "0"rE; (3:99)

where the relative dielectric constant "r is defined by

"r ¼
"

"0
¼ 1þ 	e: (3:100)

For a magnetic medium:

B ¼ m �H (3:101a)

where m is a magnetic permeability tensor, and should be distinguished from

the shear modulus (which we denote by G). It is reduced to scalar � for

isotropic materials:

B ¼ �H: (3:101b)

For certain magnetic materials (ferrimagnetic and ferromagnetic), a mag-

netic dipole moment (magnetization) exists either permanently or under an

applied electric field. The magnetic dipole moment per unit volume (magnet-

ization vector) M can be defined by modifying Eqs. (3.101) as

B ¼ �0 HþMð Þ: (3:102)

For isotropic magnetic materials under a moderate magnetic field and not

too low a temperature, M is proportional to the magnetic field:

M ¼ 	mH; (3:103)

where 	m is the magnetic susceptibility. Using Eq. (3.103), Eq. (3.102) can be

rewritten as

B ¼ �0�rH; (3:104)

3.4 Electromagnetic behavior 93

Cambridge Books Online © Cambridge University Press, 2009



where the relative magnetic permeability �r is defined by

�r ¼ �=�0 ¼ 1þ 	m: (3:105)

In the above equations, "0 and �0 are the dielectric constant and magnetic

permeability, respectively, for free space and they are given by

"0 ¼ 8:854� 10�12 F=m; (3:106a)

�0 ¼ 4p� 10�7 H=m: (3:106b)

In Eqs. (3.100) and (3.105), "r and �r are the non-dimensional dielectric

constant and magnetic permeability, respectively, of a linear isotropic

material.

3.4.2 Electrostatics and magnetostatics

If there is no time variation, we can set d=dt ¼ 0 inMaxwell’s equations. Then

Maxwell’s equations can be separated into two groups: electrostatic and

magnetostatic. The former are related to capacitor equations and the latter

to inductor equations.

Electrostatics

D�D ¼ �v; (3:107a)

I
S

D � dS ¼ Q; (3:107b)

D� E ¼ 0; (3:108a)

I
C

E � dl ¼ 0; (3:108b)

C ¼ Q

V
; (3:109)

where C (F) is electric capacitance.
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Magnetostatics

D� B ¼ 0; (3:110a)

I
S

B � dS ¼ 0; (3:110b)

D�H ¼ J; (3:111a)

I
C

H � dl ¼ I; (3:111b)

L ¼ F
I

(3:112)

where L (H) is electric inductance.

These two groups show that there is no coupling between magnetic and

electric behavior.

Charge and current distributions

There are three cases of electric charge distribution: (a) volume charge �v (C/m
3)

in a volume, (b) surface charge on a surface �s (C=m
2), and (c) line charge �l

(C/m) along a line. These three cases (a), (b), and (c) are illustrated in Fig. 3.14

(a), (b), and (c), respectively. Integrals of �v, �s, �l over the volume, surface,

and line in consideration lead to the total charge Q (C):

Q ¼
Z
V

�vdV; (3:113a)

(c)

line charge

(a)

electron cloud

(b)

surface charge

Fig. 3.14 Three different cases of electric charge distribution: (a) volume
charge �v, (b) surface charge �s, and (c) line charge �l.
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Q ¼
Z
S

�sdS; (3:113b)

Q ¼
Z
l

�ldl: (3:113c)

Continuity of charge

The total current moving out from an enclosed area must be equal to the rate

of change of charge within the volume, Fig. 3.15:I
S

J � dS ¼ � d

dt

Z
V

�vdV: (3:114)

Using the divergence theorem Eq. (3.13b), we can change the left-hand side

to a volume integral and obtain

D� J ¼ � @�v
@t

: (3:115)

Coulomb’s law

Electrical force F21 (N) between two charged bodies (in free space), q1 and q2,

Fig. 3.16, is given by

F21 ¼ bR12
q1q2

4p"0R2
12

: (3:116)

Coulomb’s law of two charged bodies can be generalized to the electric fieldE

induced by an electric charge q, Fig. 3.17.

J

V

ρv

S

Fig. 3.15 Electric current density J due to change with time of volume
charge density �v.
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F ¼ qE; (3:117a)

where

E ¼ bR q

4p"R2
; " ¼ "0"r: (3:117b)

From Eqs. (3.116) and (3.117), force (N) can be interconnected in SI units,

N ¼ C2m

Fm2
¼ VC

m
: (3:118)

Therefore, we obtain

C ¼ FV: (3:119)

The electric field due tomultiple point charges, Fig. 3.18, is the vector sum of

E-fields due to many charges:

Etotal ¼ E1 þ E2 þ E3 þ � � � ¼
1

4p"

XN
i¼1

qiðR� RiÞ
jR� Rij3

: (3:120)

Electric field due to a charge distribution

Due to a volume charge:

using the E-field due to the differential charge

R12

+q1 +q2

F12 F21

R12 
∧

Fig. 3.16 Coulomb’s force between two charged bodies, q1 and q2

E+q

R
∧

Fig. 3.17 Electric force due to electric charge q.
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dE ¼
bR�vdV
4p"R2

;

where bR is a unit vector along the E-field vector, we obtain

E ¼
Z
v

dE ¼ 1

4p"

Z
V

bR �v dv

R2
: (3:121)

Due to a surface charge:

E ¼ 1

4p"

Z
S

bR �sdS

R2
: (3:122)

Due to a line charge:

E ¼ 1

4p"

Z
l

bR �ldl

R2
: (3:123)

Electric scalar potential (voltage)

Potential between P1 and P2, Fig 3.19(a), is given by

V21 ¼ V2 � V1 ¼ �
ZP2

P1

E � dl: (3:124)

Potential difference does not depend on the path, Fig. 3.19(b), whence we

can derive that potential in a closed contour is zero, Fig. 3.19(c):I
C

E � dl ¼ 0: (3:125)

Potential at point P is given by

R – R1

R – R2

q1

q2

R2

R

PR1

Fig. 3.18 Electric field at point P due to multiple charges.
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V ¼ �
ZP
�1

E � dl

¼ �
ZR
�1

bR q

4p"R2

� �
� bRdR ¼ q

4p"R
: (3:126)

Using Eq. (3.124) and the gradient, we can write the electric fieldE derivable

from the potential V for the electrostatic case:

E ¼ � D

V: (3:127)

If we combine this with Eq. (3.107a), we obtain Poisson’s equation.

D� ð D

V Þ ¼ � �v
"
;

r2V ¼ � �v
"

(3:128)

where r2V is defined by Eq. (3.10).

Since the change in electric potential is equal to the work W done per unit

charge q, we can obtain

dV ¼ dW

q

¼ Fext � dl
q

¼ �qE � dl
q

¼ �E � dl: (3:129)

It is to be noted that Eq. (3.129) can be derived by taking the derivative of

Eq. (3.124).

E

P1
P1

P2

P2

P

C

(a) (b) (c)

Fig. 3.19 Electric potential.
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Electromagnetic equations for circuits

For a closed loop, the algebraic sum of the voltages for the individual

branches of the loop is zero (Kirchhoff’s voltage law):X
i

Vi ¼ 0: (3:130)

Ohm’s law for a resistive material with electric resistanceR (ohms [�]) is given

by

V ¼ IR: (3:131)

The algebraic sum of current flowing out of a junction is zero (Kirchhoff’s

current law): X
n

InðtÞ ¼ 0: (3:132)

Magnetic circuit

Consider a circular ring made of a soft magnet (yoke) with an electric coil

around it, Fig. 3.20(a). Upon applying an electric current I in the coil, a

magnetic flux F (webers [Wb]) flows in the yoke. In the yoke with its cross-

sectional area S, the magnetic flux is expressed by

F ¼ BS; (3:133)

where B is the magnetic flux density (webers/m2¼ teslas [T]).

Similarly, one can consider a ring-shaped yoke with a permanent magnet,

Fig. 3.20(b), where magnetic polarity is taken so as to realize a clockwise

magnetic flux as in the electromagnet case.

Due to the analogy between the electric current flow in a conductor material

with conductivity �, and the magnetic flux in a ferromagnetic material with

permeability �, one can establish the electric resistance R and magnetic

resistance Rm as

R ¼
Z

ds

�S
; (3:134a)

Rm ¼
Z

ds

�S
: (3:134b)
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Similarly to the electromotive force, the magnetomotive force (Vm) can be

defined by

Vm ¼
I

Hsds; (3:135)

where Hs is the magnetic field along the magnetic circuit in the s-coordinate

and
H
is the closed line integral along the magnetic circuit. For the electro-

magnet of Fig. 3.20(a), I
Hsds ¼ NI; (3:136)

whereN is number of turns of the electric coil, and I (ampere (A)) is the electric

current. Since the magnetic field intensity Hs is given by Eq. (3.101b) and the

magnetic flux density B is related to magnetic flux F by Eqs. (3.133) and

(3.134), we derive the following formula (similar to Ohm’s law) for a magnetic

circuit:

Vm ¼
I

Hsds ¼
I

B

�
ds ¼

I
F
�S

ds ¼ F
I

ds

�S
¼ �Rm; (3:137a)

where

Rm ¼
I

ds

�S
: (3:137b)

In Eq. (3.137b), the magnetic flux F plays the same role as the electric

current I in Ohm’s law, i.e., Eq. (3.131).

permanent magnet

yoke yoke

II

S N

ΦΦ

(a) (b)

Fig 3.20 Magnetic circuit (a) in a soft magnet (yoke) with electric coil with
electric current I, and (b) in a soft magnet with permanent magnet
(Chikamizu, 1964).
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For the magnetic circuit with a permanent magnet, Fig. 3.20(b), the magneto-

motive force, Vm is defined by

Vm ¼
Brlp
�rev

(3:138)

where lp is the length of the permanent magnet, Br is the remanent magnetic

flux density and �rev is the reversible magnetic permeability defined in the

second quadrant of the B–H curve of a permanent magnet, Fig. 3.21.

For the magnetic circuit of Fig. 3.20(b), Eq. (3.137a) is modified as

Vm ¼
Brlp
�rev
¼ FðRm þ R0mÞ; (3:139)

where Rm is the magnetic resistance of the yoke and R0m is the magnetic

resistance of the permanent magnet. They are defined by

Rm ¼
ly

�ySy
(3:140)

R0m ¼
lp

�revSp
: (3:141)

In the above equations, ly, �y, Sy are the length, magnetic permeability, and

cross-sectional area of the yoke, respectively, and lp, �rev, Sp are the length,

reversible magnetic permeability (defined in Fig. 3.21), and the cross-sectional

area of the permanent magnet, respectively.

0
H

 

Br

µ rev

B

Fig. 3.21 Remanent magnetic flux density Br and reversible magnetic
permeability �rev in the second quadrant of B–H curve of a permanent
magnet.
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It is noted that Kirchhoff’s voltage law Eq. (3.130) and current law

Eq. (3.132) are also valid for the magnetic circuit, i.e.,X
i

Vmi ¼ 0; (3:142)

X
i

�i ¼ 0: (3:143)

3.4.3 Maxwell’s equations for time-varying fields

In this subsection, we will discuss Maxwell’s equations for time-varying fields.

Lenz’ law

A current which creates an induced magnetic flux, Bind, is always in such a

direction as to oppose the change of magnetic flux B(t), Fig. 3.22.

Displacement current

Let us assume that voltage is given by a time-varying cosine wave, which is

applied to a capacitor with thickness d, Fig. 3.23.

Then the electric field inside the capacitor is given by

E ¼ byVC

d
¼ byV0

d
cos!t: (3:144)

We can define two types of electric current, conduction (Ic) and displace-

ment (Id). Current Ic is defined in a conductive line, and Id in a capacitor. They

are given by

Ic ¼
Z
S1

J �dS; (3:145a)

Bind: induced magnetic flux due to I

Increasing B(t)

R

–2

+1

Bind

+

–
R

Re

Vemf (t)

I

I

Fig. 3.22 Lenz’ law for time-varying fields. R is the load resistance, Re the
resistance of the coil, Vemf is the electromotive force.
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Id ¼
Z
S2

qD
qt
� dS: (3:145b)

The two currents must be continuous at the interface, i.e.,

Ic ¼ C
dVC

dt
¼ C

d

dt
ðV0 cos!tÞ ¼ �CV0! sin!t; (3:146a)

Id ¼
Z
S

@D

@t
� dS ¼

Z
S

@

@t
by "V0

d
cos !t� � by dS ¼ � "S

d
V0 ! sin!t:

�
(3:146b)

Since the capacitance C of an ideal plate capacitor is related to its dielectric

constant " by

C ¼ "S

d
; (3:147)

where S is the surface area of a capacitor, we can prove the continuity of the two

types of electric current from Eqs. (3.146) and (3.147):

Ic ¼ Id: (3:148)

Planewave propagation

The plane wave is a continuous wave (CW) whose amplitude and phase are

constant in the transverse (x- and y-) directions (perpendicular to the propaga-

tion direction z), Fig. 3.24. Since there is no variation in the transverse

direction, the derivative with respect to the transverse direction becomes 0.

Rather than dealing with the time derivative, we seek solutions for the time-

harmonic fields (CW case). In this case, the time derivative is replaced by j!, i.e.,

@

@t
¼ j!; because

@

@t
e j!t
� �

¼ j!e j!t: (3:149)

VC = V0 cos ωt

AC source

Ic

Id d y∧

Fig. 3.23 Plate capacitor C subjected to time-varying electric field.
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Therefore, Maxwell’s equations are rewritten as

D� E ¼ �v
"
; (3:150)

D� E ¼ �j!�H; (3:151)

D�H ¼ 0; (3:152)
D� H ¼ Jþ j!"E: (3:153)

First, we want to eliminate the current density J from the above equations

by using the electric conduction law, Eq. (3.94b). Then we define the complex

permittivity "c which contains the conductivity.

Equation (3.153) is rewritten as

D� H ¼ Jþ j!"E ¼ �þ j!"ð ÞE ¼ j! "� j
�

!

	 

E ¼ j!"cE; (3:154)

where

"c ¼ "� j
�

!
¼ "0�j"00 ¼ "r"0; (3:155)

"r is a relative complex dielectric constant, and "0 and "00 are real and imaginary

parts of the complex dielectric constant.

In addition, note that

"r ¼ "0r � j"00r (3:156)

where "0r and "00r are real and imaginary parts of the relative complex dielectric

constant, respectively, and j ¼
ffiffiffiffiffiffiffi
�1
p

.

y

x
z

Plane wave

Propagation direction

Equal phase front

y

z

x
∧

∧

∧

Fig. 3.24 Plane wave propagating along the z-direction where bx, by, and bz
are unit vectors along the x-, y-, and z-axes.
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If there is no charge (charge-free media), we get, from Eq. (3.150),

D� E ¼ �v ¼ 0: (3:157)

Now we derive a wave equation for the source-free case (� v ¼ 0, J ¼ 0).

Applying curl (

D� ) to both sides of Eq. (3.151), we obtain

D� ð D� EÞ ¼ D� ð�j!�HÞ: (3:158)

The left-hand side of Eq. (3.158) is replaced by the vector identity

D� ð D� EÞ ¼ Dð D� EÞ � r2E: (3:159)

The first term on the right-hand side of Eq. (3.159) vanishes from Eq. (3.157),

thus Eq. (3.158) is reduced to

�r2E ¼ �j!�ð D�HÞ: (3:160)

Substituting Eq. (3.153) into the right-hand side of Eq. (3.160), and using the

source-free condition (J ¼ 0), we obtain the following plane wave equation:

r2Eþ k2E ¼ 0; (3:161)

where k is the propagation constant of a plane wave,

k ¼ !
ffiffiffiffiffiffi
�"
p

; (3:162a)

and

r2E ¼ @2

@x2
þ @2

@y2
þ @2

@z2

� �
E: (3:162b)

Hence, we seek a solution for a simple case by assuming thatE- andH-fields

are in the x–y plane and the wave is propagating in the z-direction. Then, there

is no variation of theE-field in the x- and y-directions, and the derivatives with

respect to x and y must be 0. Also, we assume that the E-field acts in the

x-direction. Then Eq. (3.161) is reduced to

d2Ex

dz2
þ k2Ex ¼ 0: (3:163)

Now we can obtain the one-dimensional (1D) wave equation, which is very

similar to the transmission-line equations, Eqs. (3.189a)–(3.198). Ez ¼ 0 and

Hz ¼ 0 can be obtained once we set @=@x ¼ 0; @=@y ¼ 0 in Maxwell’s equa-

tions. To show this, we use Eq. (3.153), where we look at z-components,
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bz @Hy

@x
� @Hx

@y

� �
¼ bz j!"Ez

Ez ¼ 0: (3:164)

In general, the solution of the 1D wave equation has two terms. One is the

positive-going and the other is the negative-going wave:

ExðzÞ ¼ Eþx ðzÞ þ E�x ðzÞ ¼ Eþx0e
�jkz þ E�x0e

þjkz

þz �z
�!  �

(3:165)

Assuming the wave is propagating in the (+z)-direction and since the E-field

has only an x-component, Eq. (3.165) is reduced to

EðzÞ ¼ bxEþx0e�jkz; (3:166a)

Ey ¼ 0; (3:166b)

Ez ¼ 0: (3:166c)

Magnetic fields can be found from
D� E ¼ �j!�H ¼ �j!�ð bxHx þ byHy þ bzHzÞ: (3:167)

From Eqs. (3.166) and (3.167), we obtain the magnetic field as

HðzÞ ¼ by k

!�
Eþx0e

�jkz; (3:168a)

Hx ¼ 0; (3:168b)

Hz ¼ 0: (3:168c)

From these, it is clear that both E and H are perpendicular to the wave

propagation direction.

When we obtain the characteristic impedance of a transmission line (TL), we

use the incident voltage and incident current. Since theE- andH-fields are related

to voltage and current, we can define the impedance of a plane wave. This is

known as the intrinsic impedance 
 and is defined as the ratio of Ex and Hy :


 ¼ Ex

Hy
¼ !�

k
¼

ffiffiffi
�

"

r
: (3:169)
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If the wave is propagating in free space, the intrinsic impedance is


0 ¼
ffiffiffiffiffi
�0

"0

r
¼ 120 p O

where the values of �0 and "0 are taken from Eq. (3.106).

Since the E andH fields are perpendicular to the direction of wave propaga-

tion, the plane wave is called a TEM (transverse electromagnetic) wave,

defined by Eqs. (3.166) and (3.168).

The velocity of the plane wave is given by

UP ¼
!

k
¼ 1ffiffiffiffiffiffi

�"
p : (3:170)

Often we use a k vector to specify the direction of the wave. The vector k has

a direction given by unit vector bk and the magnitude given by kj j, i.e.,

bk ¼ k

kj j ; (3:171a)

kj j ¼ !
ffiffiffiffiffiffi
�"
p

: (3:171b)

The general relationships among k, E and H are

E ¼ �
 bk�H; (3:172a)

H ¼ 1



bk� E: (3:172b)

Since the wave is propagating in the ðþzÞ-direction, we have
bk ¼ bz; (3:173a)

HðzÞ ¼ 1



bz� ðbxEþx0e�jkzÞ ¼ 1



byEþx0e�jkz; (3:173b)

by ¼ bz� bx: (3:173c)

Wave reflection and transmission (normal incidence)

We will consider a plane wave moving through medium 1 ("1, �1, 
1) incident

normal on a secondmedium ("2, �2, 
2), Fig.3.25(a). This situation is similar to

an interface at which two transmission lines with different characteristic

impedances are connected (Z01, Z02), Fig. 3.25(b). We need to express the

incident, reflected, and transmitted waves in each medium, then apply the
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boundary conditions. Because the wave is incident normal on the surface, all

E- andH-fields are parallel to the surface. The boundary condition states that

the tangential E- and H-fields must be continuous at the boundary.

For the incident wave:

Ei zð Þ ¼ bxE i
0e
�jk1z; (3:174a)

Hi zð Þ ¼ byE i
0


1
e�jk1z: (3:174b)

For the reflected wave:

Er zð Þ ¼ bxE r
0e
þjk1z; (3:175a)

Hr zð Þ ¼ � byE r
0


1
eþjk1z: (3:175b)

For the transmitted wave, the E- and H-fields are given by

Et zð Þ ¼ bxE t
0e
�jk2z; (3:176a)

Ht zð Þ ¼ byE t
0


2
e�jk2z: (3:176b)

Moreover,


1 ¼
ffiffiffiffiffi
�1

"1

r
; (3:177a)


2 ¼
ffiffiffiffiffi
�2

"2

r
: (3:177b)

reflected

medium 1 medium 2

ε1, µ1, η1 ε2, µ2, η2

transmitted
z = 0 z = 0

Z01 Z02

V1

V1

V2

x

x

y
y

zz

(a) (b) (c)

incident ∧

∧∧+

–

+

Fig. 3.25 (a)Wave reflection and transmission at interface ðz ¼ 0Þ, which is
similar to (b) two transmission lines connected at ðz ¼ 0Þ. (c) Coordinates x,
y, z with unit base vectors, bx, by, and bz.
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In the above equations there are two unknowns E r
0, E

t
0, which will be solved

for by using the boundary conditions. The orientations of the E- and H-fields

for the incident, transmitted, and reflected waves are illustrated in Fig. 3.26.

Boundary conditions

From Eqs. (3.108) and (3.110), the tangential E- and H-fields must be con-

tinuous at z ¼ 0:

Et1 ¼ Et2; (3:178a)

Ht1 ¼ Ht2 (3:178b)

whereEti andHti (i ¼ 1, 2) are tangential components of theE- andH-fields. It

is to be noted that all theE-fields are parallel to the x-axis while allH-fields are

parallel to the y-axis (cf. Figs. 3.25 and 3.26).

In medium 1:

Et1ðz ¼ 0Þ ¼ E iðz ¼ 0Þ þ E rðz ¼ 0Þ;
total incident reflected
tangential field field
E-field

(3:179a)

TL case� Vtotal ¼ Vþ1 þ V�1 ;

Et1 z ¼ 0ð Þ ¼ E i
0 þ E r

0 : (3:179b)

In medium 2:

Et2 z ¼ 0ð Þ ¼ E t z ¼ 0ð Þ ¼ E t
0: (3:180)

Therefore, at z ¼ 0,

E i
0 þ E r

0 ¼ E t
0: (3:181)

z = 0
zy

x

ε1µ1 ε2µ2

Hr

Er

Hi

Ht kt

ki

kr

Ei
Et

^

^
^

Fig. 3.26 Orientations of incident (i), transmitted (t), and reflected (r)
waves.
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Similarly, continuity of the tangential component of H-fields requires

Ht1 z ¼ 0ð Þ ¼ H i z ¼ 0ð Þ þH r z ¼ 0ð Þ ¼ 1


1
E i
0 � E r

0

� �
; (3:182a)

Ht2ðz ¼ 0Þ ¼ H tðz ¼ 0Þ ¼ 1


2
E t
0: (3:182b)

Therefore,

1


1
E i
0 � E r

0

� �
¼ 1


2
E t
0: (3:183)

Solving forE r
0 andE

t
0 in terms ofE i

0 fromEqs. (3.181) and (3.183), we obtain

E r
0 ¼


2 � 
1

2 þ 
1

E i
0 ¼ �E i

0; (3:184a)

E t
0 ¼

2
2

2 þ 
1

E i
0 ¼ �E i

0; (3:184b)

where � is the reflection coefficient and � is the transmission coefficient. They

are defined by

� ¼ E r
0

E i
0

¼ 
2 � 
1

2 þ 
1

; (3:185a)

� ¼ E t
0

E i
0

¼ 2
2

2 þ 
1

; (3:185b)

� ¼ 1þ �: (3:185c)

For non-magnetic media, the magnetic permeabilities of media 1 and 2 are

set equal to �0, so

�1 ¼ �2 ¼ �0: (3:186)

Therefore, the reflection and transmission coefficients are reduced to

� ¼
ffiffiffiffiffiffi
"r1
p � ffiffiffiffiffiffi

"r2
pffiffiffiffiffiffi

"r1
p þ ffiffiffiffiffiffi

"r2
p ¼ n1 � n2

n1 þ n2
; (3:187a)

� ¼ 2n2
n1 þ n2

; (3:187b)
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where n1 and n2, the indices of refraction, are given by

n1 ¼
ffiffiffiffiffiffi
"r1
p

; n2 ¼
ffiffiffiffiffiffi
"r2
p

; (3:188)

and "r is the relative permittivity of the medium.

Transmission lines

When we look at an arbitrary point (z) in a medium, the total voltage is

composed of two waves, a wave (voltage) propagating in the (þz)-direction
(incident), e�j�z, and a wave (voltage) propagating in the (–z)-direction

(reflected), eþj�z, Fig. 3.27. Thus

Vtotal ¼ Vincident þ Vreflected; (3:189a)

V zð Þ ¼ Vþ0 e
�j�z þ V�0 e

þj�z; (3:189b)

where � is a phase constant related to wavelength � by

� ¼ 2p
�
� (3:189c)

The currents I(z) for the incident and reflected waves are obtained by

dividing the corresponding voltages by Z0, except that the reflected current

has a negative sign. Thus,

I zð Þ ¼ Vþ0
Z0

e�j�z � V�0
Z0

eþj�z; (3:190)

where Z0 is the characteristic impedance of the medium, given by

Z0 ¼
Vþ

Iþ
¼ �V�

I�
� (3:191)

At z ¼ 0 (load position), we get the load voltage and current

V z ¼ 0ð Þ ¼ VL ¼ Vþ0 þ V�0 ; (3:192a)

I z ¼ 0ð Þ ¼ IL ¼
Vþ0
Z0
� V�0

Z0
� (3:192b)

The load impedance is given by

ZL ¼
VL

IL
¼ Vþ0 þ V�0

Vþ0 � V�0

� �
Z0: (3:193)
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Using this, the reflected voltage V�0 is written as

V�0 ¼ �LV
þ
0 ; (3:194)

where �L is the reflection coefficient, given by

�L ¼
V�0
Vþ0
¼ ZL � Z0

ZL þ Z0
;

�1 � �L � 1 if ZL; Z0 are real :

(3:195)

It is to be noted in Eq. (3.195) that there is no reflection ð�L ¼ 0Þ ifZL ¼ Z0,

and total reflection (�L ¼ 	1) if ZL ¼ 0 or ZL ¼ 1.

In terms of �L, Eqs. (3.189) and (3.190) are written as

V zð Þ ¼ Vþ0 e�j�z þ �Le
j�z

� �
; (3:196a)

I zð Þ ¼ Vþ0
Z0

e�j�z � �Le
j�z

� �
: (3:196b)

Let us consider the voltage at z ¼ �l where the reflection coefficient

becomes

� �lð Þ ¼ V� �lð Þ
Vþ �lð Þ ¼

V�0 e
�j�l

Vþ0 e
þj�l ¼ �Le

�2j�l: (3:197)

The average power Pave delivered to the load is then calculated as

Pave ¼
1

T

ZT
0

PðtÞdt ¼ 1

2
Re½VðzÞI �ðzÞ� ¼ 1

2

jVþ0 j
2

Z0
ð1� j�Lj2Þ

¼ incident power� reflected power; (3:198)

where T is duration or period.

V(z)
I(z)
z = –l

–z
z = 0

+z

ZLZ 0 , β
Zin (–l)

VL , IL

Fig. 3.27 Transmission line, where Z0 is characteristic impedence, � is
propagation constant, and ZL is load impedance.
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Characteristic and input impedances

The characteristic impedanceZ0 is defined by Eq. (3.191). It is to be noted that

Z0 is independent of voltage, current and position, and it is a function of

material and geometry. Let us consider a coaxial cable, Fig. 3.28.

Assuming � ¼ �0, i.e., non-magnetic material, the characteristic impedance

of a coaxial cable is

Z0 ¼



2p
ln b=að Þ ¼ 
0

2p
ffiffiffiffi
"r
p ln

b

a

� �
; (3:199)

where b and a are the radii of the outer conducting shell and the inner

conducting core, respectively, "r is the relative dielectric constant of the inter-

vening medium, and 
 is the intrinsic impedance defined by Eq. (3.169) and

given by


 ¼
ffiffiffiffiffi
�r

"r

r

0 ¼


0ffiffiffiffi
"r
p ¼ 120pffiffiffiffi

"r
p : (3:200)

The input impedance is defined at z ¼ �l, Fig. 3.27:

Zin �lð Þ ¼
total voltage

total current
:

By using Eqs. (3.196) Zin (�l ) is calculated as

Zin �lð Þ ¼
Vþ0 e j�l þ �Le

�j�l� �
ðVþ0 =Z0Þ ej�l � �Le�j�lð Þ ¼ Z0

1þ �Le
�2j�l

1� �Le�2j�l

� �
: (3:201)

Equation (3.201) is rewritten, when �L is substituted from Eq. (3.195), as

Zin �lð Þ ¼ Z0
ZL þ jZ0 tan�l

Z0 þ jZL tan�l

� �
: (3:202)

a
b

εr

Fig. 3.28 Coaxial cable: dielectric medium with permittivity "r separates
inner and outer conductors (shaded).
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Radome design

Most radar systems have covers, Fig. 3.29(a), which are called ‘‘radomes’’, to

protect sensitive instruments from adverse weather conditions. The ideal radar

cover should not have any effects at the radar operating frequency, i.e., no

reflection from the radar cover ð
i0 ¼ 
t0Þ, Fig. 3.29(b). This can be designed

using transmission-line theory.

Let us consider two cases of radome (transmission line) design, Fig. 3.30.

Case 1: Quarter-wave (�/4) transformer.

If l ¼ �=4, from Eq. (3.189c), �l ¼ p=2. Then we obtain from Eq. (3.202)

Zinð�lÞ ¼
Z2

0

ZL
: (3:203)

It is to be noted, in comparing Fig. 3.27 with Fig. 3.30, thatZ0 ¼ Z02, ZL ¼ Z03

IfZ01 is set equal toZ03, i.e., required by the radome design, thenZ02 ¼ Z01.

This prevents us from designing a radome for which

Z02 6¼ Z01 ¼ Z03: (3:204)

Therefore, a �=4 transformer does not work.

d

ηr

radar

radar cover
incident transmitted

η0 η0

(b)(a)

d

i t

Fig. 3.29 EM waves through radome. (a) Schematic of radome structure,
and (b) intrinsic impedances.

(a) (b)

Z01 Z02 Z03
Z02Z01

l = λ /4

ZinZin

Z
L 

= Z01

l = λ/2

Fig. 3.30 Two cases of transmission-line design: (a) quarter wave, and
(b) half wave.
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Case 2: Half-wave �=2ð Þ TL
If l ¼ �=2, �l is reduced to p. From Eq. (3.203), this leads to

Zin ¼ ZL ¼ Z03: (3:205)

Since Z03 ¼ Z01 and the reflection coefficient � is given by

� ¼ Zin � Z01

Zin þ Z01
; (3:206)

it follows that the reflection coefficient � becomes zero from Eq. (3.206), and

Z02 can be any value. In this case, Fig. 3.30(b), we can design a radome whose

Z02 can have any value.

Power density and Poynting vector

The complex Poynting vector is used for showing the direction and amount of

real and imaginary power flow. This is similar to the power flow of energy

systems such as motors and generators.

We define the complex Poynting vector Sc using the phasor notation of E

and H.

Sc ¼
1

2
E�H�ð Þ (3:207)

where E and H are phasors and the rms values are given by 1ffiffi
2
p E0 and

1ffiffi
2
p H0,

respectively. The direction of Sc is the same as the propagation direction of the

wave. The real part S0 of Sc corresponds to the real power flow, and the

imaginary part S00 corresponds to the stored energy in space.

Sc ¼ S0 þ jS00: (3:208)

Example 1: Plane wave propagating in the (þz)-direction.

E ¼ bxE0e
�jkz; (3:209a)

H ¼ byE0



e�jkz; (3:209b)

Sc ¼ bz 1
2

E2
0



: (3:209c)

The Poynting vector of the above plane wave can be expressed in terms of an

explicit function of time:

S z; tð Þ ¼ E z; tð Þ �H z; tð Þ; (3:210a)
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Eðz; tÞ ¼ Re bxE0e
�jkze j!t


 �
¼ bxE0 cos !t� kzð Þ; (3:210b)

H z; tð Þ ¼ byE0



cos !t� kzð Þ; (3:210c)

S z; tð Þ ¼ bzE2
0



cos2 !t� kzð Þ: (3:210d)

The time-averaged Poynting vector Sh i of the plane wave can also be

obtained from the real part of the complex Poynting vector:

Sh i ¼ 1

2p

Z 2p

0

S z; tð Þdt ¼ bzE2
0




1

2p

Z 2p

0

cos2 !t� kzð Þ dt ¼ bz 1
2

E2
0



: (3:211a)

The time-averaged value is equal to Sc, see Eq. (3.209c), if Sc is purely real.

Sc ¼
1

2
E�H� ¼ 1

2
bxE0e

�jkz� byE0



e jkz

� �
¼ bz 1

2

E2
0



; (3:211b)

Sav ¼
1

2
Re Sc½ � ¼

1

2
Re E�H�½ � ¼ Sh i: (3:211c)

Example 2: Total reflection from a conducting wall.

We have an electric field on the conductor wall ðz ¼ 0Þ, Fig. 3.31,

E i
0 þ E r

0 ¼ 0 at z ¼ 0: (3:212a)

Therefore,

� ¼ E r
0

E i
0

¼ �1: (3:212b)

The corresponding E, H and Sc vectors are given by

E ¼ bxE0e
�jkz � bxE0e

þjkz ¼ � bx2jE0 sin kz; (3:213a)

H ¼ 1



byE0e

�jkz þ byE0e
þjkz� �

¼ by2E0



cos kz; (3:213b)

Sc ¼
1

2
E�H�ð Þ ¼ �bz 1

2
4j

E0j j2



sin kz cos kz: (3:213c)

It is to be noted that in Eq. (3.213c) Sc is purely imaginary, indicative of no

energy propagation.
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Power flow and reflection in lossless media

We consider the case in which E- and H-fields contain both incident and

reflected terms. The wave is propagating from medium 1 (
1) to medium 2

(
2) (see Fig. 3.25).

An average power flow (real power flow) in medium 1 is given by the real

part of the Poynting vector:

Pav1 ¼
1

2
Re E1 �H�1

� �
¼ 1

2
Re bxE i

0 e�jk1z þ �eþjk1z
� �

� byE i�
0


1
eþjk1z � ��e�jk1z
� �� �

¼ bz E i
0

�� ��2
2
1

1� �j j2
	 


;

(3:214a)

Pav1 ¼ Pi
av þ Pr

av; (3:214b)

Pi
av ¼ bx E i

0

�� ��2
2
1

; (3:214c)

Pr
av ¼ ��2Pi

av: (3:214d)

The transmitted power (real power flow) into medium 2 is

Pav2 ¼
1

2
Re E2 �H�2

� �
¼ 1

2
Re bx�E i

0e
�jk2z � by�� E i�

0


2
eþjk2z

� �

¼ bz �j j2 E i
0

�� ��2
2
2

; ð3:215aÞ

perfect
conductor

z = 0

e+jkz

e–jkz
x

z

y

∧

∧

∧

Fig. 3.31 Wave reflection from perfect conductor with boundary condition:
total tangential E-field at z ¼ 0 must vanish.
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where

� ¼ 
2 � 
1

2 þ 
1

; (3:215b)

� ¼ 2
2

2 þ 
1

: (3:215c)

Since the time-averaged power flow in the (+z)-direction must be the same

in media 1 and 2 (Pav1 ¼ Pav2), we get

�2


2
¼ 1� �2


1
(3:216a)

or 1� �2 ¼ 
1

2

� �
�2: (3:216b)

This equation corresponds to

incident
power �

reflected
power ¼

transmitted
power

3.5 Coupling behavior

A certain class of materials are known to exhibit coupling between their

mechanical, thermal, and electromagnetic behavior. Belowwediscuss first linear

constitutive equations of this coupling behavior – piezoelectric (mechanical/

electrical), pyroelectric (electrical/thermal), and thermoelastic (mechanical/

thermal). Then a brief statement will be made on non-linear coupling behavior.

3.5.1 Linear coupling behavior

Coupling between mechanical, thermal and electrical properties is inter-

related as it can be given in index form as

�i j ¼ cijklekl þ enij �Enð Þ � �ij�; (3:217)

Di ¼ eimnemn � "in �Enð Þ � pi�; (3:218)

where �ij, emn, En, Di, � are stress and strain tensors, electric field and electric

flux density vectors, and temperature change, respectively, cijkl, enij, �ij, "ij, and pi
are fourth-order elastic stiffness tensor, third-order piezoelectric tensor, second-

order thermal stress and dielectric tensors, and pyroelectric vector, respectively.
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Equations (3.217) and (3.218) can be inverted as

eij ¼ sijkl�kl þ gkijDk þ�ij�; (3:219)

�Eið Þ ¼ gijk�jk � �ijDj þ 
i�; (3:220)

where sijkl, gkij,�ij, �ij and 
i are elastic compliance tensor, piezoelectric tensor,

thermal expansion tensor, dielectric compliance tensor and pyroelectric vec-

tor, respectively. The reason for the minus sign in front of the electric vector is

to make the generalized property tensor R symmetric, see below.

The above equations can be expressed in symbolic form, i.e., Eqs. (3.217)

and (3.218) are combined to a single algebraic equation:

S ¼ R � Z� p�: (3:221)

Similarly Eqs. (3.219) and (3.220) are converted to

Z ¼ F � S þ L�; (3:222)

where S and Z are flux and field tensors and can be written as 9� 1 column

vectors:

S ¼

s
6�1ð Þ
D

3�1ð Þ

8>><
>>:

9>>=
>>;; Z ¼

e
6�1ð Þ
�E
3�1ð Þ

8>><
>>:

9>>=
>>;; (3:223)

where s and e are defined by Eq. (3.19).

R and F are the 9� 9 property tensor and compliance property tensor,

defined by

R ¼
c et

ð6� 6Þ ð6� 3Þ
e �e

ð3� 6Þ ð3� 3Þ

8>><
>>:

9>>=
>>;; (3:224)

F ¼
s gt

ð6� 6Þ ð6� 3Þ
g �b

ð3� 6Þ ð3� 3Þ

8>><
>>:

9>>=
>>;; (3:225)

where e (3� 6) is the piezoelectric coefficient tensor, and should be distin-

guished from the strain tensor (6� 1).
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Likewise, p and L are 9� 1 column vectors defined by

p ¼
l

6� 1ð Þ
p

3� 1ð Þ

8>><
>>:

9>>=
>>; ; L ¼

D
6� 1ð Þ
g

3� 1ð Þ

8>><
>>:

9>>=
>>;: (3:226)

Explicit expressions for all the components of the property and property

compliance tensors R and F are

R ¼

c11 c12 c13 e11 e21 e31
c12 c22 c23 0 e12 e22 e32
c13 c23 c33 e13 e23 e33

c44 e14 e24 e34
0 c55 e15 e25 e35

c66 e16 e26 e36
e11 e12 e13 e14 e15 e16 �"11 �"12 �"13
e21 e22 e23 e24 e25 e26 �"12 �"22 �"23
e31 e32 e33 e34 e35 e36 �"13 �"23 �"33

2
6666666666664

3
7777777777775
; (3:227)

F ¼

s11 s12 s13 g11 g21 g31
s12 s22 s23 0 g12 g22 g32
s13 s23 s33 g13 g23 g33

s44 g14 g24 g34
0 s55 g15 g25 g35

s66 g16 g26 g36
g11 g12 g13 g14 g15 g16 ��11 ��12 ��13

g21 g22 g23 g24 g25 g26 ��12 ��22 ��23

g31 g32 g33 g34 g35 g36 ��13 ��23 ��33

2
6666666666664

3
7777777777775

(3:228)

where piezoelectric tensors enij and gijk are shortened as enm and gim, respec-

tively. For example, by using Eq. (3.19), Eq. (3.217) in the absence of the first

and third terms can be rewritten for the �23 component in explicit form in the

absence of " and �, as follows:

�4 ¼ �23 ¼ e123 �E1ð Þ þ e223 �E2ð Þ þ e323 �E3ð Þ
¼ e14 �E1ð Þ þ e24 �E2ð Þ þ e34 �E3ð Þ (3:229)

Similarly, Eq. (3.220) can provide for the (�E2) component in the absence of

D and � as

�E2ð Þ ¼ g211�11 þ g222�22 þ g233�33 þ g223�23 þ g213�13 þ g212�12

¼ g21�1 þ g22�2 þ g23�3 þ g24�4 þ g25�5 þ g26�6: (3:230)
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It is to be noted in the above equations that stress and strain tensors defined

by s and e are defined by T and S based on the ANSI/IEEE 1987 convention,

but in this book we shall use s and e as stress and strain, although s can be

interpreted as ‘‘electric conductivity’’ and e as ‘‘piezoelectric constant’’ in the

electrical engineering community. The details of piezoelectricity are given

elsewhere (Ikeda, 1990).

3.5.2 Non-linear coupling behavior

There are a number of non-linear couplings among mechanical, thermal and

electromagnetic behaviors. Here, we shall examine the case of a linear piezo-

electricmaterial within the framework of thermodynamic potentials. In Sections

3.6, 3.7 and 3.8 we consider non-linear electrostriction, magnetostriction, and

piezomagnetism, respectively.

We define the internal energy U of a piezoelectric body, assuming constant

temperature, and its rate of change with time _U by

U ¼ Uðeij; DiÞ;
_U ¼ �ij _eij þ Ei

_Di:
(3:231)

Electric enthalpy H is defined by

H ¼ U� EiDi: (3:232)

From Eqs. (3.231) and (3.232), the rate of change with time ofH is given by

_H ¼ _U� _EiDi � Ei
_Di ¼ �ij _eij � _EiDi ¼ _Hðeij;EiÞ: (3:233)

From (3.233)

�ij ¼
@H

@eij
; (3:234)

Di ¼ �
@H

@Ei
; (3:235)

where H is expressed as

H ¼ 1

2
cEijkleijekl � ekijEkeij �

1

2
"eijEiEj: (3:236)

The superscript E implies constant electric field, and superscript e constant

strain.
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From Eqs. (3.234)–(3.236), we obtain the constitutive equations of a piezo-

electric material, Eqs. (3.217) and (3.218). When Eqs. (3.236) and (3.218) are

substituted into Eq. (3.232) we get

U ¼ Hþ Ei eiklekl þ "eijEj

n o
¼ 1

2
cEijkleijekl � ekijEkeij �

1

2
"eijEiEj þ eiklEiekl þ "eijEiEj

¼ 1

2
cEijkleijekl þ

1

2
"eijEiEj 
 0: ð3:237Þ

3.6 Electrostriction

By adding �dijmneijEmEn to Eq. (3.236), we obtain another function �H :

�H ¼ 1

2
cEijkleijekl � ekijEkeij �

1

2
"eijEiEj � dijmneijEmEn; (3:238)

�ij ¼
@ �H

@eij
¼ cEijklekl � ekijEk � dijmnEmEn; (3:239)

Di ¼ �
@ �H

@Ei
¼ eimnemn þ "eijEj þ dmnijEjemn; (3:240)

where dmnij is a ferro-electric coefficient. The Gibbs free energy G in the

absence of a temperature term is defined by

G ¼ U� �ijeij �DiEi ¼ H� �ijeij

¼ � 1

2
sEijkl�ij�kl �

1

2
"sij EiEj � dnij�ijEn: (3:241a)

� @G

@�ij
¼ eij ¼ sEijkl �kl þ dnijEn (3:241b)

� @G

@Ei
¼ Di ¼ dnij�ij þ "ijEj (3:241c)

where dnij is the piezoelectric tensor and it is related to other piezoelectric

tensors by

dnij ¼ "snmgmij ¼ enkls
E
klij (3:241d)

The superscript � and E denote constant stress and constant electric field,

respectively.
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Let us add �qijmn�ijEmEn to Eq. (3.241a) where temperature terms are

ignored; then the Gibbs free energy is given by

bG ¼ � 1

2
sEijkl�ij�kl �

1

2
"smnEmEn � dnij�ijEn � qijmn�ijEmEn; (3:242)

� @ bG
@�ij
¼ eij ¼ sEijkl�kl þ dnijEn þ qijmnEmEn; (3:243)

� @ bG
@Ei
¼ Di ¼ "sij Ej þ dimn�mn þ qijmn�mnEj; (3:244)

where qijmn is the piezostrictive coefficient.

3.7 Magnetostriction

Adding –�ijkl�ijMkMl to Eq. (3.242), we obtain another energy function, �G:

�G ¼ � 1

2
sEijkl�ij�kl �

1

2
"smnEmEn � dnij�ijEn � qijmn�ijEmEn

� �ijkl�ijMkMl; (3:245)

� @ �G

@�ij
¼ eij ¼ sEijkl�kl þ dnijEn þ qijmnEmEn þ �ijklMkMl; (3:246a)

� @ �G

@Ei
¼ Di ¼ "sij Ej þ dimn �mn þ qmnij �mn Ej (3:246b)

where �ijkl is the magnetostrictive coefficient tensor

Normally, magnetostriction occurs only in a ferromagnetic material; thus,

dnij¼ 0, qijmn¼ 0, and Eqs. (3.246) are reduced to

eij ¼ sEijkl�kl þ �ijklMkMl; (3:247a)

Di ¼ "sij Ej (3:247b)

whereMi (A/m) is a component of themagnetization vector. FromEq. (3.102),

Mi is related to magnetic field Hj by

Mi ¼
�ij

�0
� �ij

� �
Hj: (3:248)

124 Foundations of modeling

Cambridge Books Online © Cambridge University Press, 2009



Defining the magnetic susceptibility tensor 	ij by

	ij ¼
1

�0
�ij � �ij; (3:249)

Eq. (3.248) is written as

Mi ¼ 	ijHj: (3:250)

3.8 Piezomagnetism

Adding –aiklHi�ikl to Eq. (3.245), we obtain a function G:

G ¼ � 1

2
sEijkl�ij�kl �

1

2
"smnEmEn � dnij�ijEn � aiklHi�kl � qijmn�ijEmEn

� �ijkl�ijMkMl; (3:251)

� @G

@�ij
¼ eij ¼ sEijkl�kl þ dnijEn þ qijmnEmEn þ akijHk þ �ijklMkMl; (3:252a)

� @G

@Ei
¼ Di ¼ "sij Ej þ dimn �mn þ qmnij �mn Ej; (3:252b)

where aikl is a piezomagnetic coefficient tensor

It is to be noted that Eq. (3.251) is the most general constitutive equation,

accounting for coupling behavior excluding temperature effects, but including

the following:

(1) piezoelectricity (dnij),

(2) piezomagnetism (aikl),

(3) magnetostriction (�ijkl),

(4) electrostriction (qijmn).

The first two coupling behaviors are linear in E or H while the last two are

non-linear in E or H, i.e., quadratic functions of E or H.
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4

Models for electronic composites based on
effective medium theory

Modeling of an electronic composite is quite diverse since the behavior of the

composite involves mechanical, thermal, and electromagnetic properties.

Depending on their behaviors, a number of analytical models have been

developed, which can be categorized into (1) the law-of-mixtures model, (2)

the effective mediummodel represented by the Eshelby model (1957, 1959), (3)

the resistor network model, and (4) the percolation model. We shall review the

fundamentals of the first two models in this chapter and the others in later

chapters.

4.1 Law-of-mixtures model

The law-of-mixtures model is one-dimensional and thus is the simplest model.

The model has been discussed in earlier chapters, but we shall consider it here

in more detail by looking at two properties – elastic (Young’s) modulus E and

thermal conductivity K – of a composite which has a one-dimensional micro-

structure, as shown in Fig. 4.1, and may be termed a unidirectional (continu-

ous) fiber composite or a lamellar composite.

First, we apply a uniaxial stress �0 in the plane of the lamellae, or longi-

tudinal direction. The shaded and unshaded domains in Fig. 4.1 are, respect-

ively, fiber (or reinforcement) with Young’s modulus Ef and matrix with Em.

Assuming perfect bonding between the fiber and matrix, the condition of

isostrain in the longitudinal direction can be realized, resulting in

ec ¼ em ¼ ef (4:1)

where ei is the longitudinal strain and subscript i denotes the ith phase; i¼m

(matrix), f (fiber), and c (composite). For each phase, the one-dimensional

Hooke’s law is valid:

126

Cambridge Books Online © Cambridge University Press, 2009



�c ¼ �0 ¼ Ecec; (4:2a)

�m ¼ Emem; (4:2b)

�f ¼ Efef; (4:2c)

where �i andEi are the longitudinal stress andYoung’s modulus of the ith phase,

respectively. The composite stress �c along the longitudinal direction is equal to

the sum of the product of the stress in each phase and its volume fraction:

�c ¼ ð1� f Þ�m þ f�f; (4:3)

where f is the volume fraction of fiber. A substitution of Eq. (4.2) into (4.3) and

use of (4.1) provides the composite (longitudinal) Young’s modulus EcL as

EcL ¼ ð1� f ÞEm þ fEf: (4:4)

Second, we consider the case of an applied stress �0 in the transverse

direction, i.e., transverse to the fiber–matrix interface. In this case the trans-

verse stress in each phase is constant throughout all the phases and equal to the

applied stress:

�0 ¼ �c ¼ �m ¼ �f: (4:5)

The transverse strain of the composite is the sum of the transverse strain in

each phase:

ec ¼ ð1� f Þem þ fef: (4:6)

transverse

longitudinal

σ0 σ0

fiber (Ef, Kf)

matrix (Em, Km)

Fig. 4.1 One-dimensional composite model.
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Since Hooke’s law is still valid in each phase, its use in Eqs. (4.2), (4.5), and

(4.6) leads to the formula for the transverse Young’s modulus EcT of the

composite:

1

EcT
¼ 1� f

Em
þ f

Ef
: (4:7)

Similarly, we can apply the law-of-mixtures model to the case of the thermal

conduction behavior of the unidirectional composite of Fig. 4.1. First, an

applied heat flux q0 in the longitudinal direction is considered. In this case,

the temperature gradient in the longitudinal direction in each phase is constant

and equal to that of the composite:

D

�c ¼

D

�m ¼ D

�f; (4:8)

where

D

�i is the temperature gradient in the ith phase in the longitudinal

direction. The constitutive equation for steady-state heat conduction

(Fourier’s law) is valid in each phase:

q0 ¼ qc ¼ Kc

D

�c; (4:9a)

qm ¼ Km
D

�m; (4:9b)

qf ¼ Kf

D

�f; (4:9c)

where qi and Ki are the heat flux and thermal conductivity of the ith phase,

respectively. The heat flux qc of the composite in the longitudinal direction is

the sum of that in each phase multiplied by its volume fraction, hence

qc ¼ ð1� f Þqm þ fqf: (4:10)

A substitution of Eq. (4.9) into Eq. (4.10) and use of Eq. (4.8) yields the

formula for the longitudinal thermal conductivity KcL of the composite:

KcL ¼ ð1� f ÞKm þ fKf: (4:11)

Second, for thermal conduction in the transverse direction, the transverse

temperature gradient of the composite plate, i.e., the temperature difference

between at the top and bottom of the composite divided by the composite

thickness, is the sum of the transverse temperature gradient in each phase

multiplied by its volume fraction:

D

�c ¼ ð1� f Þ D

�m þ f

D

�f: (4:12)
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Byusing the constitutive equation, Eqs. (4.9), (4.11), and (4.12), one can obtain

the formula for the transverse thermal conductivity of the composite, KcT, as

1

KcT
¼ ð1� f Þ

Km
þ f

Kf
: (4:13)

Let us apply the above formulae based on the law-of-mixtures model to the

prediction of Young’s moduli (EcL,EcT), and thermal conductivities (KcL, KcT)

of a unidirectional SiC Nicalon1 fiber/6061 Al matrix composite. The input

data for the computation are as follows:

6061 aluminum Em ¼ 68:3GPa; Km ¼ 180W=ðm �KÞ;
SiC Nicalon� fiber Ef ¼ 300GPa; Kf ¼ 30:7W=ðm �KÞ:

The results of Ec and Kc are plotted as functions of fiber volume fraction f

in Fig. 4.2.

The law-of-mixtures model can be applied to other uncoupled physical

behaviors, such as electric conduction (Eqs. (3.94)), electrostatics (Eq. (3.96))

and magnetostatics (Eq. (3.101b)). For such uncoupled behaviors, we note

one-to-one correspondence, Table 4.1.

By using Table 4.1, one can obtain the longitudinal and transverse electro-

magnetic properties of a unidirectional composite based on the law-of-mixtures

models:

electric conductivity � –

�cL ¼ ð1� f Þ�m þ f�f;
1

�cT
¼ ð1� f Þ

�m
þ f

�f
; (4:14a)

(a)
Filler volume fraction, f Filler volume fraction, f

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

longitudinal
transverse

EcL

EcT

(b)

0.0 0.2 0.4 0.6 0.8 1.0

K
c  / K

m

E
c  / 

E
m

0.0

0.2

0.4

0.6

0.8

1.0

1.2

longitudinal
transverse

KcL

KcT

Fig. 4.2 (a) Young’s moduli (longitudinal EcL and transverse EcT), and (b)
thermal conductivities (longitudinal KcL and transverse KcT) of a unidirec-
tional SiC Nicalon1 fiber/6061 Al composite.
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dielectric constant e –

"cL ¼ ð1� f Þ"m þ f"f;
1

"cT
¼ ð1� f Þ

"m
þ f

"f
; (4:14b)

magnetic permeability � –

�cL ¼ ð1� f Þ�m þ f�f;
1

�cT

¼ ð1� f Þ
�m

þ f

�f

: (4:14c)

In the above computations, both matrix and fiber materials are assumed to

be isotropic. For composites with discontinuous reinforcement (filler), the law-

of-mixtures model does not provide accurate predictions of the composite

properties while other models such as the shear lag model (Cox, 1952) and

Eshelby’s model (Eshelby, 1957) give rise to better predictions. The shear lag

model was developed by Cox (1952) who applied it to the stress analysis of a

unidirectional short-fiber composite. The shear lag model was extended to the

analysis of the creep behavior of a unidirectional short-fiber composite (Kelly

and Street, 1972). The shear lag model is, however, applicable only to the

analysis of the mechanical behavior of a unidirectional short-fiber composite,

thus it will not be covered in this chapter and its details have been given

elsewhere (Taya and Arsenault, 1989).

4.2 Effective property tensor of a composite

The constitutive equations for uncoupled mechanical, thermal, and electro-

magnetic behavior of a material can be expressed in terms of a flux vector or

Table 4.1 One-to-one correspondence for uncoupled behavior.

Behavior Constitutive
equation

S ¼ R � Z

Flux
vector S

Field
vector Z

Property
tensor R

Mechanical s = C � e s e C
Thermal q = K � D

� q

D

� K
Electric conduction J = s � E J E s
Electrostatics D = e � E D E e
Magnetostatics B = m � H B H m
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tensor (S), a field vector or tensor (Z) and a property tensor R as summarized

in Table 4.1.

S ¼ R � Z; (4:15a)

Z ¼ F � S; (4:15b)

where S and Z are 6� 1 column vectors for mechanical behavior with comp-

onents 11, 22, 33, 23, 31, and 12, 3� 1 column vectors for uncoupled thermal

and electromagnetic behavior with components 1, 2, and 3, andR andF are the

property and compliance tensors, respectively, whose size of matrix depends

on whether we are talking about mechanical (6� 6), uncoupled thermophysical

(3� 3) and coupled behavior (9� 9). In each phase, the above constitutive

equations are valid, i.e.,

Sc ¼ Rc � Zc; (4:16a)

Sm ¼ Rm � Zm; (4:16b)

Sf ¼ Rf � Zf; (4:16c)

Zc ¼ Fc � Sc; (4:16d)

Zm ¼ Fm � Sm; (4:16e)

Zf ¼ Ff � Sf: (4:16f)

It is to be noted that Si andZi are the volume-averaged flux and field vectors

in the ith domain with i ¼ m (matrix), f (filler), and c (composite). Sc and Zc

are, respectively, the sum of the volume-averaged flux and field vectors in each

phase multiplied by the volume fraction of that phase. Ri and Fi are the

property and compliance tensors, respectively, and Fi=Ri
�1.

Hence

Sc ¼ ð1� f ÞSm þ f Sf; (4:17)

Zc ¼ ð1� f ÞZm þ fZf; (4:18)

where f is the volume fraction of filler.

Next we shall consider two boundary conditions, field vector and flux vector

boundary conditions.
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4.2.1 Field vector (Z0) boundary condition

When the field vector Z0 is prescribed on the boundary of a composite,

Fig. 4.3 (a), the integral of the disturbance field vector Z over the composite

domain vanishes (Dunn and Taya, 1993a), i.e.,

Z
Vc

ZdV ¼ 0: (4:19)

Thus, the volume-averaged field vector Zc over the composite domain

becomes equal to the applied field vector on the boundary, Z0:

Zc ¼
1

Vc

Z
Vc

Z0 þ Zð ÞdV ¼ Z0; (4:20a)

since

Z
Vc

ZdV ¼ 0: (4:20b)

In Eqs. (4.19) and (4.20), Vc and dV are the volume of the composite and

volume element, respectively, andZ is the disturbance of the field vector due to

the existence of fillers. Eq. (4.20b) is another definition of the disturbance field

vector Z.

Suppose the volume-averaged field vectorZf in the filler domain is related to

the applied field vectorZ0 on the boundary by a concentration factor tensorA:

Z0 Σ 0

Σ 0Z0

Rm
Rm

Rf Rf

(a) (b)

Fig. 4.3 A composite subjected to two types of boundary conditions: (a)
field vector boundary condition where Z0 is prescribed on the boundary, and
(b) flux vector boundary condition where S0 is prescribed on the boundary.
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Zf ¼ A � Z0; (4:21)

where the concentration factor tensor A can be obtained by a number of

methods such as the Eshelby model, and the finite-element model.

A substitution of Eq. (4.16) into (4.17) and use of (4.20) and (4.21) results in

Rc ¼ Rm þ f ðRf � RmÞ � A: (4:22)

Once the concentration factor tensor is found by an appropriate method,

one can obtain the composite property tensor Rc from Eq. (4.22).

4.2.2 Flux vector (S0) boundary condition

When the boundary condition is given in terms of applied flux vector S0 on the

composite boundary, Fig. 4.3 (b), the volume-averaged total flux vector Sc in

the composite domain is reduced to the applied flux vector S0 (Dunn andTaya,

1993a,b):

Sc ¼
1

Vc

Z
Vc

ðS0 þ SÞdV ¼ S0; (4:23)

where S is the disturbance of the flux vector due to the existence of fillers and

the composite boundary.

Suppose the volume-averaged flux vector Sf in the filler domain is related to

the applied flux vector S0 by a concentration factor tensor B:

Sf ¼ B � S0; (4:24)

where again the concentration factor tensor B will be obtained by an appro-

priate method.

By substituting Eq. (4.16) into (4.18) and using (4.23) and (4.24), one can

obtain the formula to compute the composite compliance tensor Fc:

Fc ¼ Fm þ fðFf � FmÞ � B; (4:25)

where Fc is the inverse of Rc.

It is to be noted that the composite property tensor Rc derived by Eq. (4.22)

should coincide with that obtainable from Eq. (4.25). This requirement is

called ‘‘self-consistency,’’ which has been proven by Benveniste (1987) for

the mechanical behavior of a composite and by Dunn and Taya (1993a) for

coupled electrical/mechanical behavior of a piezoelectric composite.
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4.2.3 Extension to hybrid composites and piezoelectric and

pyroelectric composites

It is to be noted that the formulae to compute the composite property tensorRc

or compliance tensor Fc can be extended to the case of a hybrid composite

containing more than one kind of embedded filler (Dunn, 1995).

Rc ¼ Rm þ
XN
i¼1

fiðRi � RmÞ � Ai; (4:26a)

Fc ¼ Fm þ
XN
i¼1

fiðFi � FmÞ � Bi; (4:26b)

where Eqs. (4.26a) and (4.26b) are derived assuming perfect alignment of the

different kinds of filler,Ai and Bi are concentration factor tensors that relate the

volume-averaged field vectors Ai and Bi in the ith filler to that in the composite,

and they are related to the applied field vector (Z0) and flux vector (S0) as

Zi
f ¼ Ai � Z0; (4:27a)

Si
f ¼ Bi � S0: (4:27b)

The concentration factor tensors Ai and Bi satisfy

XN
i¼0

fiAi ¼ I; (4:28a)

XN
i¼0

fiBi ¼ I (4:28b)

where f0 (i ¼ 0) is the volume fraction of the matrix material, there are N

different kinds of filler present in the composite, and I is the identity matrix.

The above formulae, Eqs. (4.22), (4.25), and (4.26), used to compute the

composite compliance and property tensors, are also applicable to the case of a

piezoelectric composite where the field and flux vectors are to be replaced by

Eqs. (3.223) and the property and compliance tensors by Eqs. (3.224) and

(3.225), respectively.

Dunn (1995) applied the above formulation to the case of a pyroelectric

composite where the governing equations of a pyroelectric material are given

by Eqs. (3.217) and (3.218). The pyroelectric tensor of a composite is given by
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pc ¼ pm þ
XN
i¼1

fiðpi � pmÞ þ
XN
i¼1

fiðRi � RmÞ � ai (4:29a)

Lc ¼ Lm þ
XN
i¼1

fiðLi � LmÞ þ
XN
i¼1

fiðFi � FmÞ � bi; (4:29b)

where pi and Li are the vector forms of the pyroelectric tensors of the ith phase

defined by Eq. (3.226) with i¼ c (composite), m (matrix), i¼ 1, 2, . . ., N

(N different kinds of filler) and ai and bi are thermal concentration factor

vectors defined, in the absence of electroelastic loading, by

�Zi ¼ ai�; (4:30a)

�Si ¼ bi�: (4:30b)

Here �Zi and �Si are the average field and flux vectors of the ith phase, and �

is the prescribed uniform temperature change in the composite, and they

satisfy

XN
i¼0

fiai ¼
XN
i¼0

fibi ¼ 0; (4:31)

where i=0 denotes the matrix phase.

It is to be noted again that Eqs. (4.29) are valid only for aligned fillers, while

in the case of misoriented fillers, the third term is replaced by the orientation

average ðRi � RmÞ � aih i.
Dunn (1995) obtained exact relations between the thermal and electroelastic

property tensors for a composite composed of only one type of filler, i.e.,

a two-phase composite system

Lc ¼ Lf þ ðFc � FfÞ � ðFm � FfÞ�1 � ðLm � LfÞ (4:32a)

pc ¼ pf þ ðRc � RfÞ � ðRm � RfÞ�1 � ðpm � pfÞ: (4:32b)

Equations (4.32) imply that, if the electroelastic property and compliance

tensors are known either theoretically or experimentally, then the pyroelectric

and thermal expansion coefficients are derivable.

In the above formulations, the key computational step is to obtain concen-

tration factor tensorsA, B, and vectors a and b, which will be obtained later by

several methods, particularly Eshelby’s method. This will be discussed in detail

in Section 4.4.
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4.3 Eshelby model

Eshelby (1957, 1959) proposed an algebraic method to solve for the stress and

strain fields, and the strain energy, of a composite where the shape of the filler

is ellipsoidal. Since the computation is reduced to a system of algebraic

equations and the Eshelby method can be applicable not only to composites

but also to other mechanical problems – elastic–plastic, viscoelastic, and creep

behavior of a material – the Eshelby method has been quite popular among

engineers and scientists in solid mechanics and materials engineering. Hatta

and Taya (1985, 1986) extended the Eshelby model to the case of uncoupled

thermal and electromagnetic behavior of a composite. Dunn and Taya

(1993a,b) extended the Eshelby model further to the case of the coupled

behavior of a composite. In the following we shall introduce first the original

Eshelby model and then the extended Eshelby model for uncoupled and

coupled thermophysical behavior.

4.3.1 Inclusion problem

Let us consider an ellipsoidal inclusion, with prescribed inelastic strain e�

(called ‘‘eigenstrain’’ [Mura, 1987]), which is embedded in an infinite elastic

medium with its elastic stiffness tensor Cm, Fig. 4.4. Please note that the

domain W of the ellipsoidal inclusion has the same elastic property tensor as

the matrix, Cm. Examples of eigenstrain e� are plastic strain, transformation

strain, and thermal expansion strain. Eshelby found that the strain e induced

by e� becomes constant inside an ellipsoidal domainW for constant eigenstrain

and is related linearly to the eigenstrain by

e ¼S � e�; (4:33)

e*

Ω Cm

Fig. 4.4 The Eshelby inclusion model.
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where S is a fourth-order tensor, called the ‘‘Eshelby tensor,’’ which is a

function of the Poisson’s ratio of the matrix material and the geometry of

the ellipsoid (i.e., its axial ratios). A detailed expression for S has been given

elsewhere (Taya and Arsenault, 1989; Mura, 1987) as well as in Appendix A1.

For constant eigenstrain e� prescribed in the ellipsoidal domain W, the stress

inside W also becomes constant and is given by Hooke’s law:

s ¼ Cm � ðe� e�Þ: (4:34)

From Eqs. (4.33) and (4.34), one can obtain the stress inside W as

s ¼ Cm � ðS� I Þ � e�; (4:35)

where I is the identity tensor of rank four and can be expressed in 6� 6 matrix

form where the only non-vanishing components (i.e., 1) are the diagonal

elements. The stress tensor s and strain tensor e can be expressed as 6� 1

column vectors as defined by Eqs. (3.19) where shear strain �ij is converted to

engineering shear strain (�ij¼ 2eij) for i 6¼ j. The fourth-rank tensors Cm and S

can be expressed as 6� 6 square matrices

Cm ¼

C11 C12 C13

C12 C22 C23 0
C13 C23 C33

C44

0 C55

C66

2
6666664

3
7777775
; (4:36)

S ¼

S11 S12 S13

S21 S22 S23 0
S31 S32 S33

S44

0 S55

S66

2
6666664

3
7777775
: (4:37)

It is to be noted that Cm is symmetric, but S is not except for spherical

inclusions. It is also to be noted that the inverse of the elastic stiffness tensor

Cm is the elastic compliance tensor Sm. The explicit expressions for the elastic

compliance tensor for orthotropic, transversely isotropic, and isotropicmaterials

are defined in terms of engineering elastic constants (Young’s and shear moduli,

and Poisson’s ratio) by Eqs. (3.20), (3.23), and (3.26), respectively.
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Next we shall evaluate the elastic strain energy W of an infinite matrix

containing an ellipsoidal inclusion with e�

W ¼ 1

2

Z
Vc

s � ðe� e�ÞdV; (4:38)

where
R
Vc
dV denotes the three-dimensional volume integral over the entire

domain of the infinite medium including that (W) of the ellipsoidal inclusion. It

is to be noted that

Z
Vc

s � e dV ¼
Z
Vc

�ijeijdV

¼
Z
Vc

�ij
1

2
ðui; j þ uj;iÞdV

¼
Z
Vc

�ijui; jdV ¼
Z
Vc

ð�ijuiÞ; jdV�
Z
Vc

�ij; juidV

¼
Z
jVcj

�ijnjuids

¼ 0; (4:39)

where we have used Eq. (3.13a), the symmetrical property of the stress tensor,

integral by parts, Gauss’ divergence theorem, Eq. (3.12) with no body force

and inertia term, and the fact that s is internal stress induced by the eigenstrain

e� so that there is no applied stress on the boundary, sijnj¼ 0 on jVcj, and
where nj is a component of the unit normal outward vector n on the surface.

Hence, the elastic strain energy W is reduced to

W ¼ � 1

2

Z
W
s � e�dV; (4:40)

which, for a constant e�, is further reduced to

W ¼ � 1

2

Z
W
s � e�dV ¼ � 1

2
VWs � e� (4:41)

where VW is the volume of the ellipsoidal eigenstrain, and s is obtained from

Eq. (4.35).

It should be noted in Eq. (4.40) that the total elastic strain energy of the

infinite body containing an ellipsoidal inclusion can be computed by knowing

only the information inside W.
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4.3.2 Inhomogeneity problem

Let us consider inhomogeneities (domain W) with elastic stiffness tensor Cf

embedded in an infinite matrix with stiffness tensorCm subjected to an applied

stress s0 on the boundary, Fig. 4.5(a). We shall show that the inhomogeneity

problem of Fig. 4.5(a) can be reduced to the equivalent inclusion problem of

Fig. 4.5(b). First, consider a homogeneous body with Cm subjected to the

applied stress s0. The stress s0 and strain e0 are uniform over the entire

domain, satisfying Hooke’s law

s0 ¼ Cm � e0: (4:42)

Second, insert inhomogeneities (W) into the homogeneous body, which

induce a disturbance field of stress s and strain e. Focusing on a single

inhomogeneity, one can write the following equation:

s0 þ s ¼ Cf � ðe0 þ eÞ
¼ Cm � ðe0 þ e� e�Þ; (4:43)

where e� is an unknown fictitious eigenstrain introduced into W while the

domain of the inhomogeneities with stiffness tensor Cf is replaced by the

surrounding matrix material with stiffness tensor Cm, Fig. 4.5(b). It is to be

noted that Eq. (4.43) is valid for the entire domain, the inhomogeneity domain

(W) and the matrix domain (Vc – W). Subtracting Eq. (4.42) from (4.43), we

have the stress disturbance s given by

s ¼ Cm � ðe� e�Þ (4:44)

(a) (b)

inhomogeneity (Ω)
Cf

Cm

matrix (Vc – Ω)
Cm

matrix (Vc – Ω)

inclusion (Ω)
Cm, e*

σ0

σ0
σ0

σ0

Fig. 4.5 (a) Inhomogeneity problem converted to (b) equivalent inclusion
problem.
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which is identical to Eq. (4.34), i.e., the Eshelby inclusion problem. Thus, as far

as the disturbance stress and strain are concerned, the problem of Fig. 4.5(a)

can be reduced to that of Fig. 4.5(b). Because of Eq. (4.44), the strain dis-

turbance e is now related to e� through the Eshelby tensor S, Eq. (4.33). Hence,

our remaining computational task is to solve for e� by using Eqs. (4.33) and

(4.42). Then e� is given by

e� ¼ D�1 � ðCm � CfÞ � e0; (4:45)

whereD�1 is a 6� 6matrix and is the inverse of theDmatrix whileD is defined

by

D ¼ ðCf � CmÞ � Sþ Cm: (4:46)

Next we shall consider the case where the inhomogeneities have a prescribed

eigenstrain ep. Such an inhomogeneity is called an ‘‘inhomogeneous inclu-

sion.’’ The composite with inhomogeneous inclusions is subjected to an

applied stress on the boundary, Fig. 4.6(a). The corresponding Eshelby

equivalent inclusion problem, Fig. 4.6(b), can be set up in algebraic form by

focusing on a single inhomogeneous inclusion (W):

s0 þ s ¼ Cf � ðe0 þ e� epÞ
¼ Cm � ðe0 þ e� e�Þ: (4:47)

Solving for the unknown fictitious eigenstrain e� using Eqs. (4.47) and (4.33),

we have

e� ¼ D�1 � fðCm � CfÞ � e0 þ Cf � epg; (4:48)

inhomogeneous
inclusion (Ω)
Cf, e

p

(a) (b)

Cm

matrix (Vc – Ω) 
Cm

matrix (Vc – Ω)

inclusion (Ω)
Cm, e*

σ0

σ0
σ0

σ0

Fig. 4.6 (a) Inhomogeneous inclusion problem converted to (b) equivalent
inclusion problem.
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where D�1 is defined from Eq. (4.46). The elastic strain energy of a composite

with inhomogeneous inclusions is given by (Mura, 1987)

W ¼ 1

2

Z
Vc

s0 � e dVþ 1

2

Z
Vc

s0 � e�dV� 1

2

Z
Vc

ðs0 þ sÞ � epdV: (4:49)

For ep=0, i.e., a composite with fillers (inhomogeneities) subjected to

applied stress s0, W is reduced to

W ¼ 1

2

Z
Vc

s0 � e0dVþ 1

2

Z
Vc

s0 � e�dV: (4:50)

The elastic strain energy per unit volume of a composite w is given by

w ¼ 1

2
s0 � e0 þ

f

2
s0 � e�; (4:51)

where f is the volume fraction of filler. Equation (4.51) will be used later to

calculate the elastic constants of a composite.

4.3.3 Mori–Tanaka mean field theory

When the volume fraction f of fillers increases, interactions between fillers and

between the fillers and the free boundary of a composite become enhanced.

Thus, the preceding formulations based on the original Eshelby model are not

applicable to the case of larger f. Mori and Tanaka (1973) considered the

volume-averaged field to account for these interactions. Consider the case of

numerous inclusions embedded in an infinite matrix, a modification of Fig.

4.4, where each ellipsoidal inclusion is given a prescribed eigenstrain e�.

Denoting the volume-averaged internal stress in the inclusion domain and in

the matrix domain by hsiW and hsim, respectively, these must satisfy the

requirement that the integral of the internal (or disturbance of) stress field

over the entire composite is zero, i.e.,

ð1� f Þ hsim þ fhsif ¼ 0; (4:52)

where f is the volume fraction of inclusions and its value lies between 0 and 1.

Assuming that numerous inclusions with finite f exist already in an infinite

matrix with stiffness tensor Cm, we now introduce another inclusion with its

domain (W) into the matrix domain (Vc –W). Then, the stress insideW induced

by this inclusion is the sum of hsim and sh i1 which would exist in the case of a

single inclusion embedded in an infinite matrix:
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s ¼ sh imþ sh i1; (4:53)

where sh i1 is given by Eq. (4.34) or (4.35). The stress defined by Eq. (4.53)

is the stress inside any inclusion W for the case of numerous inclusions with

finite f, which is equal to the averaged stress sh if in an inclusion,

sh if¼ sh imþ sh i1: (4:54)

By substituting Eq. (4.54) into (4.52), we can obtain the averaged stress in

the inclusion and in the matrix in terms of an sh i1

sh im ¼ �f sh i1 (4:55a)

sh if¼ ð1� f Þ sh i1 (4:55b)

Please note that sh if is reduced to sh i1 for the case f¼ 0 (no fillers exist).

The preceding discussion was for the case of the inclusion problem (Mori

and Tanaka, 1973), but the Mori–Tanaka theory can be applied to more

complicated cases. Let us apply the Mori–Tanaka theory to a composite

with inhomogeneous inclusions, Fig. 4.6(a), where now the volume fraction

of fillers is large. The volume-averaged stress disturbance sh im in the matrix

domain is related to that of the strain �e in the matrix by

sh im¼ Cm � �e: (4:56)

If the interactions are accounted for, the Eshelby equivalent inclusion

equation for the inhomogeneous inclusion problem, Eq. (4.47), is modified to

s0 þ s ¼ Cf � ðe0 þ �eþ e� epÞ
¼ Cm � ðe0 þ �eþ e� e�Þ: (4:57)

Subtracting the uniform field term, Eq. (4.42), from both sides of Eq. (4.57),

the stress disturbance s is obtained as

s ¼ Cm � ð�eþ e� e�Þ: (4:58)

Since
R
Vc
s dv ¼ 0 (definition of the stress disturbance), we derive the fol-

lowing equation:

�eþ fðe� e�Þ ¼ 0: (4:59)

From Eqs. (4.33), (4.57) and (4.59), we can eliminate �e and e to solve for e� as

e� ¼ D �1 �
�
Cm � Cfð Þ � e0 þ Cf � ep

�
; (4:60)
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D ¼ ðCm � CfÞ � 1� fð Þ Sþ f I½ � þ Cm: (4:61)

By comparing Eqs. (4.48) and (4.46) with (4.60) and (4.61), respectively, one

can see that the results for finite f, Eqs. (4.60) and (4.61), are reduced to those

of the dilute case (f � 0), Eqs. (4.46) and (4.48).

4.3.4 Computation of elastic constants of a composite by strain

energy density method

Denoting the composite stiffness tensor byCc, the elastic strain energy density

w of a composite subjected to applied stress s0 is

w ¼ 1

2
s0 � C �1

c � s0; (4:62)

where the composite elastic constants are assumed to be homogeneous macro-

scopically with Cc. The composite elastic strain energy density can also be

evaluated in terms of uniform field and disturbance field contributions, i.e.,

Eq. (4.51), resulting in the equivalence of the strain energy density:

w ¼ 1

2
s0 � C �1

c � s0 ¼
1

2
s0 � C �1

m � s0 þ
f

2
s0 � e�: (4:63)

Suppose that a composite consists of short fibers with Young’s modulus Ef

and Poisson’s ratio �f aligned in the x3-direction and a matrix with Em, �m, as

shown in Fig. 4.6(a) where the axis of a short fiber is taken to lie along the

x3-axis. Thus, the composite becomes transversely isotropic with the elastic

compliance tensor C�1
c given by Eq. (3.23). Under an applied stress �0 along

the x3-axis, and using Eq. (3.20) for the composite and Eq. (3.23) for thematrix

in Eq. (4.63), leads to

1

2

�20
EL

¼ 1

2

�20
Em

þ 1

2
f�0e

�
33: (4:64)

If e�33 is solved from Eq. (4.57) with ep¼ 0, and the result is rearranged as

�ð�0=EmÞ then the second term on the right-hand side of Eq. (4.64) becomes

ðf=2Þ��20, resulting in the formula to compute the longitudinal Young’s modulus

EL:

EL

Em
¼ 1

1þ �f
; (4:65)

where � is a function of the elastic constants of thematrix and fiber (Em, �m,Ef,

�f), the fiber volume fraction f, and the fiber aspect ratio.
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4.3.5 Extended Eshelby model for uncoupled thermophysical behavior

Hatta and Taya (1985, 1986) extended the original Eshelby model to the case

of uncoupled thermal and electromagnetic behavior of a composite. Here we

shall derive the Eshelby formulations by taking as an example the electro-

statics problem, since those of other cases can be derived automatically due to

the analogy shown in Table 4.1.

The electric potential �ðxÞ due to an electric charge Q located at x0 is

given by

�ðxÞ ¼ Q

4p"
1

x0 � xj j ; (4:66)

where e is the dielectric constant of themedium. IfQ is replaced by –Q, and+Q

is added at x0 with dsj j being infinitesimal, Fig. 4.7, then the resulting potential

at x, �(x), is obtained by superposition of a pair of +Q and –Q:

�ðxÞ ¼ Q

4p"
1

x0 þ ds� xj j �
1

x0 � xj j

� �
: (4:67)

Defining

fðx0; xÞ ¼ 1

x0 � xj j ; (4:68)

+Q–Q

x

x′ + ds

x′
x′ – x

x′ + ds – x

ds

x1

x2

x3 source points

observation point

Fig. 4.7 Model for electrical potential due to a dipole.
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one can rewrite Eq. (4.67) as

�ðxÞ ¼ Q

4p"
fðx0 þ ds;xÞ � fðx0; xÞf g

¼ p

4p"
fðx0 þ ds; xÞ � fðx0; xÞf g

ds
; (4:69)

where p¼Q ds is an electric dipole pointing in the same direction as ds, see

Fig. 4.7.

Taking a limiting sequence dsj j ! 0 while keepingQ ds¼ p¼ constant, �(x)

can be reduced to

�ðxÞ ¼ p

4p"
� D 1

x0 � xj j (4:70)

or, in index form,

¼ pj
4p"

@

@xj

1

x0 � xj j ; (4:71)

where p is the electric doublet (or dipole) and its positive direction is taken

along the direction from –Q to +Q, and

D

is the del operator defined in

section 3.1.1. The electric field E is derivable from the potential �(x) as

E ¼ � D

� (4:72a)

or

Ei ¼ � @

@xi
�ðxÞ: (4:72b)

From Eqs. (4.71) and (4.72) we obtain

Ei ¼ � pj
4p"

@ 2

@xi@xj

1

x0 � xj j : (4:73)

If the doublet is distributed uniformly within an ellipsoidal domain W, the

resulting electric field Ei is obtained from

Ei ¼ SijE
�
j ; (4:74)

where E �
j is a component of the eigen-electric-field defined by

E �
j ¼

pj
"
; (4:75)
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Sij is the Eshelby tensor for uncoupled thermophysical behavior, defined by

Sij ¼ � 1

4p
F;ij; (4:76)

where

FðxÞ ¼
Z
W

dV0

x0 � xj j (4:77)

and where dV0 is the volume element equal to dx01dx
0
2dx

0
3 and

R
W dV0 is the

volume integral in the ellipsoidal domain W. The details of Sij are given else-

where (Hatta and Taya, 1985, 1986; Taya and Arsenault, 1989) and in

Appendix A.2. According to the potential theory (Kellog, 1953), the jump in

the second derivative of � across the boundary of W(S) is given by

ðF;ijÞSþ � ðF;ijÞS� ¼ 4pninj; (4:78)

where S+ and S� are surface regions encountered when approaching the

surface S from outside and inside W, respectively, and n is the outward unit

vector normal to S. The jump in electric field across S is then obtained from

Eqs. (4.74), (4.76), and (4.78):

ðEiÞþ � ðEiÞ� ¼ �E�
j ninj; (4:79)

where subscripts + and – are abbreviations of S+ and S�, respectively. The

electric flux density vector across S must be continuous, resulting in

ðDiÞþ � ðDiÞ�
� �

ni ¼ 0: (4:80)

By using the constitutive equation of electrostatics for an isotropic material,

Eq. (3.96), Table 4.1,

Di ¼ "Ei; (4:81)

and Eq. (4.80), one can rewrite Eq. (4.79) as

Di ¼ "ðEi � E�
i Þ; (4:82)

where subscript – is omitted from Di and Ei. In general tensorial form,

Eq. (4.82) can be rewritten

Di ¼ "ijðEj � E�
j Þ: (4:83)

Equation (4.83) has the same format as the original Eshelby equation if

the following one-to-one correspondence between the mechanical and
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electrostatic fields is recognized:

mechanical electrostatic

stress s electric flux density D

strain e electric field E

stiffness tensor C dielectric constant tensor e
eigenstrain e� eigen electric field E�

s ¼C � ðe� e�Þ D¼ e � ðE� E�Þ (4:84a)

e¼S � e� E ¼ S � E� (4:84b)

The only difference between the Eshelby model of the mechanical problem

and that of the electrostatic field problem is that the mechanical problem

requires higher-order tensors than the electrostatic problem. Next, consider

an infinite matrix with dielectric constant em, which contains an ellipsoidal

inhomogeneity with ef (domain W), and is subjected to a far field on the

composite boundary: an applied electric field E0 or an applied dielectric flux

density D0. Before W was introduced, there existed a uniform field:

D0 ¼ em � E0: (4:85)

Upon the introduction ofW, the total (actual) electric flux density insideW is

given by

D0 þD ¼ ef � ðE0 þ EÞ
¼ em � ðE0 þ E� E�Þ; (4:86)

where D and E are the disturbance of the uniform field due to the existence of

W. In Eq. (4.86), the right-hand side is replaced by the equivalent inclusionwith

an unknown eigen-electric field E
�. Subtracting the uniform field, Eq. (4.85),

from both sides of Eq. (4.86), we obtain

D ¼ em � ðE� E�Þ (4:87)

which is identical to the inclusion problem, Eq. (4.83). Thus, the disturbance

electric field E can be related to E
� by Eq. (4.74). In symbolic notation,

E ¼ S � E�: (4.74)0

From Eqs. (4.85), (4.86), and (4.74)0, E� can be solved. When the volume

fraction f of fillers becomes finite, the interactions between fillers and those

between the fillers and the free surface of the composite will be enhanced. We

will consider a composite with high volume fraction of fillers where the
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volume-averaged disturbance electric field in thematrix domain is denoted by �E,

which is related to the volume-averaged electric flux density Dh im by

Dh im¼ em � �E: (4:88)

If we insert another filler in the representative matrix domain, the local

disturbance electric field E is induced. Then Eq. (4.86) will be changed to

D0 þD ¼ ef � ðE0 þ �Eþ EÞ
¼ em � ðE0 þ �Eþ E� E�Þ: (4:89)

Subtracting the uniform field, Eq. (4.85), from Eq. (4.89), the disturbance

electric flux density vector D is obtained as

D ¼ em � ð�Eþ E� E�Þ: (4:90)

Since the integral ofD over the entire composite domain vanishes, and using

Eq. (4.88), we arrive at

�E ¼ �fðE� E�Þ: (4:91)

From Eqs. (4.85), (4.74)0, (4.89) and (4.91), we can solve for E�.

As noted in Table 4.1, the above extended Eshelby model is valid for all

uncoupled thermophysical behavior. By using this model, Hatta and Taya

(1985, 1986) obtained the formulae to compute the effective thermal conduct-

ivities of a composite with various types of filler shape and orientation

including hybrid composites where two different types of filler are embedded

in the matrix. For a composite with a simpler microstructure the composite

thermal conductivity is obtained by the extended Eshelby model in explicit

form. For example, the thermal conductivity Kc of a short-fiber composite

with three-dimensional random orientation is given by (Hatta and Taya, 1985)

Kc

Km
¼ 1� fðKm � KfÞ ðKf � KmÞð2S33 þ S11Þ þ 3Kmf g

½3ðKf � KmÞ2ð1� fÞS11S33 þ KmðKf � KmÞ� þ 3K2
m�

;

� ¼ 3ðS11 þ S33Þ � fð2S11 þ S33Þ;
(4:92)

whereKm,Kf, and f are thermal conductivity of thematrix and fiber, and volume

fraction of filler, and S33 and S11 are the Eshelby tensors of a short fiber parallel

and perpendicular, respectively, to the fiber axis, and are given in Appendix A.2.

If a short fiber is replaced by a spherical filler, Eqs. (4.92) are reduced to

Kc

Km
¼ 1þ f

ð1� f Þ=3þ Km=ðKf � KmÞ
: (4:93)
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Then Eq. (4.93) coincides with (i) Maxwell’s solution (Maxwell, 1904),

although he derived it for a composite with dielectric constant "c, (ii) Kerner’s

solution (Kerner, 1956), and (iii) the lower bound of Hashin and Shtrikman

(1962). Dunn et al. (1993) measured the in-plane (Kxy) and out-of-plane (Kz)

thermal conductivity of an alumina (Al2O3) short fiber/Kerimid1 matrix com-

posite which was developed for printed circuit boards (PCBs) and compared the

measurements with the predictions based on the extended Eshelby model.

Figure 4.8 shows a comparison between the measured values (symbols) and

the predictions (lines). The measurements agree well with the predictedKs if the

Al2O3 fibers are assumed to be distributed in a two-dimensionally random

manner, which is likely because the composite was processed by hot-pressing.

The dotted line in Fig. 4.8 is drawn using Eqs. (4.92).

4.3.6 Extended Eshelby model for coupled behavior

The constitutive equations for coupling behavior among mechanical, thermal,

and electrical properties are given in Subsection 3.5.1, i.e., piezoelectric, pyro-

electric, and thermoelastic coupling behavior are all given by Eqs. (3.217)–

(3.252) in index form, or in symbolic form. In order to be consistent with the

formulations used in the effective property tensors of composites, Section 4.2,

and also with those in Subsection 3.5.1, we shall use here symbolic formulations.
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Fig. 4.8 Thermal conductivity of Al2O3 short fiber/Kerimid1 matrix com-
posite: measurements (symbols) and predictions by the Eshelby model (solid
and dotted lines) (Dunn et al., 1993, with permission of Sage Publications Ltd).
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We shall apply the extended Eshelby model for coupled behavior first to

piezoelectric and then to pyroelectric composites.

Piezoelectric composites

Referring to Eqs. (3.221) and (3.222) with temperature change �¼ 0, the

constitutive equations of piezoelectric behavior can be given in symbolic

form where the terms related to temperature change are dropped:

S ¼ R � Z; (4:94a)

Z ¼ F � S; (4:94b)

where S, Z are flux and field vectors defined by Eqs. (3.223), and R, F are

property and compliance tensors defined by Eqs. (3.224) and (3.225), respect-

ively. Dunn and Taya (1993a) studied the problem of an ellipsoidal inclusion

with eigenfield vector Z� embedded in an infinite homogeneous material with

property tensorRm and proved that the field vectorZ induced byZ� is linearly

related to Z� through the Eshelby tensor (electroelastic Eshelby tensor) S:

Z ¼ S � Z� (4:95)

where S is a function of (i) the property tensor Rm which includes the elastic

stiffness tensor, dielectric tensor, and piezoelectric coupling tensor, and (ii) the

aspect ratio of the principal axes of an ellipsoid. Detailed expressions for S are

given in Appendix A3. The piezoelectric tensor S has a 9� 9 matrix form.

Mikata (2000, 2001) obtained explicit Eshelby tensors for cylindrical inclusions

aligned or perpendicular to the symmetry axis of a transversely isotropic piezo-

electric matrix. The Eshelby tensors obtained by Mikata cover more general

cases, and as a special case coincide with those obtained by Dunn and Taya

(1993b) and Huang and Yu (1994). Li and Dunn (1998) extended the Eshelby

formulation to anisotropic coupled fields among elastic, electric, and magnetic

properties and derived the tensor S explicitly for two simple geometries of

inclusion – elliptical cylindrical and penny-shaped inclusions. Like the inclusion

problems discussed earlier, both Z and S become uniform inside the ellipsoidal

inclusion if the prescribed eigenfield Z� is constant. It is to be noted that S is

reduced to (i) the Eshelby tensor for an anisotropic elastic material in the

absence of piezoelectric coupling and dielectric tensors, as first formulated by

Kinoshita andMura (1971), and (ii) the Eshelby tensors for uncoupled physical

behaviors, as first proposed by Hatta and Taya (1985, 1986). The details of the

Eshelby tensors for mechanical uncoupled thermal and physical, and coupled

piezoelectric, inclusion problems are given in Appendix A. When ellipsoidal

piezoelectric inhomogeneities with property tensorRf and volume fraction f are
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embedded in another piezoelectric matrix with property tensor Rm subjected to

either an applied flux vector S0 or a field vector Z0, this is the problem of a

piezoelectric composite. The formulation based on the Eshelby model is iden-

tical to that discussed in Section 4.2. Hence the computation of the composite

property tensorRc can be obtained by either Eq. (4.22) or Eq. (4.25), depending

on the boundary condition, i.e., Z0 or S0 prescribed on the boundary, respect-

ively. The key step in the computation of Rc is to compute the concentration

tensorsA and B discussed in Section 4.2, the details of which will be discussed in

the next section.

By using the Eshelby model extended to piezoelectric composites and the

method of Section 4.2, i.e., concentration factors, Dunn and Taya (1993b)

predicted the piezoelectric constants dij of PZT filler/polymer matrix composites.

These are plotted as a function of filler volume fraction in Fig. 4.9 where (a) is

for the case of continuous aligned fibers and (b) for random particles. In Fig. 4.9

open circles denote the experimental results and the lines are the predictions

based on several methods: (1) Mori–Tanaka, (2) dilute approximation, (3) self-

consistent, and (4) the differential scheme, based onMcLaughlin (1990). It is to

be noted that the key formulation in methods (1) to (3) is the Eshelby model

extended to piezoelectric composites (Dunn and Taya, 1993a,b). The piezo-

electric coupling constants d33 and d31 in Fig. 4.9 are abbreviations of dijk which

relates strain eij to electric field Ek. For example, d31¼ d311¼ g31/�33 where g31
and �33 are the components of the compliance tensor of a piezoelectric material

defined by Eq. (3.228). It follows from Fig. 4.9(a) that all the predictions by the

different methods coincide for the case of the unidirectionally aligned piezo-

electric fiber composite and agree with experiment (Chan and Unsworth, 1989).

In the case of the PZT particle/polymer composite, Fig. 4.9(b) indicates that at

lower particle volume fractions most of the predictions, including the cubes

model proposed by Banno (1983), appear to agree with experiment, but at high

particle volume fractions, the Mori–Tanaka mean field theory based on the

extended Eshelby model seems to agree well with experiment (Furukawa et al.,

1990). In view of the validity for a wide variety of filler geometry, and its

simplicity, the Mori–Tanaka theory based on the extended Eshelby model

provides accurate predictions for the overall piezoelectric properties of a com-

posite. Formulations based on the other methods, such as the self-consistent

method, are rigorous, involving heavy numerical calculations.

Li et al. (1999) obtained the exact thermal properties and piezoelectric

properties of a polycrystalline piezoelectric material by assuming a uniform

field where the properties depend on the texture orientation. Li (2000) demon-

strated numerically the strong dependence on texture of the electroelastic

constants of a polycrystalline piezoelectric aggregate.
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Pyroelectric composites

Dunn (1993) computed the pyroelectric constants of pyroelectric BaTiO3/

polymer matrix composites using the model developed in Section 4.2 and

based on several micromechanics models: the Eshelby model extended to

pyroelectric composites combined with a dilute assumption; the Mori–Tanaka

mean field theory; the self-consistent model; and the differential scheme

proposed by McLaughlin (1990). The predicted pyroelectric constants of p�3
for two cases of reinforcement – continuous fiber, and spherical BaTiO3 – are
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Fig. 4.9 Comparison of the predictions of composite piezoelectric con-
stants based on several methods with experiment. (a) Aligned continuous
PZT fiber/polymer matrix composite. Predictions from all models listed
coincide. (b) Particle PZT/polymer matrix composite (Dunn and Taya,
1993b, with permission from Elsevier Ltd).
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plotted as a function of volume fraction f of BaTiO3 in Fig. 4.10(a) and (b),

respectively. Superscript � in the pyroelectric constant p�3 denotes the value at a

constant stress while subscript 3 is the value along the x3-axis, coincident with

the direction of the BaTiO3 fibers and that of applied electric flux density ðD0
3Þ.

The lines with and without open circles in Fig. 4.10(a) correspond to the cases
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Fig. 4.10 (a) Effective pyroelectric coefficient (p�3 ¼ �3=�33 ) of a continuous
BaTiO3 fiber-reinforced/polymer matrix composite. The two sets of curves (lines,
and lines with open symbols) are for computations performed when the pyro-
electric effect of theBaTiO3was, andwasnot, considered. (b)Effective pyroelectric
coefficient (p�3 ¼ �3=�33) of a spherical BaTiO3 particle-reinforced/polymer
matrix composite. (Dunn, 1993, with permission from American Inst. Phys.)
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of considering the primary and secondary pyroelectric effect, respectively.

That is, the primary pyroelectric effect is due to the pyroelectric fibers of

BaTiO3, thus it increases with f. As a pyroelectric fiber composite is subjected

to a uniform temperature change �, a stress due to the mismatch in the thermal

expansion coefficients of fiber and matrix is induced, which will in turn

generate electric polarization if at least one of the constituents of the composite

is piezoelectric. BaTiO3 exhibits both pyroelectric and piezoelectric behavior

while the polymer matrix does not. The secondary pyroelectric effect of a

continuous BaTiO3 fiber/polymer matrix composite is directly proportional to

the thermal stress in theBaTiO3 fiber, which vanishes as f reaches 1, as illustrated

in Fig. 4.10(a). The primary pyroelectric effect is also visible fromFig. 4.10(a) as

it increases with f. As far as the predictions by various models for the case of

continuous BaTiO3 fibers are concerned, they do not differ much. In the case of

a spherical BaTiO3/polymer matrix composite, however, the predictions by

various models differ a lot and the secondary pyroelectric effect does not exist

since the thermal stress in a spherical BaTiO3 particle composite is neglible.

It should be noted in Fig. 4.10(b) that the predictions by the Mori–Tanaka

mean field theory and the differential scheme agree for the range of low to

intermediate volume fractions, but they deviate beyond that range, and the

predictions by the models except for the dilute case recover the correct

pyroelectric constant at f¼ 1, i.e., that of BaTiO3.

4.4 Concentration factor tensors

InSection4.2, theoverall compositeproperty tensorRc and the compliance tensor

Fc are obtained explicitly as functions of the constituents’ properties, volume

fractions of fillers, the Eshelby tensor, concentration factor tensors, A, B, and

concentration factor vectorsaandb.Herewe shall state theprocedure to compute

the concentration factor vectors and tensors by several micromechanical models

based on the Eshelby method, which covers the original and extended models.

4.4.1 Law-of-mixtures model

This model was discussed in detail in Section 4.1. Letting the concentration

factor tensor A¼ I and use of Eq. (4.22) provide the law-of-mixtures formula

Eq. (4.4), which was originally put forward by Voigt (1889), while B¼ I and

use of Eq. (4.25) recovers the law-of-mixturesmodel Eq. (4.7), as was proposed

first by Reuss (1929). The composite property tensors Rc predicted by using

A¼ I, and B¼ I coincide with the upper and lower bounds of Hashin and

Shtrikman (1963). The formulae based on the law-of-mixtures model for

uncoupled mechanical and thermophysical properties are explicitly given by
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Eqs. (4.14). Generally, the composite property tensor Rc and compliance

tensor Fc are obtained by A¼ I in Eq. (4.22) and B¼ I in Eq. (4.25), respect-

ively, and given by

Rc ¼ ð1� f ÞRm þ fRf; (4:96a)

Fc ¼ 1� fð ÞFm þ fFf: (4:96b)

Equations (4.96) can be extended to hybrid composites by using Eqs. (4.26).

Dunn (1995) showed that there is identity between A and a, and also

between B and b:

a ¼ I� Að Þ � Rm � Rfð Þ�1� pm � pfð Þ; (4:97a)

b ¼ I� Bð Þ � Fm � Ffð Þ�1� Lm � Lfð Þ: (4:97b)

If the Voigt assumption A¼ I is used, then a¼ 0 is obtained from Eq.

(4.97a). Similarly b¼ 0 from Eq. (4.97b) if B¼ I is used. Combined with

Eqs. (4.29), we can recover the following law-of-mixtures formulae based on

the Voigt and Reuss models:

pc ¼ pm þ f pf � pmð Þ; (4:98a)

Lc ¼ Lm þ f Lf � Lmð Þ: (4:98b)

4.4.2 Dilute suspension of fillers

When the volume fraction of fillers is small, the interactions between fillers can

be ignored and the original Eshelby model is valid. To cover its applicability

to mechanical behavior, and to uncoupled and coupled thermophysical

behavior, the Eshelby model is expressed in terms of the field vector Z and

flux vector S, and the electroelastic property and compliance tensorsR, F. The

concentration factor tensors,Adil, Bdil, and vectors adil and bdil for the case of a

dilute suspension of fillers are defined by

Zf ¼ Adil � Z0 þ adil�; (4:99a)

Sf ¼ Bdil � S0 þ bdil�; (4:99b)

where Zf and Sf are the average field and flux vectors in the filler domain, Z0

and S0 are the applied field and flux vectors on the composite boundary, and

� is the uniform temperature change imposed across the entire composite

domain.
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First, let us consider the case of field vector Z0 applied to the composite

boundary and a uniform temperature change � across the composite, Fig.

4.11(a). The problem of Fig. 4.11(a) can be decomposed into two parts: the

ellipsoidal filler withRf andLm embedded in a matrix withRm andLm without

Z0 and with �; plus that withRf and (Lf –Lm) embedded in a matrix ofRm and

Lm subjected to Z0 and �, Fig. 4.11(b). The first part of Fig. 4.11(b) does not

produce any field and flux vectors, while the second part will provide solutions

to the original problem of Fig. 4.11(a), and can be recast to the Eshelby equi-

valent inclusion problem, Fig. 4.11(c) which is further converted to Fig. 4.11(d),

where the entire composite domain is now homogeneous (Rm, Lm) and the filler

domain is replaced by an equivalent inclusion with unknown eigenvector field

Z
�. Thus the Eshelby equivalent inclusion equation is given by

S0 þ S ¼ Rf � Z0 þ Z� Z�
� �

¼ Rm � Z0 þ Z� Z�ð Þ
(4:100)

where S0 is the flux vector corresponding toZ0 and given by S0 ¼ Rm � Z0,Z is

the disturbance field vector caused by the presence of the fillers and related to

the eigenfield vector Z� by

Z ¼ S � Z�; (4:101)

S is the electroelastic Eshelby tensor (see Appendix A3), and Z� is the pre-

scribed eigenfield (thermal expansion) vector in the filler domain, given by

Z� ¼ Lf � Lmð Þ� (4:102)

where Li is the pyroelectric tensor of the ith phase.

The volume-averaged field vector Zf in the filler domain is given by

Zf ¼ Z0 þ S � Z�: (4:103)

Equation (4.100) can be rewritten by using Eq. (4.103)

Rf � Zf � Z�
� �

¼ Rm � Zf � Z�ð Þ: (4:104)

Eliminating Z
� from Eqs. (4.103) and (4.104), we get

Rf � Rmð Þ þ Rm � S �1
� �

� Zf ¼ Rm � S�1 � Z0 þ Rf � Z�: (4:105)
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Substituting Eq. (4.102) into (4.105) and rearranging, we have

Zf ¼ Iþ S � R�1
m � Rf � Rmð Þ

� ��1 �Z0

þ Iþ S � R�1
m � Rf � Rmð Þ

� ��1� S � R�1
m � Rf � Lf � Lmð Þ�: (4:106)

The field vectorZf given by Eq. (4.106) is the solution to the problem of Fig.

4.11(c), thus the total field vector Zf in the filler is the sum of Eq. (4.106) and

Lm�, i.e., the first part of Fig. 4.11(b), hence

Zf ¼ Iþ S � R�1
m � Rf � Rmð Þ

� ��1� Z0

þ Iþ S � R�1
m � Rf � Rmð Þ

� ��1 � S � R�1
m � Rf � Lf � Lmð Þ �þ Lm�: (4:107)

(a) (b)

(c) (d)

Z0Z0

Z0Z0
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Fig. 4.11 Eshelby model applied to an electronic composite with piezo- and
pyroelectric properties and field boundary condition. (a) Original problem,
(b) decomposition into two parts, and (c) Eshelby equivalent inclusion
problem.
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Comparing Eq. (4.107) with (4.99a), we obtain the concentration factor

tensor Adil and vector adil as

Adil ¼ Iþ S � R�1
m � Rf � Rmð Þ

� ��1
; (4:108a)

adil ¼ Iþ S � R�1
m � Rf � Rmð Þ

� ��1� S � R�1
m � Rf � Lf � Lmð Þ þ Lm: (4:108b)

The equation for adil can be simplified as

adil ¼ S � Rm þ Rf � Rmð Þ � S½ ��1� Rf � Lf � Lmð Þ þ Lm: (4:108c)

Second, let us consider the case of flux vector S0 boundary condition with

uniform temperature change �.

Referring to Fig. 4.11(c), the flux vector Sf in a filler is given by Eq. (4.100).

Solving for Z� from Eqs. (4.100) and (4.101),

Z� ¼ S�1 � R�1
f � Sf � Z0 þ Zy� �

: (4:109)

Substituting Eq. (4.109) into (4.100) and rearranging the terms, we have

Sf ¼ S � R�1
m � R�1

f

� �
þ R�1

f

� ��1� Z0

þ S � R�1
m � R�1

f

� �
þ R�1

f

� ��1� S� Ið Þ � Lf � Lmð Þ�: (4:110)

A comparison of Eq. (4.110) with (4.99b) yields the concentration factor

tensor B dil and vector bdil as

B dil ¼ S � R�1
m � R�1

f

� �
þ R�1

f

� ��1
; (4:111a)

bdil ¼ S � R�1
m � R�1

f

� �
þ R�1

f

� ��1� S� Ið Þ � Lf � Lmð Þ: (4:111b)

4.4.3 Mori–Tanaka mean field theory

When the volume fraction of fillers becomes large, the interactions among

fillers cannot be ignored. Let us first consider the field vector Z0 prescribed on

the composite boundary, Fig. 4.11(a), where numerous ellipsoidal fillers are

embedded in the matrix. Now we insert an ellipsoidal filler into the volume-

averaged field Zm in the matrix. Then, using the solution of the dilute case, the

field vector Zf in any representative filler is related to Zm and � by

Zf ¼ Adil � Zm þ adil�; (4:112)
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where Adil and a
dil are given by Eqs. (4.108). If the Mori–Tanaka theory is

valid, Zf is also related to the applied field vector Z0 and �, so

Zf ¼ AMT � Z0 þ aMT�; (4:113)

where AMT and a
MT are the concentration factor tensor and vector, respect-

ively, from the Mori–Tanaka theory.

From Eqs. (4.18), (4.20) and (4.112), we obtain

Z0 ¼ 1� fð ÞZm þ f Zf

¼ 1� fð ÞZm þ f Adil � Zm þ adil�
� �

¼ 1� fð ÞIþ fAdil
� �

� Zm þ fadil�; (4:114)

where f is the volume fraction of fillers.

From Eq. (4.112)

Zm ¼ Adil�1

� Zf � adil�
� �

: (4:115)

Eliminating Zm from Eqs. (4.114) and (4.115)

Z0 ¼ 1� fð ÞAdil�1

þ f I
h i

� Zf � 1� fð ÞAdil�1

� adil�: (4:116)

Solving for Zf, we obtain

Zf ¼ 1� fð ÞAdil�1

þ f I
h i�1

� Z0 þ 1� fð Þ 1� fð ÞAdil�1

þ f I
h i�1

� Adil�1

� adil�:

(4:117)

A comparison between Eqs. (4.113) and (4.117) yields

AMT ¼ 1� fð ÞAdil�1

þ f I
h i�1

¼ 1� fð ÞIþ fAdil
� ��1 � Adil (4:118a)

aMT ¼ 1� fð Þ 1� fð ÞIþ fAdil
� ��1 � adil: (4:118b)

Next we consider the boundary condition of applied flux vector S0 and

uniform temperature change �. Then, the total flux vector Sf in the filler

domain is

Sf ¼ B dil � Sm þ bdil�; (4:119)
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where Bdil and b
dil are given by Eqs. (4.111a) and (4.111b), respectively. From

the Mori–Tanaka theory, Sf is given by

Sf ¼ BMT � S0 þ bMT�: (4:120)

From Eqs. (4.17), (4.23), and (4.119)

S0 ¼ 1� fð ÞSm þ f Sf ¼ 1� fð ÞSm þ f B dil � Sm þ bdil�
� �

¼ 1� fð Þ Iþ fB dil
� �

� Sm þ f bdil�: (4:121)

Eliminating Sm from Eqs. (4.119) and (4.121),

S0 ¼ 1� fð ÞB dil�1 þ f I
h i

� Sf � 1� fð ÞB dil�1 � bdil�: (4:122)

Solving for Sf in Eq. (4.122),

Sf ¼ 1� fð ÞB dil�1 þ f I
h i�1

� S0

þ 1� fð Þ 1� fð ÞB dil�1 þ f I
h i�1

� B dil�1 � bdil�: (4:123)

A comparison between Eq. (4.120) and (4.123) provides BMT and b
MT

BMT ¼ 1� fð ÞB dil�1 þ f I
h i�1

¼ 1� f ÞIþ fB dil
� ��1 � B dil
h

(4:124a)

bMT ¼ 1� fð Þ 1� fð ÞIþ fBdil
� ��1� bdil: (4:124b)

Once the above concentration factor tensors, A, B, and vectors a, b are

inserted into Eqs. (4.22), (4.25) for two-phase composites and into Eq. (4.26)

for hybrid composites, one can obtain the property tensor Rc and compliance

tensor Fc of a composite.

4.4.4 Eshelby model for a magnetic composite

We discussed briefly the concept of a magnetic composite within the frame-

work of a demagnetization field in Subsection 1.2.3. Here we shall discuss the

modeling of a magnetic composite within the framework of the Eshelby

approach. First, consider a magnetic body of ellipsoidal shape (W) with a

uniform magnetization vector (M) in vacuum or air. Then the magnetic flux

intensity B induced by this magnetization vector M is given by

B ¼ �0 ðM�NdMÞ; (4:125)
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where Nd is the demagnetization factor defined by Eq. (1.36). Now, define the

magnetization vector as

M ¼ �H�; (4:126)

where H� is the eigen-magnetic field prescribed in the domain of a magnetic

body. Equation (4.125) can then be rewritten as

B ¼ �0 ðHd �H�Þ: (4:127)

Here, Hd is the disturbance magnetic field induced by a given applied

M(or�H
�) in W, given by:

Hd ¼ NdH
�: (4:128)

The above problem of a magnetic body of elliptical shape stated by Eq. (4.127)

is identical to the inclusion case of the Eshelby model for an uncoupled

problem, Subsection 4.3.5, if the demagnetization factor Nd is replaced by

Eshelby tensor S, i.e.,

Hd ¼ S �H�: (4:129)

Next we consider a magnetic composite subjected to applied magnetic fieldH0

where magnetic fillers, with magnetic permeability mf, of ellipsoidal shape are
embedded in amatrix with magnetic permeability mm as depicted in Fig. 1.8(a).

Before introducing any magnetic fillers in the composite of Fig. 1.8(a), a

uniform magnetic flux density and field existed in the homogeneous matrix,

given by:

B0 ¼ mm � H0: (4:130)

Upon inserting the magnetic fillers, the magnetic flux density and field rela-

tions in the domain W take the following form:

B0 þ Bd ¼ mf � ðH0 þHdÞ: (4:131)

Let us now introduce an unknown fictitious eigen-magnetic fieldH� inW (Fig.

1.8(b)) such that the following equation is valid:

B0 þ Bd ¼ mf � ðH0 þHdÞ
¼ mm � ðH0 þHd �H�Þ:

(4:132)

Subtracting Eq. (4.130) from both sides of the second equation of Eq. (4.132),

we get

Bd ¼ mm � ðHd �H�Þ: (4:133)
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Equation (4.133) has a form identical to Eq. (4.127) except that the magnetic

permeability �0 is replaced by mm. The fields Hd and H
� in Eqs. (4.132) and

(4.133) are related by Eq. (4.129) through the Eshelby tensor S. From Eqs.

(4.129) and (4.132), the unknown H
� is solved as

H� ¼ ðmf � mmÞ � Sþ mm½ ��1� ðmm � mfÞ �H0: (4:134)

It is to be noted that Eq. (4.134) has the same form as Eq. (4.45).

The computation of concentration factor tensorsA and B for the dilute case

of magnetic composites is the same as that in Subsection 4.4.2, and that for

finite volume fractions of magnetic fillers is the same as that in Subsection

4.4.3, except that Ri is replaced by mi. Then, using Eqs. (4.22) and (4.25), one

can compute the magnetic permeability (mc) of the composite.
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5

Resistor network model for electrical and thermal
conduction problems

The resistor network model has been applied to both electrical and thermal

conduction problems for regular lattice structures, using Kirchhoff’s current

law and an iteration method (Kirkpatrick, 1973; Onizuka, 1975; Yuge, 1977).

Based on the concept used in regular lattices, the resistor network model has

been extended to a continuum system (Balberg, 1987; Balberg et al., 1990). In a

continuum system, analytical modeling becomes complicated since the micro-

structure of a composite is not a regular lattice, yielding differing resistances

between filler sites, and the number of electrical (or thermal) connections

between conducting filler sites is not constant.

In the following sections we describe resistor network models for both

electrical and thermal conduction problems, followed by a discussion and

comparison between them.

5.1 Electrical conduction

It is assumed that the ith filler site has an equipotential with voltage Vi.

Considering an electrode as a filler, the top electrode has a voltage V1 and

the bottom electrode a voltage VN. Figure 5.1 illustrates a random network of

resistors (the lines) between conducting filler sites in a continuum system. If gij
is the local conductance between the ith and jth filler sites, the current Ii which

enters the ith filler site is the sum of currents arriving from (or leaving for)

other filler sites, i.e.,

Ii ¼
XN
j

gijðVi � VjÞ; (5:1)

whereN is the number of filler sites in a composite. In the case of regular lattice

structures,N is reduced to the coordination number of the lattice, which is the
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maximum number of nearest neighboring sites (bonds). For example, N is six

for a simple cubic lattice. In a continuum system, however, all filler sites must

be checked to see whether they have electrical connection with each other

through overlapping (penetrable conduction) or lie within tunneling distance

(non-penetrable conduction, see Chapter 6). Since Eq. (5.1) is a system of

linear equations, it can be rewritten as a matrix form:

I ¼ G � V; (5:2)

where the bold roman character represents a vector and the bold italic character

a tensor. From the condition that the sum of all currents into the ith filler site

vanish (Kirchhoff’s current law), the current vector I of Eq. (5.2) is given by

Ii ¼ 0; except for i ¼ 1 and N; where I1 ¼ I and IN ¼ �I: (5:3)

The conductance matrix G is a large, sparse, symmetric N�N matrix

defined by

Gii ¼
XN

j¼1ðj 6¼iÞ
gij for diagonal elements;otherwise Gij ¼ Gji: (5:4)

Equation (5.2) is then described in an expanded form,

I
0
:
:
0
�I

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

G11 G12 G13 � � G1N

G22 G23 � � G2N

G33 � � �
� � �

GðN�1ÞðN�1Þ GðN�1ÞN
GNN

2
6666664

3
7777775

V1

V2

:
:

VN�1

VN

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
: (5:5)

i
j

filler site

i = 1

i = N

I

I

gij
V

Fig. 5.1 Random network of resistors in a continuum system; gij is the local
conductance of the resistor between the ith and jth filler sites (Kim, 1998).
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If the voltage difference ðV1 � VNÞ between the top and bottom electrodes is

known, the conductance matrixG in Eq. (5.5) is reduced to an (N� 2)� (N� 2)

matrix. The voltage Vi of each filler site is obtained by computing the inverse

matrix ofG, using a conjugate-gradient iteration algorithm. Finally the current I

of a composite system is computed fromEq. (5.5), and the effective conductance

Gc is evaluated, following Ohm’s law, i.e., I ¼ GcðV1 � VNÞ:

5.2 Thermal conduction

For the thermal conduction problem, the thermal conductivityK is defined by

Fourier’s law as

Q ¼ KA
�T

�x
; (5:6)

where Q is a heat flow rate, A is the cross-sectional area through which heat is

being conducted, and�T/�x is a temperature gradient. From Eqs. (3.51) and

(5.6), thermal resistance R is defined by

R ¼ �x

KA
: (5:7)

The computational procedure for the thermal conduction problem is the

same as that for the electrical conduction problem. However, unlike the

electrical conduction problem, the thermal conductivity ratio of filler tomatrix

is not very high and percolation threshold phenomena (see Section 6.4) may

not take place. Therefore, it is assumed that heat flow is conducted through

interfacial contact between fillers, or filler and matrix, or matrix sites, not

through the tunneling mechanism mentioned earlier.

Let us look at the simple 2D problem of Fig. 5.2 which is composed of six

elements including the top electrode (element 1) and bottom electrode (element

6), whose temperatures are set equal to 1 [8C or K] and 0 [8C or K], respect-

ively. The middle layer is composed of gray material (elements 2–4), with

thermal conductivity, Km¼ 0.2 W/m�K, and white material (element 5), with

Kf¼ 1.0 W/m�K. The cross-sectional area (seen as the interface line between

adjacent elements) is set equal to 1.0 m2. The length�X of each square element

is set equal to 1.0 m.

The six-element model of Fig. 5.2(a) is converted to the eight-resistor model

of Fig. 5.2(b). In order to assign the equivalent thermal resistance R, we use

Eq. (5.7). The calculation procedure for the resistor element between two

adjacent elements depends on connectivity. Figure 5.3 illustrates the method

of calculation of all possible connectivities. Based on the results of thermal
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resistance for all resistor elements, the resistor network equivalent to Fig. 5.2 is

shown in Fig. 5.4.

If all the elements of Fig. 5.2 are considered as a composite whose thermal

conductivity is Kc (or its thermal resistance Rc) then the following equations

are valid:

Q

A
¼ Kc

�T

�X
; (5:8)

Q

Q

2 3

4 5

1, T1 = 1.0

6, T6 = 0.0 R basis
(a) (b)

Fig. 5.2 A 2D resistor model: (a) six elements, (b) converted to resistor
model.

unit resistor

unit resistor

(a)

(b)

(c)

0.5

0.5 0.5

0.5

1.0 1.0 1.0

Kf = 1.0

Km = 0.2

Kf – f  = 1.0 Km – m = 0.2

resistance, Rf  =  

0.5
1 × 1 = 0.5

Rf – f  =
1

1 × 1
= 1.0 Rm – m =

1
0.2 × 1

=  5.0 Rf – m =
1.0

0.33 × 1
= 3.0

resistance, Rm = 0.5
0.2 × 1

 = 2.5

Kf – m = = 0.33
Kf + Kf

2KmKf

(d) (e)

Fig. 5.3 Thermal resistance R for five different cases of connectivity: (a)
between elements 1 and 2 in Fig. 5.2 with �x ¼ 0:5, (b) between elements 5
and 6 with �x ¼ 0:5, (c) between elements 2 and 3, also 2 and 4, (d) between
adjacent white elements (no corresponding case in the example of Fig. 5.2),
and (e) between elements 3 and 5, also 4 and 5.
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Q ¼ Kc�T=�X ¼ T1 � T6ð Þ=Rc: (5:9)

Applying Kirchhoff ’s junction rule
P
i

Q ¼ 0

 !
to the resistor model of

Fig. 5.4:

Node 1: Qþ T2 � T1ð Þ=0:5þ T3 � T1ð Þ=0:5 ¼ 0 (5:10a)

Node 2: T1 � T2ð Þ=0:5þ T3 � T2ð Þ=1:0þ T4 � T2ð Þ=1:0 ¼ 0 (5:10b)

Node 3: T1 � T3ð Þ=0:5þ T2 � T3ð Þ=1:0þ T5 � T3ð Þ=3:0 ¼ 0 (5:10c)

Node 4: T2 � T4ð Þ=1:0þ T5 � T4ð Þ=3:0þ T6 � T4ð Þ=0:5 ¼ 0 (5:10d)

Node 5: T3 � T5ð Þ=3:0þ T4 � T5ð Þ=3:0þ T6 � T5ð Þ=2:5 ¼ 0 (5:10e)

Node 6: T4 � T6ð Þ=0:5þ T5 � T6ð Þ=2:5�Q ¼ 0: (5:10f)

R12 = 0.5 R13 = 0.5

R24 = 1.0 R35 = 3.0

R23 = 1.0

R45 = 3.0

R46 = 0.5 R56 = 2.5

4 5

6

Q

2 3

1

Q

Fig. 5.4 The thermal resistor model equivalent to the problem of Fig. 5.2.
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Equations (5.10) are rewritten in the form of a symmetric matrix as

Q
0
0
0
0
Q

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

4 �2 �2 0 0 0
�2 4 �1 �1 0 0
�2 �1 3:33 0 �0:33 0
0 �1 0 3:33 �0:33 �2
0 0 �0:33 �0:33 1:06 �0:4
0 0 0 �2:0 �0:4 2:4

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

�

T1

T2

T3

T4

T5

T6

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
: (5:11)

Since the top (T1) and bottom temperature (T6) are set equal to 1.0 and 0,

respectively, Eq. (5.11) is reduced to

2
2
0
0

8>><
>>:

9>>=
>>; ¼

4 �1 �1 0
�1 3:33 0 �0:33
�1 0 3:33 �0:33
0 �0:33 �0:33 1:06

8>><
>>:

9>>=
>>; �

T2

T3

T4

T5

8>><
>>:

9>>=
>>;: (5:12)

Taking the inverse of Eq. (5.12), unknown temperatures (T2, T3, T4 and T5)

are obtained as

T2

T3

T4

T5

8>><
>>:

9>>=
>>; ¼

0:7858
0:8718
0:2712
0:3559

8>><
>>:

9>>=
>>;: (5:13)

Then from Eq. (5.10a), Q is solved for as

Q ¼ 4T1 � 2 T2 þ T3ð Þ ¼ 4� 2 0:7858þ 0:8718ð Þ ¼ 0:6848: (5:14)

Finally, the overall thermal resistance R of this system is solved for from

Eq. (5.9):

Rc ¼ T1 � T6ð Þ=Q ¼ 1=0:6848 ¼ 1:46: (5:15)

Next we shall look at the case of a 3D thermal resistor network model. In this

study, the electronic composite is assumed to be a simple cubic resistor network,

in which a site is considered as a unit cube and two kinds of unit cube (gray and

white) are present at random, as depicted in Fig. 5.5. A gray cube represents a

conductive filler phase with thermal conductivity Kf and a white cube an

insulating or less conductive matrix phase with thermal conductivity Km. If

the two kinds of unit cube are assembled into an n � n � n cube and N is the

number of conductive (gray) cubes in the system, the volume fraction f of the

conductive filler is defined by f ¼ N=n3. In this system there exist three kinds of

connecting elements between sites, shown in Fig. 5.6: (a) conductive element

with Kf between conductive filler sites, (b) less-conductive element with
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Km between matrix sites, and (c) conductive element with 2KmKf=ðKm þ KfÞ
between conductive filler and matrix sites. Then, the temperature Ti of the ith

element and the corresponding heat flow rate Qi are computed by applying a

resistor network model in terms of Kirchhoff ’s law:

Qi ¼
XN
j¼1

KijA

�x
ðTi � TjÞ: (5:16)

where A and �x are the cross-sectional area and the length of a unit cube,

respectively.

5.3 Comparison of model predictions with experimental data

5.3.1 Different models

Figure 5.7 shows calculated numerical results of the effective thermal con-

ductivity of a 3D silver spherical particle/polymer matrix composite as a

function of silver volume fraction, where the thermal conductivity of silver is

(c)

(a)

(b)

Conductivities between sites
(a) Kf

(b) Km

2KmKf

Km + Kf
(c) Kf – m =

Fig. 5.6 Thermal conductivity between two adjacent sites.

filler

matrix

Fig. 5.5 3D resistor network model, where both gray (conductive filler) and
white (insulating or less-conductive matrix) unit cubes are piled up at random
into an n � n � n cube.
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418W/m�K and that of the polymer is 50W/m�K. The solid line represents the

numerical results predicted by the 3D resistor network model discussed in the

previous section while the broken lines are those predicted by the Eshelby

method (Hatta and Taya, 1986), describing upper and lower bounds of the

effective thermal conductivity. The upper (dotted) line was obtained by assum-

ing that thematrixmaterial (white) is embedded in a silver matrix while, for the

lower (dashed) line, silver particles are embedded in the matrix material. It is

known that in the case of a spherical particulate composite, the Eshelby

method yields the same results as the Hashin–Shtrikman (1962) bound solu-

tions. It should be observed from Fig. 5.7 that the results from the resistor

network model yield a small deviation from the lower bound of the Eshelby

method.Nevertheless, the results from the resistor networkmodel agree well with

those of the lower bound from the Eshelby method up to f¼ 0.4, even though

in the resistor network model the spherical filler is simulated as a unit cube.

5.3.2 Comparison with experiment

Kim (1998) applied a combination of a resistor network model and a

percolation model (see Chapter 6) to predict the electrical and thermal

thermal resistor network model (3D cubic site)
Eshelby model (spherical filler)

Ksilver   
=  418 W/m.K

Kmatrix =  50 W/m.K

Volume fraction of silver, f
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Fig. 5.7 Thermal conductivity of a 3D spherical particulate/polymer matrix
composite as a function of silver volume fraction; white portion represents
polymer.
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conductivities of silver (flakes) filler/polymermatrix composites which are a key

interconnect material between a chip and substrate or heatsink in electronic

packaging applications. The predicted electrical resistivity of the silver filler/

polymer matrix composite is plotted as a function of volume fraction of silver

flake in Fig. 5.8, where the solid line denotes the predictions based on silver flake

size distributions type A (more skewed toward smaller sizes), the dashed line

denotes type C (toward larger sizes); the experimental measurements are shown

as symbols. Figure 5.8 indicates a reasonably good agreement between the

predictions by the percolation and resistor network models and experiment.

Figure 5.9 shows results of the thermal conductivity of the same silver/polymer

matrix composites. The predictions from the 3D resistor network model agree

well with experiment, but those from the effective medium theory (represented

by the Eshelby model) underestimate the experimental results. The reason for

the underestimate by the Eshelby model (Eshelby, 1957; Hatta and Taya, 1985)

is that there is a large differential of the thermal conductivities between silver

and polymer matrix, and also the interconnected network structure of the silver

flakes embedded in the polymermatrix makes the resistor network model better

suited than the effective medium model, such as the Eshelby model, which

assumes that the conductive fillers are not connected to adjacent ones.
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Fig. 5.8 Electrical resistivity vs. volume fraction of silver flakes. The
threshold values are shown as f � (after Kim, 1998).
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It is to be noted in Fig. 5.9 that the predicted thermal conductivity vs. silver

volume fraction relation is smooth, i.e., continuous, while there exists a sharp

drop in the electrical resistivity at a particular volume fraction of silver flakes,

f �, in Fig. 5.8, which is called the ‘‘threshold’’ volume fraction, at and above

which the overall electrical behavior of the composite becomes that of a

‘‘conductor.’’ This threshold volume fraction of conductor–insulator compo-

sites is discussed in detail in Chapter 6.

0
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experimental data
thermal resistor network model
Eshelby equivalent inclusion method
[Hatta and Taya, 1985]
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Fig. 5.9 Thermal conductivity vs. volume fraction of silver flakes, where the
thermal conductivities of silver flake (Kf) and polymer matrix (Km) are 418
and 0.19 W/m�K, respectively (Kim, 1998).
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6

Percolation model

6.1 Percolation model based on base lattices

A percolation model was proposed first by Broadbent and Hammersley (1957).

Since then, there have been a large number of studies of percolation problems,

and two books (Stauffer and Aharony, 1991; Sahini, 1994). A percolation

model (Shante and Kirkpatrick, 1971; Essam, 1972; 1980) is composed of two

simple elements, a site and a bond, which are interconnected. Inmost cases there

is a base lattice underlying sites and bonds. The key variable in percolation

problems is the probability p of occupied bonds or sites. The probability that

each bond or site is occupied or empty is entirely independent of whether its

neighbors are occupied or empty. When p¼ 1, the model becomes exactly the

same as the base lattice and none of the elements is empty.

There are two types of percolation problem. If the occupancy of bonds is

governed by a stochastic mechanism, the problem is called a bond percolation

problem, whereas if that of the sites is so governed, the problem is called a site

percolation problem. Figures 6.1, 6.2, and 6.3 show examples of these prob-

lems. A two-dimensional (2D) square lattice is taken as a base lattice, as

shown in Fig. 6.1. Figure 6.2 shows a bond percolation problem of this 2D

base lattice, where the probability of bonds pb¼ 0.5. Figure 6.3 show a site

percolation problem of the same base lattice, where the probability of sites

ps¼ 0.5. The superscripts b and s in the above equations denote bond and site,

respectively.

A path between two sites is said to exist if the two sites are connected by a

sequence of sites and bonds, and the sites are said to be connected if there exists

at least one path between them. A set of occupied sites connected to one

another through occupied bonds is called a cluster. The flow of fluid or charge

may occur between any two sites in the same cluster, but no flow occurs

between sites in different clusters unless the clusters are connected. As the
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probability p of occupied bonds or sites becomes larger, so do those of the

clusters. Most systems to which a percolation theory is applied contain so

many sites and bonds that the effect of the boundary (or free surface) can be

ignored and then the system is replaced by a model with an infinite number of

bonds and sites.

pb 
=

 
ps = 1

Fig. 6.1 An example of a base lattice. A square lattice is taken as a base
lattice in this case.

pb
 = 0.5

Fig. 6.2 An example of a bond percolation problem. The base lattice is the
square lattice shown in Fig. 6.1.
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In such a system the cluster size may become infinite at some critical density

of occupancies, i.e., the critical value of pb or ps. At this stage the system is said

to be in a percolating state. The probability that a given site belongs to

this infinite cluster is defined as the percolation probability for that site. The

percolation probability is the probability that the fluid flowing through a given

site will percolate away indefinitely. The transition from a non-percolating

state to a percolating state is considered to cause various kinds of phase

transition in many applications. The percolation transition is a purely geo-

metric phenomenon. Figure 6.2 shows a percolating cluster from the bottom to

the top, while the system in Fig. 6.3 does not have a percolating cluster. If an

electrical charge is applied to the system in Fig. 6.2, an electric current will flow

from the bottom to the top, but no current will be established in the system of

Fig. 6.3. If pb¼ 0.5 is the critical value (which is the case with a square base

lattice), a system with pb< 0.5 never has a percolating cluster. This leads to a

phase transition of electrical conduction.

A percolation theory can be applied to a number of fields. The electrical

conduction in a mixture of conducting and insulating phases is an example of

such an application where the conductivity of the mixture exhibits a critical

behavior. A dilute ferromagnet is another example where spontaneous mag-

netization will occur above a critical concentration (Elliot et al., 1960). Other

examples include the gelation of polymers (Flory, 1953) and the spread of

an empty site
an occupied site

ps
 = 0.5

Fig. 6.3 An example of a site percolation problem. The base lattice is the
square lattice shown in Fig. 6.1.
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disease in an orchard (Broadbent and Hammerseley, 1957), where the critical

probabilities mark the gel point and the point at which the disease becomes an

epidemic, respectively.

6.1.1 Critical probability

In the preceding introduction the important concept of percolation theory was

described. In this subsection we will define it more mathematically. To do so,

one needs a concept of self-avoiding walks. A self-avoiding walk on a lattice is

a random walk which visits no site more than once. In a percolation theory

itself the self-avoiding walks are important because they represent the most

economical way by which the fluid can flow through the medium. First, we

define the percolation probability P( p) by

Pð pÞ ¼ lim
n!1

Pð p; nÞ; (6:1)

where P( p, n) is the probability that at least one n-step self-avoiding walk

exists. P( p) is a monotonically increasing function of p as shown in Figure 6.4.

Second, we define the critical occupancy probability pc by

pc ¼ supf pjPð pÞ ¼ 0g: (6:2)

It has been shown (Hammersley, 1961) that for any given medium

Psð p; nÞ � Pbð p; nÞ (6:3)

0.6

1.0

0.8

0.4

0.2

0.0
0.6 1.00.80.40.20.0

P ( p)

TR SQ HC

p

Fig. 6.4 Percolation probabilities as functions of p, where TR, SQ, and HC
denote triangular, square, and honeycomb lattices, respectively (Shante and
Kirkpatrick, 1971).
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where the superscripts s and b denote site and bond properties, respectively.

Strict inequality holds in Formula (6.3) for many cases. Equality holds if and

only if p¼ 0 or 1, and if the lattice is a Bethe lattice which has a tree-like

structure and no closed loops. As a consequence of Formula (6.3) we obtain

P sð pÞ � Pbð pÞ: (6:4)

Since P( p) is a monotonically increasing function of p, we have

P s
c � pbc : (6:5)

This is the reason why, with the same probability p¼ 0.5, Fig. 6.3 has no

percolating cluster, whereas Fig. 6.2 has a percolating cluster. Since the critical

probability is a key property in a percolation model, many studies have been

reported on the critical probabilities for various types of base lattice, which are

shown inTable 6.1. Althoughmost of themare numerically obtained, there are a

few exact solutions. Sykes and Essam (1964) evaluated exactly the critical

probability pc for the triangular site problem, as well as for square, triangular,

and honeycomb bond problems, using the topological properties of the lattices.

According to them,

pscðTRÞ ¼ 1

2
; (6:6)

pbc ðSQÞ ¼ 1

2
; (6:7)

Table 6.1 Critical probabilities (pc
b¼ bond, pc

s¼ site)for common lattices.

(Frisch et al., 1961; Vyssotsky et al., 1961; Dean, 1963; Sykes and Essam, 1964.)

Dimensionality
d

Coordination
number z

Monte Carlo Series expansionLattice

pc
s pc

b pc
s pc

b

honeycomb 2 3 0.668 0.640 0.698 0.6527
�

square 2 4 0.581 0.498 0.593 0.5000
�

Kagomé 2 4 0.655 0.435 0.6527
�

–
triangular 2 6 0.493 0.349 0.5000

�
0.3473

�

diamond 3 4 0.436 0.390 0.428 0.388
simple cubic 3 6 0.325 0.254 0.310 0.247
body-centered

cubic
3 8 – – 0.245 0.178

face-centered
cubic

3 12 0.199 0.125 0.198 0.119

Note: Results marked by � are exact results.
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pbc ðTRÞ ¼ 2 sin
p
8

� �
; (6:8)

pbc ðHCÞ ¼ 1� 2 sin
p
8

� �
; (6:9)

where TR, SQ, and HC denote triangular, square and honeycomb lattice,

respectively.

Since the Kagomé lattice (see Fig. 6.5) is obtained as the result of bond–site

topological transformation, pc for the Kagomé site problem is also an exact

result. There are two numerical methods: a Monte Carlo method, and a series

expansion. We will give a brief description of the Monte Carlo method below.

Let us consider a bond problem. The argument given here is equally

applicable to a site problem. Rewriting Eq. (6.1) for the bond problem, we

obtain

lim
n!1

Pbðp; nÞ ¼ Pbð pÞ; (6:10)

wherePb (p, n) is the probability that, starting from a given source site, at least

n other sites can be reached by walking along occupied bonds, and Pb( p) is the

bond percolation probability. Pb( p, n) can be expressed as

Pbð p; nÞ ¼ 1�
Xn
k¼1

h n0ki (6:11)

where h i denotes a mean value and nk
0 is the number of clusters of k sites

containing the source sites. Here, nk
0 takes a value of either 1 or 0 determined

by the existence of that cluster for each sample. In the Monte Carlo experi-

ment (Essam, 1972; Frisch et al., 1961; Vyssosky et al., 1961; Hammersley and

Fig. 6.5 Kagomé lattice.
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Handscomb, 1964) the decision as to whether a bond is occupied or empty is

made by using random numbers. The usual algorithm is to start from the

source atom and keep looking for occupied bonds leading from sites already

visited until n other sites that have been visited are found to be empty. After

a number of trials, the fraction of trials in which n other sites were visited is

equal to Pb( p, n). Then pc
b(n) is calculated based on the following definition

analogous to Eq. (6.2):

pbc ðnÞ ¼ sup p Pbð p; nÞ ¼ 0
��� �

: (6:12)

Now pc
b can be determined from a Pb( p, n) vs. n curve as n!1 (Vyssotsky

et al., 1961). Hammersley and Handscomb (1964) have estimated that for

n¼ 6000 on a simple cubic lattice the storage required for a computer would be

36 kilobytes and that a high-speed computer in 1964 would have taken a week

to obtain one point on the curve. Although the Monte Carlo experiment takes

much CPU time, it is an attractive method today due to the tremendous

computation speed of present-day computers. Certain features of the critical

probabilities, especially of the critical bond probabilities pbc , have been

observed to depend only on the dimensionality of the lattice and not on the

specific lattice type (Vyssotsky et al., 1961). As shown in Table 6.2, it was

suggested that

pbc � 2

z
; for 2D; (6:13)

pbc � 1:5

z
; for 3D; (6:14)

Table 6.2Critical bond probabilities pc (from series expansion) and dimensional

invariants. (Sources as for Table 6.1.)

Lattice Dimensionality
d

Coordination
number z

pc
b zpc

b

honeycomb 2 3 0.6527
�

1.96
square 2 4 0.5000

�
2.00

triangular 2 6 0.3473
�

2.08
diamond 3 4 0.388 1.55
simple cubic 3 6 0.247 1.48
body-centered cubic 3 8 0.178 1.42
face-centered cubic 3 12 0.119 1.43

Note: Those marked by � are exact results.
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where z is the coordination number of the lattice, i.e., the number of bonds

emanating from each site. In Table 6.2, pc
b are given by exact and by series

expansion methods. Equations (6.13) and (6.14) can be represented as

zpbc � d

ðd� 1Þ ; (6:15)

where d is the dimensionality of the lattice.

6.2 Electrical conductivity by effective medium theory

Electrical conduction in an inhomogeneous medium has been much discussed

since the nineteenth century, though many problems still remain to be studied.

Before percolation theory was proposed, the problem of electrical conduction

in an inhomogeneous medium was solved by the effective medium theory

(EMT) (Bruggeman, 1935; Landauer, 1952; Kerner, 1956).The basic assump-

tion of EMT is the requirement of self-consistency.

Let us take Landauer’s theory (Landauer, 1952) as a simple example.

Suppose there is a two-component medium composed of materials 1 and 2.

The shape of each element is assumed to be spherical. The main assumption in

Landauer’s theory is that the medium surrounding an element is considered as

a homogeneous medium, which has the conductivity �m that characterizes the

overall properties of the mixture. Then, self-consistency requires that the

fluctuations of a local field about the effective value of the mixture should

be averaged out. Thus, the problem is reduced to a single inclusion problem

in a homogeneous medium. Let the radius of the inclusion be a, and its

conductivity be �1 (the conductivity of material 1). From elementary electro-

statics, a dipole moment associated with the volume under consideration

becomes

P ¼ a3
�1 � �m

�1 þ 2�m
E; (6:16)

where bold characters stand for vector quantities,P is the dipolemoment, andE

is the electric field far from the inclusion. If the volume fraction of material 1 is

denoted by f1, then the polarization due to the existence of material 1 becomes

P1 ¼ f1
�1 � �m
�1 þ 2�m

E: (6:17)

Similarily, the existence of material 2 produces a polarization

P2 ¼ f2
�2 � �m
�2 þ 2�m

E: (6:18)
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These polarizations produce a disturbance field from the original uniform

field E. The space integral of the field contributed by each dipole is �4pP
(Landauer, 1952). Thus, from the self-consistency requirement, the average

disturbance from E should vanish, leading to

f1
�1 � �m
�1 þ 2�m

þ f2
�2 � �m

�2 þ 2�m
¼ 0: (6:19)

Equation (6.19) was derived by Bruggeman (1935). Solving for �m, we obtain

�m ¼ 1

4
� þ ð�2 þ 8�1�2Þ1=2
h i

; (6:20)

where

� ¼ ð3 f2 � 1Þ �2 þ ð3 f1 � 1Þ �1: (6:21)

When material 2 is perfectly insulating (�2¼ 0), Eq. (6.20) yields

�m ¼ 1

2
ð3f1 � 1Þ�1: (6:22)

The results of Eq. (6.22) are plotted in Fig. 6.6, where f1¼ 0.33 corresponds

to the percolation threshold volume fraction f �. On the other hand, a percola-

tion theory gives fc¼ 0.145 (Webman et al., 1976) which is less than fc based on

EMT. There is some experimental evidence (Webman et al., 1977) to support

such a small value of fc, i.e., fc¼ 0.15–0.17, as a percolation threshold.

0 0.2 0.4 0.6 0.8 1.0

1.0

0.8

0.6

0.4

0.2

0.0

f1

σ m
 / σ

1

f  
*

Fig. 6.6 Normalized electrical conductivity of a conductor–insulator
mixture as a function of the volume fraction f1 of the conductor as predicted
by EMT.
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6.3 Electrical conduction by percolation model

6.3.1 Special conduction law

Let us consider a simple example of percolation conduction. Imagine that

numerous small solid circles are distributed in a two-dimensional square

lattice. Each circle represents either a conductive particle (with probability p)

or an insulating particle (with probability 1�p). An electric charge flows from

a conductive particle to its neighboring conductive particles only if they

contact each other. Then an electric current flows through the whole lattice

only if an infinite network of conductive particles is established, i.e., only for

p� pc, the critical probability. For mathematical simplicity, let us set the

conductivity of the conductor equal to unity and that of the insulator to

zero, and also set the length of the whole lattice equal to unity. A unit

magnitude of electric potential difference is applied to two opposing faces

(of the unit area) of the square lattice. Then the current flowing through the

lattice gives rise to the conductivity of the lattice with �¼� ( p) (Stauffer,

1979). The percolation properties of the lattice can then be described exactly by

the site percolation model of a two-dimensional square lattice.

Kirkpatrick (1971, 1973) evaluated numerically the conductivity of a ran-

dom resistor network produced by a Monte Carlo procedure, using a relax-

ation procedure based on the Kirchhoff current law. He reported that the

upper conductivity far from percolation threshold was well described by a self-

consistent effective medium theory but deviates from the value predicted by a

percolation theory near the threshold. He assumed that the conductivity near

the threshold can be described by

�ð pÞ � ð p� pcÞt; (6:23)

where t is the critical exponent of conductivity. Such a power-law relationship

also appears in various percolation phenomena. For example, the percolation

probability P( p), the mean cluster size S( p), and the associated correlation

length of the cluster �( p) can be written as

Pð pÞ � ð p� pcÞ�; p > pc; (6:24)

Sð pÞ � jp� pcj��; (6:25)

�ð pÞ � jp� pcj��; (6:26)

where �, �, and � are the critical exponents of the corresponding properties

(Essam, 1972, 1980; Stauffer, 1979). These power-law representations of

percolation properties stem from the analogy with other phase transition
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phenomena, which are usually described by critical exponents (Stanley, 1971).

Furthermore, the correspondence between the percolation and the thermo-

dynamic functions of a ferromagnetic material leads us to expect that ideas of

scaling and universality which have revolutionized our understanding of

critical phenomena will also be applied to a percolation theory (Essam,

1972, 1980; Stauffer, 1979). The basic assumption of the scaling theory is

that the critical behavior of percolation near a threshold region stems from

the singularity of the typical cluster size which diverges at p¼ pc (Stauffer,

1979). According to the scaling theory (Stauffer, 1979), all the critical expo-

nents of percolation properties are derived from two basic exponents, which

describe the typical cluster size and the mean number of clusters.

Consequently, all the critical exponents are related to each other. The current

estimates of the critical exponents are � ¼ 5=36; � ¼ 43=18; � ¼ 4=3 for two-

dimensional lattices and � ¼ 0:4; � ¼ 1:7; and � ¼ 0:84 for three-dimensional

lattices (Stauffer, 1981). It should be noted that these exponents depend only

on the dimensionality and not on the specific lattice character. On the other

hand, the conductivity exponent t has no theoretical relationship with other

exponents.

The following approximation (Levinstein et al., 1976) is a rough argument

but it may help us to understand the relations given by Formula (6.23). We cut

a cube (or a square in the two-dimensional case) with side l of sufficiently large

size out of the lattice under consideration. We apply metallic contacts to

opposite faces of this cube and measure the conductance G between them.

Then, the conductivity of the cube is given by

� ¼ Gl

ld�1

¼ Gl2�d; ð6:27Þ

where d is the dimensionality of the lattice, i.e., d ¼ 3 and d ¼ 2 for three-

dimensional and two-dimensional problems, respectively. For a cube with side

�, as defined by Formula (6.26), we can, in accordance with Eq. (6.27), express

the conductivity of the cube as

� ¼ G�2�d: (6:28)

We should now understand how G depends on �. It is the percolating cluster

that is responsible for the conduction in the volume of interest. Crudely

speaking, we assume that photographs of clusters at different values of ( p – pc)

will coincide with each other if they are reduced by a factor of � given by

Formula (6.26). Actually the percolating clusters have dead ends, crosslinks,
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etc., to which this scaling assumption does not apply. It seems natural to us,

however, that the conductance is determined only by the large-scale properties

of the clusters. We then assume that G can be expressed by

G ¼ G0 �
�1; (6:29)

where G0 is the conductivity of a bond (of unit length). Thus, we obtain the

following relationships from Eqs. (6.28) and (6.29):

� ¼ G0 �
1�d (6:30)

� jp� pcj��ð1�dÞ (6:31)

Comparing Eq. (6.31) with Formula (6.23), we have

t ¼ ðd� 1Þ�: (6:32)

The power-law relationship of Formula (6.23) is supported by elegant table-

top experiments by Last and Thouless (1971), and Watson and Leath (1974).

They measured the conductivity of a piece of conducting paper as holes were

punched in it at random with the aim of approximating a site percolation

system.

Values of t have been estimated (Watson andLeath, 1974; Straley, 1977; Yuge

and Onizuka, 1978) t(2D) ranges from 1.1. to 1.38. Watson and Leath (1974)

reported t¼ 1.38� 0.12 for the two-dimensional site problem by means of the

table-top experiment. Straley (1977) reported t(2D bond)¼ 1.10� 0.05, t(2D

site)¼ 1.25� 0.05 for a 100� 100 square lattice, t(3D bond)¼ 1.70� 0.05, for a

25� 25� 25 simple cubic lattice, and t(3D site)¼ 1.75� 0.1 for 30� 30� 30

simple cubic lattice. Yuge and Onizuka (1978) reported t(2D site)¼ 1.26� 0.03

for a 200� 200 square lattice by means of an over-relaxation procedure. Lobb

and Frank (1979) studied a two-dimensional random resistor network bond

problem bymeans of a large-cell real-space renormalization group method, and

reported that the exponent t was equal to the exponent � and hence t(2D

bond)¼ 1.35� 0.02. This result is consistent with Eq. (6.32).

A large-cell real-space renormalization group method was developed by

Reynolds et al. (1977, 1978, 1980) to provide amethod for accurate calculation

of percolation properties, especially critical exponents. As mentioned earlier,

the base-lattice size should be sufficiently large for calculation of the percol-

ation properties. The main problem of numerical calculations is to treat the case

of a large base lattice. A numerical calculation should be done on a large lattice

basically by comparing it with the correlation length �. The physical meaning
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of � below pc is given as follows (Deutscher, 1981). After deleting all dead ends

(which do not carry a current) from the infinite cluster, one is left with ‘‘macro-

bonds’’ connected at ‘‘nodes,’’ with a node being the linking point of at least

three macro-bonds. In the morphology of this network, macro-bonds form an

irregular superlattice, with the ‘‘typical’’ lattice parameter or internode dis-

tance being precisely equal to �. This concept was already used in the approxi-

mate argument of the conduction law (Formula (6.23)). Thus, as p approaches

pc, � becomes larger and almost infinite. Therefore, it is impossible to construct

the corresponding base lattice. The renormalization group method provides

the theoretical relation between critical exponents and scaling factors and

thereby can overcome the deficiency of the finite sampling calculation.

6.3.2 General conduction law

In the preceding subsection, the conductive law was obtained for a mixture

with a binary conductivity distribution, which is expressed as

f ð�Þ ¼ p�ð�� �0Þ þ ð1� pÞ �ð�Þ; (6:33)

where �(�) is the Dirac delta function. Eq. (6.33) can be interpreted to imply

that a system is composed of elements of conductivity �0 and zero.

In more general cases, poorly conductive elements have finite conductances.

A percolation theory also provides a conduction law for such a system

(Webman et al., 1975; Straley, 1977). When the conductivity distribution is

given by

fð�Þ ¼ p�ð�� �0Þ þ ð1� pÞ �ð�� �1Þ (6:34)

the macroscopic conductivity can be expressed (Cohen et al., 1978; Straley,

1978) by

�m �

�0ðp� pcÞt; for p > pc; (6.35)

�1ðpc � pÞ�s; for p5 pc; (6.36)

�0ð�1=�0Þu; for p ffi pc; (6.37)

8>><
>>:

where

u ¼ t

tþ s
: (6:38)

Here �1=�0 
1 is assumed. Formulae (6.35)–(6.37) are depicted in Figure

6.7. Note that the region for Formula (6.37) is narrow. The latest estimates for

these exponents are s¼ 1.0 (Cohen et al., 1978), t¼ 1.35 (Lobb and Frank,
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1979), u¼ 0.57 for two-dimensional bond percolation, and s¼ 1.0, t¼ 1.6,

u¼ 0.615 for three-dimensional bond percolation (Cohen et al., 1978).

Figure 6.8 (Straley, 1978) shows these relations with �0¼ 1 and �1 ¼ 10�n,

n¼ 1, 2, . . ., 8. In Figure 6.8, one can find that the larger n is the narrower

the transition region becomes. Therefore, as �1=�0 becomes even smaller, the

conduction law can be approximated by Formula (6.23). There are several

experimental studies (Abeles et al., 1975; Deutscher et al., 1978; Kapitulnik

and Deutscher, 1983) on these power-law relationships between conductivity

and probability (or volume fraction).

~σ1 ( pc – p)–s 

~σ0 ( p – pc)t

pc p

σ

~σ0 (σ1/σ0)u

Fig. 6.7 The macroscopic conductivity of a binary mixture as a function of
the probability p that a given lattice site is occupied by the conductive phase.
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Fig. 6.8 The macroscopic conductivity �m of a binary mixture with various
conductivity ratios �1=�0 (1 to 10�8).
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6.4 Fiber percolation model

When conductive fillers are embedded in an insulator matrix, as in a mis-

orientated short-fiber composite (MSFC), the locations of the filler sites are

not at the lattice points of any of the periodic base lattices discussed in the

previous sections. Thus, one needs to develop a new percolation model aimed

at these random or non-periodic microstructures.

Pike and Seager (1974) proposed a random-lattice Monte Carlo method

which can account for an anisotropic percolating structure, such as one

containing short fibers. Balberg and Binenbaum (1983) applied the Pike and

Seager model to the case of a two-dimensionally misorientated short-fiber

composite (2D-MSFC) to study the threshold morphology of a short-fiber

network that yields a percolation stage. Ueda and Taya (1986) also used the

Pike and Seager model, i.e., the fiber percolation model (FPM), to obtain the

critical fiber length (Lc) at and above which the network of short fibers becomes

percolated. Similarly, Taya and Ueda (1987) extended this 2D-FPM to a three-

dimensional fiber percolation model (3D-FPM). They applied the FPM to

various cases of 2D-MSFC to examine the effects of geometric anisotropy and

fiber aspect ratio (L/D) on the threshold fiber volume fraction ( f �) above

which the composite becomes conductive.

The FPM consists of two steps: examination of the percolation stage by the

Pike and Seager method (Pike and Seager, 1974), and calculation of the effective

electrical conductivity of a 2D-MSFC. A fiber is simulated by a rectangle with

lengthL and breadthD. Every fiber has the same size, and its orientation angle �

is generated from a uniform distribution over j�j � 	, where 	 (� 908) is called

y

I

0 I
x

(x, y)
θ

Direction of
electrical conduction

Fig. 6.9 2D fiber percolation model. (Ueda and Taya, 1986, with permission
from American Inst. Phys.)
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the in-plane limit angle, Fig. 6.9. In the second part of the FPM formulation, it is

assumed that the conductivity of a percolated cluster formed of a fiber network

obeys a power law given by (Deutscher, 1984)

� ¼ �0ð p� pcÞt for p > pc; (6:39)

where �0 is the conductivity of an element of a network, p is the probability of

occupied bonds, pc is a critical probability, and t is a critical exponent of

conductivity (t¼ 1.35 for a 2D lattice (Lobb and Frank, 1979)). A regular

square lattice is assumed to be the base lattice for a fiber network for 	¼ 908 in
order to obtain p which can be given by (Ueda and Taya, 1986)

p ¼ ðNf þ 2NiÞ=ð4Nf þ 2NiÞ; (6:40)

where Nf and Ni are the number of fibers in the network and that of points of

intersection within the network, respectively. The base lattice for 	590� is

assumed to be elongated along the x-axis and consists of two sets of parallel

lines, one with an orientation angle of 	/2 and the other with –	/2. Then the

conductivity along the x-axis is given by

�x ¼ � cotð	=2Þ; (6:41)

where � can be determined by Eq. (6.39). Although only �x is calculated in this

study, the conductivity along the y-axis for 	590� can be easily obtained as

�y ¼ � tanð	=2Þ: (6:42)

Balberg and Binenbaum (1983) have also examined the anisotropy of the

percolating network, though they did not compute the conductivity of a

composite. For smaller 	, more than one percolation cluster may be estab-

lished within the unit cell. Then the effective conductivity �e along the x-axis of

a composite can be approximated by

�e ¼
Xm
i¼ 1

bi�xi; (6:43)

where bi and �xi are the width and conductivity of the ith cluster, respectively.

In order to calculate the effective conductivity �e by use of Eqs. (6.39)–(6.41)

and (6.43), Ueda and Taya (1986) used the following data on the conductivities

of the constituents: the conductivity of matrix¼ 10�15 S/cm; that of fibers¼
105 S/cm. They found that L/D also has a strong effect even on 2D systems. The

results for �e versus fiber volume fraction (Vf ) are shown in Fig. 6.10(a) for

various values of L/D, with fixed 	 (¼ 908). Similarly, they ran the 2D-FRM

by changing 	 (¼ 15�908) with fixed L/D (¼ 100), see Fig. 6.10(b). The values
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of �e were obtained as a geometric mean of ten samples. Defining the threshold

value of f ( f �) as the mid-point of the steep slope, f � values are plotted as a

function of L/D in Fig. 6.11(a). The f � vs. L/D curve exhibits a hyperbola shape,

which was observed experimentally (Bigg, 1979). It follows fromFig. 6.11(a) that

larger values of L/D are effective in enhancing the conductivity of a 2D-MSFC.

In order to examine the effect of geometric anisotropy, the results of f �

for various values of the in-plane limit angle 	 are shown in Fig. 6.11(b) where

L/D¼ 100 was used. Figure 6.11(b) shows results similar to those obtained
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Fig. 6.10 Logarithm of �e for various values of (a) L/D for 	¼ 908, and
(b) 	 for L/D¼ 100. (Ueda and Taya, 1986, with permission from American
Inst. Phys.)
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by Balberg and Binenbaum (1983); namely, themore randomly short fibers are

oriented, the smaller the threshold volume fraction of fibers becomes.

It should be noted that for the case of relatively isotropic geometry of the

fiber network the results obtained here for a finite system represent those for

an infinite system asymptotically (Balberg and Binenbaum 1983). Therefore,

the results in Fig. 6.11 are considered to be valid even for an infinite system.

However, for an anisotropic case, for example 	¼ 158, the results for a finite

system deviate from those for an infinite system, and the value of f � along the

x-axis serves as a lower bound of the exact value (Balberg and Binenbaum,

1983). Thus in the case of an anisotropic fiber network, i.e., smaller values of	,

one must increase the number of short fibers to increase the accuracy of the

numerical results.

3D fiber percolation model (FPM)

Short fibers are simulated by capped cylinders for the case of a 3D-MSFC

(Taya andUeda, 1987). It is assumed that they are scatteredwithin a thin plate,

and that the in-plane (�) and out-of-plane (’) orientation angles (defined in

Fig. 6.12) are generated from a given density distribution as shown in Fig. 6.13.

In the 3D-FPM study, the distribution of out-of-plane fiber orientation

angle ’ is set uniform, with the out-of-plane limit angle � being 108 (Fig. 6.13).
The effect of L/D on the threshold value of fiber volume fraction f � was

examined and the results are plotted in Fig. 6.14 where the in-plane limit
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Fig. 6.11 The effect on f � of (a)L/D, and (b) 	. (Ueda and Taya, 1986, with
permission from American Inst. Phys.)
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angle 	 is set equal to 908. It follows from Fig. 6.14 that the effect of L/D on f �

for a 3D-MSFC is similar to that of a 2D-MSFC (see Fig. 6.11(a)) except that

the f � vs. L/D curve for the 3D-MSFC is shifted downwards. This dependency

of f � on L/D was also observed experimentally by Bigg (1979), Fig. 6.15. It is

noted that the experimental results of Bigg were for the out-of-plane conduct-

ivity (�z) of a 3D-MSFC while the predictions of the 3D-FPM are for the

in-plane conductivity (�x).

z
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D
(xi, yi, zi)

D ⁄ 2
L ⁄ 2

L ⁄ 2

y

x

z

θi

ϕi 

Fig. 6.12 A capped cylindrical fiber in a three-dimensional space. (Taya
and Ueda, 1987, with permission from Amer. Soc. Mech. Eng.)
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90 – β ϕ (degrees)90 + β 

Fig. 6.13 Distribution of the out-of-plane fiber orientation angle ’ of 3D-
MSFC. The distribution p(’) is uniform over the range, (90��)8 � ’ �
(90+�)8 (Taya andUeda, 1987, with permission fromAmer. Soc.Mech. Eng.).
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6.5 Percolation model applied to piezoresistive elastomer composites

It has been shown that an initially electrically conductive short-fiber com-

posite becomes less conductive as straining increases, and it suddenly

becomes non-conductive at and beyond a critical strain, exhibiting switching
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Fig. 6.14 The effect of L/D on f � for 3D-MSFC. (Taya and Ueda, 1987,
with permission from Amer. Soc. Mech. Eng.)
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behavior (Narita, 1990; Taya et al., 1998). This is mainly due to the

reorientation of the conductive short fibers upon straining, as shown in

Fig. 6.16, where an initially electrically percolating network degenerates to

a non-percolating network. When the insulator matrix is soft, such as an

elastomer, external loading causes a microstructural change of the comp-

osite, resulting in a change in the overall mechanical and electrical proper-

ties (Aspeden, 1986; Taya et al., 1998). Electrically conductive elastomer

composites, which exhibit variable conductivity in response to varying

external mechanical loading, are widely used for various electronic applica-

tions, touch control switches, and strain and pressure sensors for applica-

tions such as robot hands or artificial limbs (Pramanik et al., 1990).

However, no quantitative analysis of these switchable composites has

been conducted. Taya et al. (1998) used a modified three-dimensional

fiber percolation model (3D-FPM) to predict the threshold fiber volume

fraction f � and a fiber reorientation model to predict the microstructural

change of a fiber network under an incremental tensile strain �e with the

aim of obtaining piezoresistive behavior in a conductive short-fiber/elasto-

mer matrix composite. The piezoresistivity is given in terms of an applied

strain vs. electrical conductivity relation.

The 3D-FPM used by Taya et al. (1998) is shown in Fig. 6.17 and the

modification is to induce the ‘‘concept of tunneling conductance’’ that exists

between two adjacent short fibers within a critical distance 2dc, illustrated in

Fig. 6.18. The composite conductivity �c is then estimated by Formula (6.23).

Fiber reorientation model

Reorientation and relocation of fibers in an elastomer composite are expected

to take place under larger straining. If the microstructure of the conductive

short fibers was initially percolating, then the percolating microstructure

(a) (b)

Fig. 6.16 The expected microstructure change of a composite under strain-
ing: (a) percolating before straining (electrically conductive), and (b) non-
percolating after straining (non-conductive). (Taya et al., 1998, with
permission from Elsevier Ltd.) Arrows indicate direction of ex.
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degenerates to a less- or non-percolating network as the applied strain e

increases.

It is assumed that, upon applying an incremental uniaxial strain �e along

the x-axis, the changes in the orientation and location of a short fiber are taken

into account by following an affine transformation, as depicted in Fig. 6.17,

where (a) and (b) denote, respectively, the configuration before and after the

incremental strain �e. An affine transformation assumes that under external

loading the length components of a fiber change by the same ratio as the

corresponding dimensions of the matrix. Under the assumption of the incom-

pressibility of an elastomer composite and an incremental strain�e along the

x-axis, the dimensions of a rectangular specimen (Lx, Ly, Lz) and the center

coordinates (xi, yi, zi) of the ith fiber are changed to

(a) 
x

L

(b)
y

z
L (1+∆e)

L (1– νxz∆e)

(x′, y′, z′) 

θ ′

L (1– νxy 
∆e)

L

L

(x, y, z)

θ

Fig. 6.17 The 3D fiber reorientation model where only angle � is shown for
illustrative purposes: (a) before straining, and (b) after straining. (Taya et al.,
1998, with permission from Elsevier Ltd.) The quantities �xy and �xz are
Poisson’s ratios, see Eq. (3.21).

non-penetrable
(actual) short fiber

penetrable shell
(tunneling effect)

L

dc

D

Fig. 6.18 The simulation of non-penetrable model (D¼ actual fiber
diameter, dc¼ tunneling distance) (Taya et al., 1998, with permission from
Elsevier Ltd).
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L0
x ¼ Lxð1þ�eÞ; L0

y ¼ Lyð1� �xy�eÞ; L0
z ¼ Lzð1� �xz�eÞ (6:44a)

x0i ¼ xið1þ�eÞ; y0i ¼ yið1� �xy�eÞ; z0i ¼ zið1� �xz�eÞ (6:44b)

where the prime indicates the current variables after straining by�e, and �ij is

Poisson’s ratio of a composite, defined as jej/eij. The length components in

Cartesian coordinates of the ith fiber before uniaxial straining are expressed as

uxi ¼ u sin’i cos �i; uyi ¼ u sin’i sin �i; uzi ¼ u cos’i; (6:45a)

and after straining as

u0xi ¼ u0sin’0
i cos �

0
i; u0yi ¼ u0sin’0

i sin �
0
i; u0zi ¼ u0cos’0

i; (6:45b)

where u (u0) is the length of fiber before (after) straining. Applying an affine

transformation with Eqs. (6.44a), (6.44b), (6.45a) and (6.45b), the following

relationships are obtained:

1þ�e ¼ u0sin’0
i cos �

0
i

u sin’i cos �i
; 1þ ey ¼

u0sin’0
i sin �

0
i

u sin’isin �i
; 1þ ez ¼

u0 cos’0
i

u cos’i
: (6:46)

By using Eq. (6.45), the reorientation angles of a fiber after straining are

derived as

�0i ¼ tan�1 ð1� �xy�eÞ
ð1þ�eÞ tan �i

� �
;

’0
i ¼ tan�1 ð1� �xy�eÞ

ð1� �xz�eÞ
sin �i
sin ’0

i
tan ’

� �
: ð6:47Þ

Comparison between predictions and experimental results

It is assumed that in a 3D short-fiber composite electric current flows by a

tunneling mechanism. The overall fiber volume fraction (including tunneling

shell dc) and the actual fiber volume fraction (excluding the shell) at the

percolation threshold for a 3D random system are plotted in Fig. 6.19 as

functions of the ratio of tunneling distance to actual fiber diameter (dc/D),

where fiber length and diameter are fixed and fiber aspect ratio (L/D) is 5. The

3D fiber orientation is simulated as a completely random distribution. It is

concluded from Fig. 6.19 that, as the ratio dc/D decreases, the threshold

volume fraction of fibers increases.

When dc/D approaches zero, these two curves should converge to a single

value. Thus, the dc/D ratio in a non-penetrable model is an important
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parameter affecting the threshold volume fraction and the electrical conduct-

ivity. The tunneling distance is a characteristic of the electrical properties of the

polymer matrix. However, since the electrical transport process consists of

several different mechanisms, determination of the tunneling distance in a

given system is difficult. Thus the tunneling distance will be approximated by

matching the experimental value of threshold volume fraction f � to the pre-

dictions by the present model.

Next, the change in the microstructure of a short-fiber/elastomer composite

under straining is examined. Figure 6.20 illustrates the orientation distribution

of in-plane fiber angle � where (a) and (b) denote, respectively, the initial

orientation of a 3D randomly isotropic composite with L/D¼ 55 before

straining and the reorientation after the final strain of 0.5 is reached. The

reason for using L/D¼ 55 is to compare the predictions with the experimental

data where L/D¼ 55 was used (Narita, 1990). The final strain of 0.5 is reached

by incremental strains �e of 0.05. It is found in Fig. 6.20 that the initially

uniform distribution is changed to a non-uniform distribution, becoming

narrower as straining increases. For out-of-plane angle ’, although it is not

shown here, similar trends of fiber reorientation distribution are observed. It is

also found that the change in volume fraction f of the fibers is negligibly small

since the matrix is an elastomer (Poisson’s ratio �� 0.5).

On the basis of the analytical formulation, the computational process of

the piezoresistive behavior is illustrated in Fig. 6.21. The initial input data,
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Fig. 6.19 The threshold volume fractions of actual and overall fibers as
functions of the ratio of tunneling distance dc to actual fiber diameterD (Taya
et al., 1998, with permission from Elsevier Ltd.)
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including a seed number, fiber length L and diameterD, fiber orientations �, ’,

limit angles 	, �, and tunneling distance dc are assigned and, for a given

microstructure of a composite system, the threshold volume fraction f � of fibers

is computed by applying the fiber percolation model. Then, an incremental

strain along the x-axis is applied and the new microstructure of the composite

with relocation and reorientation of the conductive fibers is established by

applying the fiber reorientation model. The microstructure is examined to see

if it forms a percolation network, and a new threshold fiber volume fraction is

then computed. Finally, the effective electrical conductivity is calculated for the

composite with the changed microstructure by using Eqs. (6.39) and (6.43).

The numerical results of the present model are compared with the previous

experimental data for a Ni-coated graphite fiber/natural rubber composite
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Fig. 6.20 The reorientation of fibers under straining of an isotropic
composite (L/D¼ 55, total number of fibers¼ 25,000: (a) before straining
(e¼ 0); and (b) after straining (e¼ 0.5). (Taya et al., 1998, with permission
from Elsevier Ltd.)
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with fiber volume fraction f of 0.05 and average fiber aspect ratio L/D of 55,

i.e., L¼ 426 mm and D¼ 7.8 mm (Narita, 1990). The specimen dimensions are

1� 1� 1mm3. It is assumed that the distribution p(�, ’) of the fiber orienta-

tions of the composite is initially (e¼ 0) uniform with an in-plane limit angle

	¼ 308 and an out-of-plane limit angle �¼ 308, and the fiber length is a

normal (Gaussian) distribution with standard deviation (STD) 0.1. The ratio

of tunneling distance to fiber diameter (dc/D¼ 0.05) was approximately deter-

mined by matching the threshold volume fraction f � predicted by the present

model with the experimental value of 0.035. The predicted effective electrical

Initial input data (seed #, L, D, θ, ϕ,
α, β, dc)

Compute initial threshold volume
fraction f ∗ by fiber percolation model

Apply incremental strain ∆e

Compute new location and orientation
of fibers by fiber reorientation model 

Compute new threshold volume fraction under given
strain

Compute the electrical
conductivity of a composite:

σc = σf 
( f–f  

∗)t for f  > f 
∗

Fig. 6.21 The computational procedure for the modified 3D-FPM model
(Taya et al., 1998, with permission from Elsevier Ltd).
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conductivity �e (triangles) along the x-axis (see Fig. 6.17) is plotted as a

function of applied uniaxial strain e in Fig. 6.22, where the experimental

data are also shown as circles. Figure 6.22 also illustrates the change in the

threshold volume fraction (squares) under the applied strain. The threshold

fiber volume fraction is seen to increase with applied strain. This explains that

the initially percolated fiber network degenerates by separation of the pre-

viously existing contacts between fibers due to reorientation of the conductive

fibers. This result also supported by the fact that the fiber orientation distribu-

tion becomes narrower (more aligned toward the x-direction) due to straining

in the x-axis (see Fig. 6.20) and the narrower distribution gives rise to a higher

threshold volume fraction of conductive fiber (Taya and Ueda, 1987). The

effective electrical conductivity of the composite is calculated using Eq. (6.39)

with an experimentally obtained conductivity exponent t of 2.0 (Narita, 1990),

which is known as a universal value for a 3D system (Stauffer, 1985), and f �

is computed by the fiber percolation model, where the conductivities of coated

fiber and matrix are 4.89� 103 S/cm and 1.0� 10�15 S/cm, respectively, and

the Poisson’s ratio of the composite is 0.5. Figure 6.22 clearly demonstrates

a piezoresistive behavior of the composite where the composite becomes

less conductive as the applied strain increases and is predicted to become

non-conductive at and beyond a critical strain of 0.2, exhibiting a switching
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Fig. 6.22 Electrical conductivity of a composite and threshold volume
fraction of conductive fibers as a function of applied strain (Taya et al.,
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behavior. As seen in Fig. 6.22, the numerical data give a reasonably good

agreement with the experimental data.

6.6 Percolation in a particle composite

For spherical-particle composites, two types of distribution of conducting

particles in an insulating matrix can be considered: random, and segregated

distributions (Gerteisen, 1982). In the random distribution, the conducting

particles and insulating matrix grains are similar in effective size and shape,

and each may occupy any site in the packing arrangement. In contrast to the

random distribution, the segregated distribution is achieved through the

tendency of small conducting particles to adhere to the surfaces or to segregate

on grain boundaries of the much larger insulating matrix grains. With the

segregated distribution, the conducting particles are in the form of long

aggregate chains or links along boundaries between the insulating matrix

grains, limiting penetration of the small particles into the interior of the matrix

grains.

It is known that the threshold volume fraction f � of a composite with

segregated distribution is much lower than that of a composite with random

distribution (Kerner, 1956; Nielsen, 1974; Bigg, 1979;Warfel, 1980; Litman and

Fowler, 1981; Gerteisen, 1982). The threshold volume fraction can be estimated

by considering the relative particle size ratio (the radius Rm of the insulating

matrix grain to the radius Rp of the conducting particles). Gurland (1966)

showed in his experimental work that, in a composite with a random distri-

bution, the threshold volume fraction of conductor required for percolation

was 35–37% (Rm/Rp � 2), whereas Kusy and Turner (1971) showed that only

6 vol.% (Rm/Rp¼ 30) was needed for a composite with segregated distribution.

There have been a few theoretical studies on the relationship between the

threshold volume fraction f � and the particle size ratio, Rm/Rp. Malliaris and

Turner (1971) proposed a theoretical model for the estimate of f � as a function

of Rm/Rp on the assumption that each non-conducting matrix grain is covered

with a monolayer of conducting particles at f �. The values of f � calculated

using this assumption were found to be 2–3 times less than those observed

experimentally, since many conducting particles would be isolated from per-

colating networks and fail to contribute to the electrical behavior of the

composite. Kusy (1977) realized that the conducting particles do not have to

completely cover the insulating grains in order to form a percolation path

through the composite. Kusy’s prediction of minimum f � is about 0.03 and it

occurs whenRm/Rp is 30 or more. Bhattacharyya and co-workers (1978, 1982)

took into account the effects of the shape as well as the size of the conducting
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particles in estimating f �, by assuming that the conducting particles are in the

form of rectangular parallelepipeds. The previous models proposed simple

relations between f � and Rm/Rp which do not require numerical computation

but assumed parameters and the critical number of conducting particles

necessary to cover the surface of each matrix grain. The critical number of

conducting particles is obtained from a percolation theory for a given lattice

structure.

Kim et al. (1998b) studied the electrical resistivity of semi-conductive SiC

particles/insulative Si3N4 matrix composites. They used a simple geometrical

model based on a two-dimensional honeycomb surface to predict f � and then

used a combined effective medium theory and percolation theory (called a

generalized effective medium (GEM) model) to predict accurately the relation

between resistivity and volume fraction of conducting particles. In the follow-

ing subsections, we will review the experimental data and models applied to

this system.

Experiment

SiCpowders of 0.03mmdiameter used as starting powdersweremixedwith Si3N4

powders in an ethanol solution for 72 h to form green composite solids, which

were subsequently hot pressed at 1850 8C under 20 MPa in N2 for 1 h. The hot-

pressed SiC/Si3N4 composite plate was cut into specimens of 3� 4� 40mm3.

Four different fractions of SiC were prepared: 5, 10, 20, and 30wt%.

As-processed composite specimens were etched using an electron cyclotron

resonance plasma for scanning electron microscopy (SEM) observations.

Examples of their microstructures are shown in Fig. 6.23. The large elongated

gray islands are Si3N4 grains, white lines are boundary layers, and the small

black areas are those occupied by SiC particles but removed during the etching

process. The distribution of SiC particles segregated around Si3N4 grain

(a) (b) (c)

1µm

Fig. 6.23 Scanning electron micrograph of SiC particles/Si3N4 matrix
composites: (a) 10, (b) 20, and (c) 30 wt% SiC. (Kim et al., 1998b, with
permission from American Inst. Phys.)
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boundaries is shown in Fig. 6.24 as dark dots using energy dispersive analysis of

x-rays (EDAX) in the SEM. In both Figs. 6.23 and 6.24, (a), (b), and (c) denote

the cases for 10, 20, and 30 wt% SiC, respectively. The average size of SiC

particles was measured as 0.1mm, larger than 0.03mm, the average starting size

of SiC particles before processing. This is due to growth of SiC particles during

the hot processing. The average starting size of the Si3N4 particles (	-phase

Si3N4) was 0.2mm, which became larger during processing in terms of �-phase

Si3N4 grains. It was found from SEM and EDAX analyses that the majority of

the SiC particles are segregated along the Si3N4 grain boundaries surrounding

many Si3N4 grains and they tend to form clustered networks as the SiC content

increases (Yamada and Kamiya, 1995). The electrical resistivities of monolithic

Si3N4 and SiC/Si3N4 composite specimens made by the same processing route

were measured using two-and four-point probe methods, the results of which

are summarized in Table 6.3.

2D Percolation model

The model used by Kim et al. (1998b) is a 2D bond percolation model with the

Monte Carlo method. Although this 2D model is not well suited to actual 3D

materials, the microstructure observed by SEM and EDAX analyses (see

Figs 6.23 and 6.24) is only a two-dimensional representation, so use of the

2D model is considered reasonable. The model provides the trends of percola-

tion threshold volume fraction f � with respect to the size ratio (Rm/Rp) of

matrix grain to particle. The three-dimensional structure is first approximated

to a honeycomb of insulating matrix grains surrounded by small spherical

conducting particles. In the 2D model, the grains are represented by hexagons

and the particles by circles, Fig. 6.25. Each of the six sides of the insulating

hexagonal grain is considered as a bond, which consists of the small conduct-

ing particles. Figure 6.25(a) illustrates the bond percolation model. The thick,

solid lines are the established (electrically connected) bonds while thin lines are

unconnected ones. It is assumed in Fig. 6.25(b) that an (electrically conduct-

ing) bond of length L consists of n conductive particles and the size ratio of the

insulating matrix grain to the conducting particle is approximated by the

apparent radius ratio Rm/Rp, since the structure of the matrix grain is not a

Table 6.3 Measured electrical resistivity of monolithic Si3N4 (0 wt% SiC) and

SiC/Si3N4 composite (Kim et al., 1998b, with permission fromAmer. Inst. Phys.).

SiC content (wt%) 0 5 10 20 30 100

SiC content (vol. %) 0 5.32 10.61 21.08 31.41 100
Electrical resistivity (W-cm) 4.2� 108 4.3� 107 4.1� 106 1.2� 103 2.8� 101 1.0� 10�2
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circle but a hexagon. Assuming that all conducting particles occupy one side of

the hexagonal structure, the radius of particle (Rp) is then equal to L/2n, hence

the approximate particle size ratio Rm/Rp is described as

Rm

Rp
¼

ffiffiffi
3

p
n� 1: (6:48)

It is shown in Fig. 6.25(b) that there are overlaping portions of particles

between bonds at the vertices of the hexagon, which are neglected, since they

have little influence on the volume fraction of the particles when Rm�Rp,

which is the case with a segregated composite.

In a Monte Carlo simulation, conducting particles are generated along the

boundaries of the hexagonal structure using a pseudo-random number gen-

erator built in a computer. A bond is established when it is occupied by n

(a) (b) (c)

1µm

Fig. 6.24 EDAX mapping of SiC phase of SiC particles/Si3N4 matrix
composites: (a) 10, (b) 20, and (c) 30 wt% SiC. (Kim et al., 1998b, with
permission from Amer. Inst. Phys.)

a bond made by
n conductive fillers

L
2Rp Rm

connected
unconnected

(a)

occupied
empty

insulator (matrix)

(b)

Fig. 6.25 Modified two-dimensional bond percolation model: (a) hexagonal
structure, and (b) a unit of hexagonal structure. (Kim et al., 1998b, with
permission from Amer. Inst. Phys.)
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particles and it is not allowed to generate more particles on this established

bond. After the generation of all particles, the locations and total number of

established bonds are known. If two bonds were found to be connected, they

are assigned a cluster identification number (CIDN). All bonds within the

same cluster have the same CIDN. The CIDN is updated as each pair of bonds

is being checked so that if a bond in a cluster is found to contact a new bond,

which belongs to a different cluster, two clusters will be assigned the same

CIDN (the smaller one of two CIDNs). If bonds in the same cluster intersect a

pair of opposite boundaries of the system along a given axis, a percolating

cluster is said to be established along the axis, and the number of the particles

in the percolating cluster is recorded.

The volume fraction f of conductor particles is calculated by using a filling

factor F dependent on the lattice structure, and the probability p of particles

occupying the grain boundaries, which is the ratio of the number of particles

present in electrically connected bonds (percolating clusters) to the total

number of particles which would occupy every boundary in the computed

system, and is described as

f ¼ Fp: (6:49)

The filling factor of a 2D hexagonal structure, as shown in Fig. 6.26, can be

computed as follows. The areaAp occupied by particles is equal to the number of

particles times the area of a particle inside the hexagonal unit, and is given by

Ap ¼ ðNbnÞ �
pR2

p

2
¼ 3pL2

4n
(6:50)

whereNb is the number of bonds in the unit (for a hexagonal unit,Nb¼ 6) and

the radius Rp of a particle is equal to L/2n. Since the total area At of the

hexagonal unit is 3L2cos 308, the filling factor F (¼Ap/At) is given by

L2L

Fig. 6.26 Unit of hexagonal structure. (Kim et al., 1998b, with permission
from Amer. Inst. Phys.)
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F ¼ 0:9069

n
: (6:51)

As shown in Eq. (6.51), the filling factor is inversely proportional to the

number n of particles in a bond. A substitution of Eq. (6.51) into Eq. (6.49)

yields the threshold volume (area) fraction f � of conductor particles:

f � ¼ 0:9096

n

N�
p

Npt
; (6:52)

where N �
p and Npt are the numbers of particles present when percolation

occurs and the total number of particles which can occupy all the grain

boundaries of the hexagonal structure, respectively. N �
p is computed from

theMonte Carlo simulation. Thus, the prediction of f � as a function of particle

size ratio, Rm/Rp, can be obtained from Eqs. (6.48) and (6.52).

By setting the effect of each distributed sphere on the potential outside of the

spherical composite boundary equal to that obtained for the case of a compo-

site with a single sphere, the effective resistivity 
c of a particle composite is

obtained as


c ¼
2
p þ 
m þ fð
p � 
mÞ
2
p þ 
m � 2fð
p � 
mÞ


m; (6:53)

where 
m and 
p are the resistivities of matrix and spherical particle, respec-

tively, and f is the volume fraction of spherical particles.

The percolation theory applies only to near the conductor–insulator trans-

ition region when the ratio of the conductivities of conductor and insulator is

extremely high, i.e., �m/�p � 0, whereas the existing effective medium theories

are applicable to the entire range of conductor volume fraction only when the

conductivity ratio is moderate. In view of these problems within the frame-

work of both percolation and effectivemedium theories, a generalized effective

medium (GEM) equationwas proposed byMcLachlan et al. (1990). TheGEM

equation, which combines aspects of both percolation and Bruggeman’s sym-

metric effective medium model, Eq. (6.19), can predict the effective electrical

conductivity for a whole range of conductor volume fraction, including the

conductor–insulator transition region around percolation threshold, and is

expressed as

ð1� f Þ �
1=t
m � �

1=t
c

�
1=t
m þ A�

1=t
c

þ f
�
1=t
p � �

1=t
c

�
1=t
p þ A�

1=t
c

¼ 0; (6:54)
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where the constant A is described by

A ¼ 1� f �

f �
¼ 1� Lm

Lp
; (6:55)

where Lm and Lp are the demagnetizing factors of matrix and particle, respec-

tively, as discussed in Subsection 1.2.3, and are the same as the Eshelby tensor.

For the limiting cases, the GEM equation is reduced to the percolation

equations when �m/�p� 0 or the resistivity ratio of particle to matrix


p/
m� 0. Whenever �m/�p� 0 (�m
�p), the GEM equation is reduced to

�c¼�p [( f� f �)/(1� f �)]t which is valid for f> f �, and conversely, whenever


p/
m� 0 (
m�
p), the equation is reduced to �c¼�m[( f
� � f )/f �]�t, valid for

f < f �. Both of these equations have the mathematical form of percolation

equations. The GEM equation is also reduced to Bruggeman’s symmetric

effective medium equation when t¼ 1 and f � ¼Lm¼Lp¼ 1/3.

It is known (Gurland, 1966; Kusy and Turner, 1971; Malliaris and Turner,

1971) that the size ratio of matrix grain to filler particle significantly affects the

electrical resistivity of a composite. This could be demonstrated through the

distribution pattern of the conducting particles in the insulating matrix grains.

At higher values of the size ratio Rm/Rp, the distribution is largely segregated,

thereby forming percolating networks at a very low volume fraction of parti-

cles. Figure 6.27 illustrates the correlation between the threshold conductor

volume fraction f � and the particle size ratioRm/Rp, by applying the Kim et al.

model, see Eqs. (6.48) and (6.52). The dramatic reduction of f � due to an

increase of Rm/Rp is clearly observed in Fig. 6.27.

From the experimental observation of the microstructure in SiC/Si3N4 com-

posites (see Fig. 6.24), the size ratio of the insulating grain to the conducting

particle was determined as Rm/Rp¼ 10, and the threshold volume fraction

of particles was then computed as f � ¼ 0.13 by applying the 2D model (see

Fig. 6.27). The value of the conductivity exponent t was obtained from the

slope of the log 
c vs. log( f�f �) plot, using the experimental data (see Table

6.3). A rather high value of critical exponent (t¼ 4.57 ), compared with the

universal value t¼ 2.0 (in three dimensions), was obtained. This high value of t

has been experimentally observed in a composite with segregated distribution,

yielding the range of t¼ 3–7 (Pike, 1978). The electrical resistivity of the compo-

site was then estimated by applying several theories: the Eshelby model

(Eq. (4.93)); Bruggeman’s symmetric model (Eq. (6.19)); percolation theory

(Formula (6.23)); and the GEM approach (Eq. (6.54)), respectively. The depen-

dence of the electrical resistivity on the volume fraction of conducting particles is

plotted in Fig. 6.28, with error bars attached to experimental data. As shown in
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Fig. 6.28, both the Eshelby model and Bruggeman’s symmetric model fail to

explain the experimental results of the composite system, while a percolation

equation gives slightly better predictions beyond the threshold region than the

GEMequation. For the entire range of f, however, theGEMequation gives good

agreement with the experimental results.

2D hexagonal structure

Size ratio of insulating matrix grain
to conducting particle, Rm / Rp
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Fig. 6.27 Predicted f � vs. Rm/Rp relation by percolation model (Kim et al.,
1998b, with permission from Amer. Inst. Phys.).
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Fig. 6.28 Comparison of the predictions based on various models with the
experiment in terms of composite electrical resistivity and volume fraction of
conducting particles (Kim et al., 1998b,with permission fromAmer. Inst. Phys.).
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7

Lamination model

Laminated composites have been used extensively as printed circuit board

(PCB) material in electronic packaging. Determination of the macroscopic

properties of a PCB made of a laminated composite is a key step in designing

a new PCB or selecting a PCB tailored for a specific packaging application.

A laminated composite PCB consists of a number of laminae where each

lamina itself is a composite made of discontinuous filler or continuous filler

(straight fibers or woven fabrics). A lamination model is used to predict the

overall properties of a laminated composite for a given set of properties of the

laminae. It is assumed that the properties of each lamina are already obtained

by experiment or predicted by a composite model such as the Eshelby model.

Here, we apply the classical lamination theory only when a thin plate com-

posed of laminae is subjected to thermomechanical loading and/or an electric

field with the aim of finding the deflection of the plate and stress field within

the laminae. The case of thermomechanical loading is important for the

analysis of PCBs while that of an electric field relates to a piezoelectric

laminated plate. Similarly, the behavior of electromagnetic waves in laminated

composites provides key quantitative information in designing switchable

windows for radomes and surface plasmon resonance sensors. In the follow-

ing, we shall discuss first the classical lamination theory focusing on (i)

mechanical behavior under hygro-thermomechanical loading, then extend it

to (ii) the problem of a piezoelectric laminated composite subjected to an

electric field, followed by (iii) stress analysis in a thin-coating–substrate

system, and (iv) electromagnetic wave propagation in a layered medium.

7.1 Classical lamination theory under hygro-thermomechanical loading

Classical lamination theory has been introduced in a number of textbooks on

composites (see, for example, Christensen, 1979, and Gibson, 1994). Consider
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a laminate of total thickness h, consisting of n laminae lying in the x–y plane

and perpendicular to the z-axis, Fig. 7.1, where the x–y plane is located at the

mid-plane and the z-coordinates of the bottom and top surfaces of the ith

lamina are defined by hi and hiþ1 (i=1, 2, . . . , n), respectively. Assume that

each lamina is an orthotropic elastic material and the entire laminate is

subjected to a uniform temperature change �T and relative moisture change

m. The in-plane stress–strain relation is given by

e11
e22
2e12

8<:
9=; ¼

S11 S12 0
S21 S22 0
0 0 S66

24 35 �11

�22

�12

8<:
9=;þ

�11

�22

0

8<:
9=;�Tþ

�11

�22

0

8<:
9=;m; (7:1a)

�11
�22

�12

8<:
9=; ¼

C11 C12 0
C21 C22 0
0 0 C66

24 35 e11
e22
2e12

8<:
9=;�

�11

�22

0

8<:
9=;�T�

�11

�22

0

8<:
9=;m

24 35 (7:1b)

where Sij is the elastic compliance tensor, whose explicit expression for an

orthotropic material is given by Eq. (3.20), Cij is the elastic stiffness tensor, �i

is the coefficient of thermal expansion (CTE), �i is the coefficient of hygroscopic

expansion (CHE) and m is defined by the ratio (mass of moisture in a unit

volume)/(mass of dry material in a unit volume) (Gibson, 1994). It is assumed in

the classical lamination theory that the out-of-plane stress components (�33, �31,

and �32) are zero, i.e., a plane stress condition applies, so that Cij is replaced by

C11 ¼ C11 �
C2

13

C33
;

C12 ¼ C21 ¼ C12 �
C23C13

C33
;

C22 ¼ C22 �
C2

23

C33
:

9>>>>>>>=>>>>>>>;
(7:2)

x

1
y2 z

y

x
h/2
h/2

hi

hi + 1

ith lamina 

θi 

Fig 7.1 A laminated composite subjected to uniform temperature change�T
and relative moisture change m.
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Similarly, the elastic compliance Sij needs to be redefined by

S11 ¼
1

E1
; S22 ¼

1

E2
;

S12 ¼ S21 ¼ � �21
E2

¼ � �12
E1

;

S66 ¼
1

G12
;

9>>>>>>=>>>>>>;
(7:3)

where �ij is Poisson’s ratio, and Eij, Gij are Young’s and the shear modulus,

respectively, see Subsection 3.2.1.

Please note that the local coordinates associated with the ith lamina are

1- and 2-axes in the x–y plane and the 3-axis coincides with the z-axis, see Fig.

7.1. Thus, the transformation matrix in transforming the x–y components in

the local coordinates is defined by

T½ � ¼
cos2�i sin2�i 2 cos �i sin �i
sin2�i cos2�i � 2 cos �i sin �i
� sin2�i cos �i cos2�i cos2 �i

24 35 (7:4)

where �i is defined as the angle between the x-axis and the 1-axis, Fig. 7.1.

Note that the stress and strain tensors in the local (1-, 2-axes) and global

(x-, y-axes) coordinates are related through the transformation matrix T (do

not confuse this T with temperature change �T )

�11
�22
�12

8<:
9=; ¼ T½ �

�x

�y

�xy

8<:
9=;; (7:5)

e11
e22
e12

8<:
9=; ¼ T½ �

ex
ey
exy

8<:
9=;: (7:6)

.

Substituting Eqs. (7.5) and (7.6) into Eqs. (7.1) one can obtain the in-plane

constitutive equation for the ith lamina in the global coordinates:

ex
ey
2exy

8<:
9=; ¼

�S11
�S12

�S16
�S21

�S22
�S26

�S16
�S26

�S66

24 35
i

�x
�y

�xy

8<:
9=;þ

�x

�y

�xy

8<:
9=;

i

�Tþ
�x

�y

�xy

8<:
9=;m; (7:7)
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where

�S11
�S12

�S16

�S21
�S22

�S26

�S16
�S26

�S66

264
375 ¼ T½ ��1

S11 S12 0

S21 S22 0

0 0 S66

264
375 T½ �;

�x

�y

�xy

8><>:
9>=>; ¼ T½ ��1

�1

�2

0

8><>:
9>=>;;

�x

�y

�xy

8><>:
9>=>; ¼ T½ ��1

�1

�2

0

8><>:
9>=>;:

(7:8)

Eq. (7.7) can be converted to the stress–strain relation in global coordinates

�x

�y

�xy

8<:
9=; ¼

�Q11
�Q12

�Q16
�Q21

�Q22
�Q26

�Q16
�Q26

�Q66

24 35
i

ex
ey
2exy

8<:
9=;�

��x

��y

��xy

8<:
9=;

i

�T�
��x
��y
��xy

8<:
9=;

i

m; (7:9)

where the �Qij matrix is the inverse of the �Sij matrix, and ��i and ��i are products

of �Qij with �i and �i, respectively.

Assuming that the Kirchhoff deformation hypothesis is valid, i.e., the plane

perpendicular to the mid-plane remains normal during deformation, the dis-

placement fields u,v, and w along the x-, y-, and z-axes are given by

u ¼ u0 x; yð Þ � z
@w

@x
;

v ¼ v 0 x; yð Þ � z
@w

@y
;

w¼ w0 x; yð Þ ¼ w x; yð Þ:

9>>>>>=>>>>>;
(7:10)

The two-dimensional strain components ex; ey; and 2exy ¼ �xy
� �

are

obtained from Eq. (7.10) as

ex ¼
@u

@x
¼ e0x þ z�x;

ey ¼
@v

@y
¼ e0y þ z�y;

�xy ¼ 2exy ¼
@u

@y
þ @v

@x
¼ �0x þ 2z�xy;

9>>>>>>=>>>>>>;
(7:11)
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where �x; �y, and �xy are the curvatures defined by

�x ¼ � @2w

@x2
;

�y ¼ � @2w

@y2
;

�xy¼ � @2w

@x@y
:

9>>>>>>>=>>>>>>>;
(7:12)

In Eqs. (7.10) and (7.11), the superscript 0 denotes the field variables (dis-

placements and strains) at the mid-plane, z¼ 0. With Eq. (7.11), Eq. (7.9) can

be rewritten as

�x

�y
�xy

8<:
9=; ¼

�Q11
�Q12 0bQ21
�Q22 0

0 0 �Q66

24 35
i

e0x þ z�x

e0y þ z�y

�0xy þ 2z�xy

8<:
9=;�

��x

��y

��xy

8<:
9=;

i

�T�
��x
��y
��xy

8<:
9=;

i

m:

(7:13)

The resultant in-plane forces Nx;Ny, and Nxy are obtained from

Nx

Ny

Nxy

8<:
9=; ¼

Xn
i¼1

Zhiþ1

hi

�x
�y

�yx

8<:
9=;dz: (7:14)

Similarly, the resultant bending moments Mx;My, and Mxy are obtained

from

Mx

My

Mxy

8<:
9=; ¼

Xn
i¼1

Zhiþ1

hi

�x
�y

�yx

8<:
9=;zdz: (7:15)

Carrying out the integration with respect to z, Eq. (7.14) is reduced to

N½ � ¼ A½ � e0
� �

þ B½ � kf g � N½ �T� N½ �m; (7:16)
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where

A½ � ¼
Xn
i¼1

�Q11
�Q12

�Q16

�Q21
�Q22

�Q26

�Q16
�Q26

�Q66

264
375
i

hiþ1 � hið Þ;

B½ � ¼ 1
2

Xn
i¼1

�Q11
�Q12

�Q16

�Q21
�Q22

�Q26

�Q16
�Q26

�Q66

264
375
i

h2iþ1 � h2i
� �

;

N½ �T ¼
Xn
i¼1

��x

��y

��xy

264
375
i

hiþ1 � hið Þ�T;

N½ �m ¼
Xn
i¼1

��x

��y
��xy

264
375
i

hiþ1 � hið Þm:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(7:17)

Similarly, Eq. (7.15) is reduced to

M½ � ¼ B½ � e0
� �

þ D½ � kf g � M½ �T� M½ �m; (7:18)

where

D½ � ¼ 1
3

Xn
i¼1

�Q11
�Q12

�Q16

�Q21
�Q22

�Q26

�Q16
�Q26

�Q66

264
375
i

h3iþ1 � h3i
� �

;

M½ �T ¼ 1
2

Xn
i¼1

��x

��y

��xy

264
375
i

h2iþ1 � h2i
� �

�T;

M½ �m ¼ 1
2

Xn
i¼1

��x

��y
��xy

264
375
i

h2iþ1 � h2i
� �

m:

9>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>;

(7:19)
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Combining Eqs. (7.16) and (7.19), we obtain

N

M

� �
¼ A B

B D

� �
e0

k

� �
� NT

MT

� �
� Nm

Mm

� �
: (7:20)

For a given set of loading,N,M, NT,MT,Nm,Mm, and material data (A, B,

and D), one can solve for e0and k. The strain and stress field in the ith lamina

can be computed from Eqs. (7.11) and (7.13), respectively.

7.2 Lamination theory applied to piezoelectric laminates

A piezoelectric material exhibits coupling between its mechanical and elec-

trical behavior and is a key actuator and sensormaterial. Piezoelectric plates of

monomorph and bimorph types have been used extensively for bending

actuators. A monomorph actuator, Fig. 7.2(a), is composed of one piezo-

electric plate and one non-piezoelectric plate, while a bimorph actuator, Fig.

7.2(b), is made of two identical piezoelectric plates with the electric polarities

of the two piezoelectric plates being of opposite signs. Figure 7.2(c) shows the

design of a one-sided (rainbow-type) laminated composite actuator with a

functionally graded microstructure (FGM) where the electroelastic properties

are graded smoothly through the thickness. Recently, bimorph actuators have

been modified in such a way that the top and bottom (oppositely charged)

piezoelectric plates are composed of multi-layers where the electroelastic

properties are graded smoothly through the plate thickness, Fig. 7.2(d). This

modified bimorph is known as a ‘‘functionally graded microstructure (FGM)

bimorph’’ (Almajid et al., 2001; Almajid and Taya, 2001; Taya et al., 2003a).

The FGM bimorph actuator represents the most general design of piezoelectric

bending actuator. A piezoelectric laminate consists of n laminae, each lamina

being a piezoelectric material with specified electroelastic properties. The consti-

tutive equations of a linear piezoelectricmaterial are given by Eqs. (3.217)–(3.220)

where the term related to pyroelectric coupling is also included. The in-plane

constitutive equations of a piezoelectric material of crystallographic class 6mm

piezo piezo
piezonon-piezo

+V

+V

(a) (b) (c) (d)

Fig. 7.2 Different types of piezoactuators: (a) monomorph, (b) bimorph,
(c) one-sided FGM, and (d) FGM bimorph (see also Fig. 7.5).
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under an applied electric field and a uniform temperature, and also the

assumption of plane stress, can be obtained from Eqs. (7.1) as

�x

�y

�xy

8><>:
9>=>;

i

¼
�Q11

�Q12 0
�Q21

�Q22 0
0 0 �Q66

24 35
i

e0x þ z�x � �11�T
e0y þ z�y � �11�T

�0xy þ z�xy

8<:
9=;

�
0 0 �e31
0 0 �e32
0 0 0

24 35
i

0
0
Ez

8<:
9=;

i

; (7:21)

where

�Qij ¼ Cij �
Ci3

C33
Cj3;

�eij ¼ Ci3

C33
e33 � eij: (7:22)

It is to be noted here that �Qij are the reduced stiffness constants and �eij the

reduced piezoelectric constants that are modified by the assumption of plane

stress, e0x, e
0
y, and e0xy are the in-plane strain components at mid-plane (z¼ 0),

as shown in Fig. 7.1, and �x, �y, and �xy are the curvatures of the plate.

Each piezoelectric lamina is considered a capacitor whose electric field

corresponds to its dielectric constant. The electric field in each layer of a

multi-layer FGM piezoelectric can be obtained by considering the layers as a

series of capacitors. The relationship between the electric capacitance and the

voltage is given as

Ct ¼
Q

Vt
; (7:23)

where Ct is the total capacitance, Q is the charge, and Vt is the total voltage.

The total capacitance in a series of capacitances is found from

1

Ct
¼

Xn
i¼1

1

Ci
¼

Xn
i¼1

ti
"iA

; (7:24)

where ti and "i are the thickness and the dielectric constant for each lamina,

and A is surface area. The electric capacitance in each layer will then be

Ci ¼
Q

Vi
¼ "iA

ti
: (7:25)
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Substituting Eqs. (7.23) and (7.24) into Eq. (7.25) results in

Vi ¼ Q
ti
A"i

¼ Vt
ti

"i
Pn
l¼1

tl
"l

: (7:26)

The electric field in each layer is

Ei ¼
Vi

ti
¼ Vt

1

"i
Pn
l¼1

hlþ1�hl
"l

(7:27)

where the thickness tl of the lth lamina is given by hl+1�hl , see Fig. 7.1.

In-plane stress resultants (Nx,Ny,Nxy) and stress couples (Mx,My,Mxy) are

defined by

N;Mf g ¼
Xn
i¼1

Zhiþ1

hi

sf g dz; zdzf g: (7:28)

Substituting Eq. (7.21) into Eq. (7.28), we obtain

N

M

� �
¼ A B

B D

� �
e0

k

� �
� NE

ME

� �
; (7:29)

where

A;B;D½ � ¼
Xn
i¼1

Zhiþ1

hi

�Q
	 


i
dz; zdz; z2dz
	 


; (7:30)

N;M½ �E¼
Xn
i¼1

Zhiþ1

hi

�e½ �i Ef gi dz; zdz½ �: (7:31)

In the above derivation, we assumed that the piezoelectric laminated plate is

subjected to constant temperature and constant electric field. Under a constant

applied electric field (Ex¼Ey¼ 0, Ez 6¼ 0) and constant temperature (�T¼ 0)

in the absence of applied mechanical loading of the plate, we obtain from

Eq. (7.29) the strain of the mid-plane and the curvature of the plate as

e0

k

� �
¼ a b

b d

� �
NE

ME

� �
; (7:32)
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where

a b
b d

� �
¼ A B

B D

� ��1

: (7:33)

7.3 Accurate model for cylindrical bending of piezoelectric laminate composites

The lamination model discussed in Section 7.2 is called the ‘‘classical lamin-

ation theory’’ (CLT). It assumes plane stress along the z-direction. The CLT

cannot provide the interlaminar shear stress �xz¼ �zxwhich is considered to be

large near the free surface at the interfaces of the laminae, and hence is

responsible for debonding of the interfaces of a laminated composite. To

solve for �xz properly, we must use the correct plate theory based on 2D

elasticity. Pagano (1969) formulated such a 2D elasticity model for a laminate

plate by assuming plane strain along the y-direction. Almajid and Taya (2001)

used the method of Pagano and applied it to a laminate plate composed of N

layers of graded piezoelastic properties.

Consider a multi-layer laminate plate, with each layer an orthotropic piezo-

electric material. The plate undergoes cylindrical bending generated by a

constant electric field applied in the z-direction (Lagoudas and Zhonghe,

1994). The elasticity plate model assumes a state of ‘‘plane strain’’ along the

y-axis, where ey ¼ exy ¼ eyz ¼ 0, Fig. 7.1. The laminate is simply supported at

both ends, x¼ 0 and x¼ l. The constitutive equations of a piezoelectric

material in the absence of temperature are given by (Ikeda, 1990)

eij ¼ Sijkl�kl þ dmijEm;

�ij ¼ Cijkl"kl � emijEm;
(7:34)

where �ij; eij are the stress and the strain tensor component, Em is the electric

field vector component, Sijkl and Cijkl are the elastic compliance and stiffness

tensors, and emij and dmij are the piezoelectric coefficients. The reduced con-

stitutive equations of a crystallographic class 6mm symmetric type piezoelec-

tric material for the case of plane strain are given as

ex
ez
2xz

8<:
9=; ¼

R11 R13 0
R13 R33 0
0 0 R55

24 35 �x

�z
�xz

8<:
9=;þ

0 0 �d31
0 0 �d33
�d15 0 0

24 35 Ex

Ey

Ez

8<:
9=;; (7:35)

where Rij and �dij are the reduced compliance and piezoelectric coefficients,

respectively. They are defined by
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Rij ¼ Sij �
Si3

S33
Sj3;

�dij ¼ dij �
Si3

S33
d3j;

(7:36)

where Sij and dij are the compressed forms of Sijkl and dmij, see Eqs. (3.227)–

(3.230). The boundary conditions of the simply supported piezoelectric lamin-

ate are given by

�x x ¼ 0; zð Þ ¼ �x x ¼ l; zð Þ ¼ 0;

w x ¼ 0; zð Þ ¼ w x ¼ l; zð Þ ¼ 0;
(7:37)

where w is the out-of-plane displacement (along the z-axis). The prescribed

surface-traction-free conditions of the upper and lower surfaces of the lamin-

ate require

�z x;� t

2

� �
¼ �z x;

t

2

� �
¼ 0;

�xz x;� t

2

� �
¼ �xz x;

t

2

� �
¼ 0:

(7:38)

The interface continuity conditions at each layer are given by

�iz x;
ti
2

� �
¼ �iþ1

z x;
ti
2

� �
;

�ixz x;
ti
2

� �
¼ �iþ1

xz x;
ti
2

� �
;

ui x;
ti
2

� �
¼ uiþ1 x;

ti
2

� �
;

wi x;
ti
2

� �
¼ wiþ1 x;

ti
2

� �
;

9>>>>>>>>>=>>>>>>>>>;
ði ¼ 1; 2; . . .;N� 1Þ (7:39)

where ui is the displacement along the x-axis in the ith lamina, i represents the

interface ID number between the ith and the (i+1)th lamina and the topmost

and bottommost interfaces are defined as the 1st and (N�1)th interfaces,

respectively, while ti represents the thickness of the ith lamina, Fig. 7.1,

where the top layer corresponds to i¼ 1 while the bottom layer is i¼N. The

electric field is applied in the z-direction through the thickness of the laminate.

The electric field is expressed in the form of a Fourier series as

Ez ¼ E0

X1
n¼1;3;5;:::

4

np
sin 	xð Þ;

Ex ¼ Ey ¼ 0:

(7:40)
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where 	 ¼ np=l, and for higher values of n a nearly constant electric field can be

realized. Following Pagano (1969), the stress field in the ith layer is assumed to be

�i
x ¼ f 00

i zð Þ
X1
n¼1

4

np
sin

np
l
x

� �
;

�i
z ¼ �fi zð Þ

X1
n¼1

np
l

� �2 4

np
sin

np
l
x

� �
;

�i
xz ¼ �f 0

i zð Þ
X1
n¼1

np
l

� � 4

np
cos

np
l
x

� �
;

9>>>>>>>>>=>>>>>>>>>;
(7:41)

where fi (z) is an unknown function to be determined. The equilibrium equa-

tions given by

�ij; j ¼ 0 (7:42)

are automatically satisfied if Eqs. (7.41) are substituted into Eq. (7.42). The

2D strain compatibility equation is given by

2exz; xz � ez; xx � ex; zz ¼ 0: (7:43)

Substitution of Eq. (7.35) into Eq. (7.43) and use of Eqs. (7.40) and (7.41)

leads to a fourth-order ordinary differential equation,

Ri
11 f

0000
i zð Þ � 	2 2Ri

13 þ Ri
55

� �
f 00
i zð Þ þ 	4Ri

33 fi zð Þ ¼ 	2 �d33
� �i

E0: (7:44)

The solutions fi zð Þ can be expressed by

fi zð Þ ¼
X4
j¼1

Aji exp mjizi
� �

þ
�d33

� �i
E0

	2Ri
33

; (7:45)

where Aji are constant and the values of mji are given by

m1i

m2i


 �
¼ �	

ai þ bi
ci


 �1=2

;

m3i

m4i


 �
¼ �	

ai � bi
ci


 �1=2

;

9>>>>=>>>>; (7:46)

and

ai ¼ Ri
55 þ 2Ri

13;

bi ¼ a2i � 4Ri
11R

i
33

	 
1=2
;

ci ¼ 2Ri
11:

9>>=>>; (7:47)
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The stress field solutions in the ith layer can be found using Eqs. (7.41) as

�i
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X4
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Ajim
2
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� � 4
p
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p
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p
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" #
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X4
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� �

	
4

p
cos 	xð Þ;

;

9>>>>>>>>>>>=>>>>>>>>>>>;
(7:48)

while the displacement components are found from the strain–displacement

relation:

ui ¼
X1
n
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4

p
sin 	xð Þ:

9>>>>>>>>>>=>>>>>>>>>>;
(7:49)

It is to be noted that the above solutions satisfy the boundary conditions of

Eqs. (7.37) while the surface-traction-free boundary conditions of Eqs. (7.38)

and the interface continuity conditions of Eqs. (7.39) remain to be satisfied,

resulting in 4N equations for 4N unknown constants Aji:

7.4 Design of functionally graded microstructure of piezoactuators

As examples of piezoelectric laminates, we shall study two cases of piezo-

electric laminate with functionally graded microstructure (FGM) where the

electroelastic properties of the laminae are changed smoothly, as illustrated in

Fig. 7.2(c) and (d). As a comparison we shall also examine the case of a

bimorph-type piezoelectric laminate, Fig. 7.2(b).

7.4.1 Design of one-sided (rainbow-type) piezoactuators

The piezoelectric actuator with one-sided FGM (sometimes called a ‘‘rainbow’’

actuator) is illustrated in Fig. 7.2(c) where the electroelastic properties are

graded smoothly through the thickness. The advantage of such a one-sided

FGM is a reduction in the internal stress field induced by the applied electric
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field, but the bending displacement remains modest. Zhu and Meng (1995)

designed a piezoelectric bending actuator with a one-sided FGM where the

compositions are graded from high piezoelectrics mixed with low dielectrics to

low piezoelectrics with high dielectrics. Wu et al. (1996) fabricated a piezo-

electric actuator with a one-sided FGM in which the electrical resistance

through the plate thickness was achieved by using diffusional control of ZnB.

Li et al. (2003) designed a piezoelectric ceramic bending actuator with a one-

sided FGM where the grading was achieved by a smooth change in porosity

through the plate thickness. They used commercially available PZT powders and

laminated several layers in an Al2O3 mold which was cold-isostatically-pressed at

200 MPa to form a green body, then sintered in air at 1473K for one hour. The

porosity range achieved in the above processing is from 0.23 to 20.82 vol.%. The

electroelastic properties of these porous PZT layers are summarized in Table 7.1.

A scanning electron microscopy (SEM) photo of the cross-section of the

porous FGM actuator designed and fabricated by Li et al. (2003) is shown in

Fig. 7.3 where pores are seen as dark elongated islands against a gray back-

ground of the PZT phase. The bending displacement of the one-sided porous

piezoelectric actuator was measured by two strain gauges mounted on the top

(e1) and bottom (e2) surfaces of the actuator beam. Then the curvature � of the

cantilever beam is calculated from

� ¼ 1

t
1� 1þ e1

1þ e2


 �
(7:50)

where t is the thickness of the beam. Figure 7.4 shows the curvature vs. applied

voltage relation of the measured data and the prediction by the CLT model

discussed in Section 7.2, i.e., Eq. (7.32); agreement between them is good.

Table 7.1 Piezoelectric and elastic constants of PZT ceramics with different

amounts of bulk porosity (Li et al., 2003. Reprinted with permission of the

Amer. Ceram. Soc., www.ceramics.org, � 2003. All rights reserved.).

Porosity
(vol.%)

Piezoelectric coeffs.
(pC/N) Coupling

coeff.

Elastic constants
(GPa) Piezoelectric

const. (C/m2)
d31 d33 k31 C11 C12 C66 e31

0.23 �181 451 0.38 142 94.6 23.8 �5.17
4.25 �150 420 0.31 110 65.8 22 �3.49
9.47 �122 436 0.25 86.1 46.8 19.6 �0.97

14.41 �75.9 377 0.18 74.1 38.2 18 0.46
20.82 �47.2 350 0.12 58.7 27.2 15.8 1.93
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7.4.2 Design of FGM bimorph piezoactuators

The requirements of bending actuators are a large displacement and minimum

stress induced in the piezoelectric layers. In this respect, the rainbow-type

piezoactuators satisfy the second requirement, but not the first. In order to

satisfy both requirements, Taya and his co-workers (Almajid et al., 2001;
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C
ur

va
tu

re
 (

m
–1

)

0.015

0.005

0
0 100 200 300 400 500

0.035

0.025

0.03

0.02

0.01

predicted

measured

Fig. 7.4 Voltage-induced curvature of the porosity-graded PZT beam as a
function of applied voltage (Li et al., 2003. Reprinted with permission of the
Amer. Ceram. Soc., www.ceramics.org, # 2003. All rights reserved.).

Fig. 7.3 SEM micrograph of the fabricated PZT sample with a linear
porosity gradient (Li et al., 2003. Reprinted with permission of the Amer.
Ceram. Soc., www.ceramics.org, # 2003. All rights reserved.).
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Almajid and Taya, 2001; Taya et al., 2003a) designed a set of FGM-bimorph

piezoactuators (see Fig. 7.2(d)).

For the purpose of modeling the behavior, the distributions of mechanical

and piezoelectric properties are assumed to vary throughout the FGM plate

thickness in a stepwise manner as shown in Fig. 7.5 where two cases of stepwise

linear distribution are considered, type-A and type-B. For each type, six layers

of FGM are considered. The electroelastic properties of the piezoelectrics used

are shown in Table 7.2, where the piezoelectric (eij) and dielectric (") properties

of PZT-C91 are higher than those of PZT-C6 while the mechanical (Cij)

properties are comparable. The top and bottom halves of the FGM laminate

each consist of three layers. The outer and inmost layers are PZT-C91 and

PZT-C6, while the intermediate layer is a composite of these two materials.

Figure 7.5(a) (type-A) represents the case where the PZT-C6material with low

piezoelectric properties forms the outer layers of the top and bottom halves

while PZT-C91 with high piezoelectric properties forms the inmost layers.

Here the piezoelectric properties increase toward the middle. Figure 7.5(b)

(type-B) represents the opposite case, where PZT-C91 forms the outer layers of

the top and bottom halves, while PZT-C6 forms the inmost layers. Here the

piezoelectric properties decrease towards the middle.

(a) Type-A

(b) Type-B

Fig. 7.5. Electroelastic properties distribution in FGM-bimorphs (Taya et al.,
2003a, with permission from Elsevier Ltd).

Table 7.2. Electroelastic properties of PZT piezoelectric materials (Taya et al.,

2003a, with permission from Elsevier Ltd).

Elastic constants (GPa)
Piezoelectric constants

(C/m2)
Relative dielectric

constants

Material C11 C12 C13 C33 C44 e31 e33 e15 "11="0 "33
�
"0

PZT-C91 120 77 77 114 24 �17.3 21.2 20.2 2557 2664
PZT-C6 123 77 80 112 19 �7.3 17.2 14.5 1039 749

"0 ¼ 8.85�10�10C/N�m2
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The electroelastic properties of each composite lamina can be evaluated

using the Eshelby model as explained in Chapter 4. The electroelastic proper-

ties of a piezoelectric composite to represent any layer (lamina) are illustrated

in Fig. 7.6 where PZT-C91 is assumed to be the parent material while PZT-C6

is assumed to be the filler material. Based on the design requirements of the

FGM, i.e., maximum bending displacement and minimum stresses induced in

the layers, the best FGM stacking can be chosen to obtain the optimum

microstructure of an actuator. FGMbimorphs type-A and type-B are investi-

gated to develop the optimum actuator.

The electroelastic properties of each composite layer can be made to vary

from pure PZT-C6 to pure PZT-C91. The volume fraction of filler required in

a given composite layer (the ith layer) can be found from
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Fig. 7.6 (a) Elastic and (b) piezoelectric constants of piezoelectric composite.
Filler is PZT-C6; parent material is PZT-C91 (Almajid, 2002).
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Vf ¼
i� 1

n� 1


 �1=m

(7:51)

where m is the FGM volume fraction exponent, and n is the total number of

FGM layers. For a low value ofm, the volume fraction of the filler becomes very

low, which represents the case where the layer is made of PZT-C91 while a high

value ofm represents the PZT-C6 layer, and form=1 the distribution is linear.

The dimensions of the model actuator are 50mm length by 20mm width by

0.67 mm thickness. Each FGM layer is of 0.11mm thickness while the middle

layer is a platinum plate of 0.01mm thickness. The average applied electric

field is 100V/mm (33V applied voltage). The displacement and the in-plane

stresses for type-A and type-B FGMbimorphs are presented in Fig. 7.7. By

comparing the predicted results of Fig. 7.7(a,b)(type-A) and (c,d)(type-B),

FGMbimorph type-A is found to outperform type-B in both displacement
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Fig. 7.7 Out-of-plane displacement and in-plane stress field for type-A and
type-B FGMbimorph vs. FGM volume fraction exponentm under 100V/mm
electric field (Almajid, 2002).
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and stress field. Type-A FGMbimorph is about 75% higher in displacement

while about 50% lower in in-plane stresses.

The displacement and stress field in type-A increase with the increase in the

FGM volume fraction exponent m. The performance of the type-A FGM

bimorph stabilizes when the FGM volume fraction exponent reaches 2. The

thickness of each layer of the FGMbimorph influences the performance of the

actuator. The thickness of each layer is chosen according to the following

equation:

ti �
Pi

l¼1 tl�1

h
¼ i

n


 �1=p

(7:52)

where ti and h are the thickness of the ith layer and the total thickness of the

laminate, respectively, n is the number of layers in the laminate, and p is the

FGM thickness exponent. The influence of the thickness of each layer on the

performance of the FGMbimorph actuator is illustrated in Fig. 7.8. The FGM

volume fraction exponentm used here is 4.25, which represents a volume fraction

of 85% of PZT-C91. The displacement and stress field increase with the increase

in the FGM thickness exponent p. The displacement in Fig. 7.8(a) stabilizes

around a value of p¼ 1 while the stress continues to rise with increase in p.

In the following, we will show the predicted results of the out-of-plane

displacement and in-plane stress in various types of piezoelectric FGM. The

FGM volume fraction exponentm is 4.25, while the FGM thickness exponent

p is 1. The results predicted by the present model are given in Table 7.3.

It is to be noted from Table 7.3 that for the FGMbimorph type-A the induced

in-plane stress �x is a minimum while the bending displacement reaches a high

value comparable to that of the PZT-C91 standard bimorph. The stress profiles

through the thickness for the standard and FGM bimorphs were investigated
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Fig. 7.8 Out-of-plane displacement and in-plane stress field vs. the FGM
thickness exponent p under 100V/mm applied electric field. FGM volume
Fraction exponent m was taken to be 4.25 (85%PZT-C91) (Almajid, 2002).
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Table 7.3 Comparison of predicted out-of-plane bending displacement and

in-plane stress in various types of FGM piezoelectric-composite plates

(Almajid, 2002).

Type of FGM Standard
bimorph, C91,
Fig. 7.2

Standard
bimorph,
C6, Fig. 7.2

FGM bimorph,
C91–C6 type-A,
Fig. 7.5(a)

FGM bimorph,
C91–C6 type-B,
Fig. 7.5(b)

Applied voltage (V) 33 33 33 33
No. of layers 2 2 6 6
Thickness (mm)

Laminate 0.67 0.67 0.67 0.67
Layer 0.33 0.33 0.11 0.11
Platinum 0.01 0.01 0.01 0.01

Electric field
(V/mm)

100 100 100 100

Curvature (1/m) 0.152 0.102 0.143 0.094
Max. �x (MPa) 3.08 1.91 1.59 3.65
Bending displace-

ment (mm)
[for plate
length 50mm]

47.5 31.9 44.8 29.3

Table 7.4 Comparison of experimental and predicted results for piezoactuators

(Almajid, 2002).

Bimorph system Method Maximum bending
displacement (mm)

Max. �x
(MPa)

Max. �x
(MPa)

Standard bimorph PZT-C91 Experimental 49.6 — —
CLT 47.5 3.08 —
2D elasticity 47.8 3.07 1.48
ANSYS FEM 47.6 3.17 1.56

FGM bimorph type-A Experimental 43.8 — —
CLT 43.6 1.48 —
2D elasticity 44.9 1.63 0.59
ANSYS FEM 44.8 1.65 0.63

FGM bimorph type-B Experimental 30.4 — —
CLT 29.2 3.38 —
2D elasticity 29.5 3.69 1.82
ANSYS FEM 29.4 3.75 1.9
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using CLT and 2D elasticity models where the accuracy of the CLT model for

different aspect ratio, length to thickness (‘/h), was determined. Aspect ratios of

4 and 75 were used. The CLT predictions agreed very well with the 2D elasticity

model for the high aspect ratio but therewas less agreement at the low aspect ratio

where the assumption of plane stress no longer applies, see Figs. 7.9 and 7.10.

To verify the above models, Taya et al. (2003a) processed several types of

bending piezoactuators – standard bimorph, andFGMbimorphs of type-A and

type-B where piezoceramics PZT-C91 and PZT-C6 are used as core material.

Figure 7.11 shows the experimental data (symbols) of these three different

bending actuators, which are compared with predictions made using the CLT

model (lines), resulting in a good agreement. To clarify the comparison between
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Fig. 7.9. Normal stress �x through the thickness profile of standard bimorph
at (a) ‘/h¼ 4, (b) ‘/h¼ 75. (Almajid, 2002.)
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predictions and measured data, they calculated the maximum bending

displacements and maximum stresses (�x,�xz) using CLT, 2D elasticity, and

ANSYS FEM. The results are summarized in Table 7.4. It is clearly seen

from Table 7.4 that the experimental data are predicted with good accuracy

by all three models and the type-A FGM bimorph is the best bending

actuator design in maximizing the bending displacement while minimizing

the induced stress field, thus enhancing its service life. It is also to be noted in

Table 7.4 that the interlaminar stress (�xz), which could not be predicted by

CLT, is now predicted by the 2D elasticity model whose predictions agree

reasonably well with those by 3D ANSYS FEM.

A piezoelectric bending actuator of FGM bimorph type-B has also been

designed by Takagi et al. (2002). They used PZT mixed with Pt, where three

FGM layers for the top half and bottom half were used along with a central
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Fig. 7.10 Normal stress �x through the thickness profile of a six-layered
FGM bimorph at (a) ‘/h¼ 4, (b) ‘/h¼ 75. (Almajid, 2002.)
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(Taya et al., 2003a, with permission from Elsevier Ltd.)
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electrode layer composed of a PZT/30%Pt composite, Fig 7.12. The composition

distribution in the upper and lower halves is given by

f ptl þ� f pt

f pt
max þ� f pt

¼


zl
d

�m
(7:53)

Where d and zl are defined in Fig. 7.12, f pt
l is the volume fraction of Pt in the lth

layer, f pt
max is themaximumvolume fraction of Pt in the graded layer, i.e. for l¼ 3,

and �f pt is the increment of Pt volume fraction, equal to 0.1 from one layer to

the next. The electroelastic properties of the FGM layers are given in Table 7.5.

The PZT/Pt piezoelectric composite actuator of FGM biomorph type-B was

fabricated by cold-isostatic-pressing of layered PZT/Pt mixtures in a steel die

under a sequence of 100 MPa and 200 MPa pressure, followed by sintering at

1473K for one hour in an excess phosphorus atmosphere. A bending actuator

specimen with dimensions shown in Fig. 7.12 was cut from the as-sintered disk,

and silver electrodes were attached on the top and bottom. The specimen is poled

under an electric field of 1V/mm for 30minutes in a silicone oil bath at 393K. The

Fig. 7.13 Graded bimorph actuatorwith a linear composition profile (m=1.0,
see Eq. (7.53)) (Takagi et al., 2002, with permission from Elsevier Ltd.)

Fig. 7.14 SEMmicrographs of each layer: (a) PZT/0% Pt, (b) PZT/10% Pt,
(c) PZT/20% Pt, and (d) PZT/30% Pt. (Takagi et al., 2002, with permission
from Elsevier Ltd.)
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specimen is shown in Fig. 7.13. The microstructure of each FGM layer is shown

in Fig. 7.14 where the white area is Pt and the gray matrix is PZT. Black regions

are caused by ‘‘plucking out’’of material during preparation for the SEM.

The measured curvatures � as a function of applied voltage V are plotted in

Fig. 7.15 where the predictions by the CLTmodel, Eq. (7.32), are shown by the

solid line, indicating good agreement for the lower voltage range, but at the

higher voltage range the experimental data exceed the predictions.

7.5 Thermal stress in coating/substrate system

For electronic packaging including MEMS, a thin film is often deposited on a

substrate by chemical vapour deposition (CVD) or physical vapour deposition

Table 7.5 Density, elastic and piezoelectric constants for PZT/Pt composites

(Takagi et al., 2002, with permission from Elsevier Ltd).

Layer number l 2 3 Center
Composition PZT PZT/10% Pt PZT/20% Pt PZT/30% Pt

 (kg/m3) 790 920 1050 1187
C11 (GPa) 146 139 164 197
C12 (GPa) 95.4 87.2 108 74.3
C13 (GPa) 94.3 90.1 101 74.3
C33 (GPa) 128 134 145 197
C66 (GPa) 25.3 25.7 28.0 28.4
e31 (C/m2) �3.94 �3.08 �0.75 conductive
e33 (C/m2) 17.5 17.6 17.5 conductive
"33/"0 1654 1959 2995 conductive
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Fig. 7.15 Curvature (�) vs. applied voltage V of PZT/Pt FGM bimorph
type-B actuator (Takagi et al., 2002, with permission from Elsevier Ltd).
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(PVD) which involves an intermediate- to high-temperature environment

during the deposition process, followed by cooling to room temperature. In

MEMS processing, one may bond the coating to the substrate using a polymer

adhesive, which is then cured to secure a firm bond. This bonding process for a

coating–substrate system induces unwanted thermal stress at room tempera-

ture. Here we shall review simple analytical methods to calculate thermal stress

and strain fields in a coating–substrate system: first, a one-dimensional model

for a laminate plate composed of two layers, then two-dimensional models

and, finally, we shall examine the case of a three-layer laminate composed of

coating, adhesive layer, and substrate.

7.5.1 One-dimensional model

Let us consider a one-dimensional model made of coating and substrate

subjected to a uniform temperature change, Fig. 7.16, where the coating

(material 1) and substrate (material 2) are initially allowed to expand freely,

and then are constrained by the bond between them to attain an equilibrium

state with length l; the initial length is l0. This constraint results in internal

in-plane forces, F1 (stress �1) in material 1 and F2 (stress �2) in material 2. If the

coefficient of thermal expansion (CTE) of material 2 (�2) exceeds that of

material 1 (�1), as in Fig. 7.16, the internal stress in material 1 (�1) becomes

tensile while that in material 2 (�2) is compressive.

The in-plane one-dimensional force equilibrium requires

F1 ¼ F2 (7:54a)

or

�1h1 � �2h2 ¼ 0: (7:54b)

Hooke’s law, � ¼ E � e, is valid for each material, and we obtain

l

l0

∆Τ
h1

h2

E1, α1

E2, α2

σ1

σ2

F1

F2

l0 
α2 ∆Τ

l0 α1 ∆Τ

Fig. 7.16 One-dimensional model of coating–substrate system assuming �2

greater than �1 and complete bonding at the interface.
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�1 ¼ E1
l� l0 1þ �1�Tð Þf g

l0
¼ E1

l

l0
� 1þ �1�Tð Þ

� �
; (7:55a)

�2 ¼ E2
l0 1þ �2�Tð Þ � lf g

l0
¼ E2 1þ �2�Tð Þ � l

l0

� �
; (7:55b)

whereE1 andE2 are Young’s moduli of materials 1 and 2, respectively, and�T

is temperature change. It is to be noted here that�T can be positive (as in Fig.

7.16) or negative.

Substituting Eqs. (7.55a), (7.55b) into (7.54b), we obtain the ratio of current

to initial lengths of the laminated composite:

E1h1
l

l0
� 1þ �1�Tð Þ

� �
� E2h2 1þ �2�Tð Þ � l

l0

� �
¼ 0;

l

l0
¼ E1h1 1þ �1�Tð Þ þ E2h2 1þ �2�Tð Þ

E1h1 þ E2h2
;

9>>=>>; (7:56)

where h1 and h2 are the thicknesses of materials 1 and 2, respectively.

Substituting Eq. (7.56) into Eqs. (7.55), we obtain stresses

�1 ¼
E1E2h2 �2 � �1ð Þ �T

E1h1 þ E2h2
; (7:57a)

�2 ¼
E1E2h1 �2 � �1ð Þ �T

E1h1 þ E2h2
: (7:57b)

The effective CTE of the coating–substrate composite is given by

CTE ¼ l� l0ð Þ
l0

1

�T
¼ l

l0
� 1


 �
1

�T
; (7:58)

from which, with Eq. (7.56), CTE can be reduced to

CTE ¼ E1h1�1 þ E2h2�2ð Þ�T

E1h1 þ E2h2ð Þ �T
¼ E1h1�1 þ E2h2�2

E1h1 þ E2h2

¼ E1 f1�1 þ E2 f2�2

E
: (7:59)

Here �E is the Young’s modulus of the composite defined by the following law

of mixtures:

�E � E1 f1 þ E2 f2; (7:60)

where f1 and f2 are the volume fractions of materials 1 and 2, respectively:
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f1 ¼
h1

h1 þ h2ð Þ ; (7:61a)

f2 ¼
h2

h1 þ h2ð Þ : (7:61b)

7.5.2 Two-dimensional model

For most electronic packaging designs, coating–substrate laminated compo-

sites are composed of rectangular or square plates that are bonded together.

Therefore, at the very least the two-dimensional model is required to analyze

accurately the thermal stress field in coating–substrate composites. Let us

consider a square plate of thickness t and length l0 subjected to a uniaxial

tensile force F, Fig. 7.17, where the shrinkage of the square plate in the

transverse direction is given by – l0�e, and � is Poisson’s ratio.

It is to be noted in Fig. 7.17 that, even for one-dimensional loading, a three-

dimensional strain state is induced, i.e. ex ¼ e, ey ¼ ��e (in-plane direction,

but transverse to the loading) and ez ¼ ��e (in the plate thickness direction).

Then the strain e in the loading direction (x-axis) is given by one-dimensional

Hooke’s law

e ¼ F

E l0 t
¼ �x

E
: (7:62)

Now let us apply an equal tensile force F in the transverse direction (y-axis) to

the configuration of Fig. 7.17, thus the final configuration is a state of bi-axial

tension in the plate, Fig. 7.18. Then the strains in the x- and y-directions are the

same. For example ex is obtained as

thickness: t

l0

l0 (1 + e)

l0 (1 – νe)

x

y

z

FF l0

– l0νe / 2

– l0νe / 2

Fig. 7.17 Definition of Poisson’s ratio � in uni-axial tensional plate.
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effective ex ¼ 1� �ð Þ e ¼ F

E l0 t
1� �ð Þ; (7:63)

where e is obtained from Eq. (7.62). Now we introduce the effective Young’s

modulus E0 defined by

E0 �
E

1� �
: (7:64)

Then ex in Eq. (7.63) can be rewritten as

ex ¼ F

l0 t


 �
1

E0


 �
¼ �0

E0
: (7:65)

Equation (7.65) provides a one-dimensional Hooke’s law for the analysis of

ex by taking into account the effect of Poisson’s ratio for a two-dimensional

(2D) plate. Thus, using the effective Young’s modulus, one can use only one-

dimensional analysis to account for 2D deformation. In the 1D model, the

bending of a laminated composite plate was not considered. In reality, the

bending of a laminated composite occurs due to CTE mismatch between

coating (c) and substrate material (s), Fig. 7.19. To facilitate the thermal stress

analysis to take into account the bending effect, we shall use a one-dimensional

bending model where the effective Young’s modulus defined by Eq. (7.64) is

used. Figure 7.19 illustrates the one-dimensional bending model for a coating/

substrate composite with width b (along y-axis) which is subjected to bending

momentM (M shown in figure is defined positively) and uniform temperature

change�T. The Young’s modulus, Poisson’s ratio, CTE, and thickness of the

ith phase areEi, �i,�i, and hi, with i¼ c (coating) and s (substrate). The internal

forces in the coating and substrate are defined by Fc and Fs, respectively.

 thickness: t

F

F

F

F

F
y

xz

l0

l0 t

l = l0 (1 + e) – l0νe
= l0 {1+ (1 – ν)e}

σx =

Fig. 7.18 Definition of one-dimensional (1D) effective strain in bi-axially
tensioned plate.
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The neutral axis of the composite beam is shown by the dash–dot line for

which the stress and strain vanish. Thus, using the effective Young’s modulus,

E0 � E= 1� �ð Þ, one can use only one-dimensional analysis to account for 2D

deformation.

Force equilibrium requires

Fc þ Fs ¼ 0: (7:66)

Moment equilibrium about the neutral axis (N.A) requires

M� Fchs
2

þ Fshc
2

¼ 0: (7:67)

Bending moment–curvature relation is given by

M ¼ � 1



E 0
s Is þ E 0

c Ic
� �

; (7:68)

where E0
i and Ii are the effective Young’s modulus, and the second moment of

inertia with respect to the N.A. of the ith material, Ii ¼
R
N:A: z

2 dA (where A is

cross-sectional area), given by

Is ¼ b h3s
12

þ b hsð Þ � hc
2


 �2

; (7:69a)

Ic ¼ b h3c
12

þ b hcð Þ � hs
2


 �2

: (7:69b)

0

ρ

hs

hc

Es, αs, νs

Ec, αc, νc

neutral axis
(N.A.)

z

M
G*

hc
2

hs
2

Fs

Fc

x

1
2

(hs – hc)

Fig. 7.19 Model for 1D bending of laminated composite.
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The curvature ð� � 1=
Þ vs. bending strain relation at location z is given by

ex ¼ � z



¼ �� z; (7:70)

Where 
 is the radius of curvature defined in Fig. 7.19.

Then, the axial (in-plane, x-direction) strain due to bending in the coating is

given as�hs=2
 while the axial (in-plane, x-direction) strain due to bending in

the substrate isþhc=2
: Therefore, the total strain in the coating, etc is given by

Fc

E 0
c hcb

� hs
2


þ �T�c ¼ etc: ð7:71Þ

thermal expansion

by bending

by Fc

Similarly, the total strain in the substrate ets is given by

Fs

E 0
s hsb

þ hc
2


þ �T �s ¼ ets: (7:72)

Compatibility of strain (i.e., no debonding at the interface) requires that

etc ¼ ets: (7:73)

From Eqs. (7.71) through (7.73), we obtain

Fc

E 0
c hcb

� Fs

E 0
s hsb

� 1

2

hs þ hcð Þ ¼ �T �s � �cð Þ: (7:74)

By using Eq. (7.66), we can eliminate Fc to arrive at

� Fs

b

1

E 0
c hc

þ 1

E 0
s hs


 �
� 1

2

hs þ hcð Þ ¼ �T �s � �cð Þ: (7:75)

From Eqs. (7.67), (7.68) we eliminate M to obtain

Fchs
2

� Fshc
2

¼ � 1



E 0
s Is þ E 0

c Ic
� �

: (7:76)

By using Eqs. (7.66) and (7.76), we can solve for Fs:

Fs ¼
2 E 0

s Is þ E 0
c Ic

� �

 hs þ hcð Þ : (7:77)

Upon substitution of Eq. (7.77) into Eq. (7.75), we can solve for curvature 1=
 as

t

t

t
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1



¼ ��T �s � �cð Þ

2
E 0
s Is þ E 0

c Ic
� �

hs þ hcð Þ b
1

E 0
c hc

þ 1

E 0
s hs


 �
þ hs þ hcð Þ

2

� � : (7:78)

By substituting Eq. (7.78) into Eq. (7.77) and using Eq. (7.66), we can solve

for Fs and Fc as

Fs ¼
��T �s � �cð Þ

1

b

1

E 0
c hc

þ 1

E 0
s hs


 �
þ hs þ hcð Þ2

4 E 0
s Is þ E 0

c Ic
� � ; (7:79)

Fc ¼
�T �s � �cð Þ

1

b

1

E 0
c hc

þ 1

E 0
s hs


 �
þ hs þ hcð Þ2

4 E 0
s Is þ E 0

c Ic
� � : (7:80)

Let us consider the case of a thin coating on a thick substrate, Fig.7.20; then

hc � hs: (7:81)

The second moments of inertia of the thin coating and thick substrate are

approximated from Eq. (7.69) as

Ic ¼ bhcð Þ hs
2


 �2

¼ bhchs
2

4
; (7:82a)

Is ¼
bh3s
12

; (7:82b)

where the following approximation is used:

hs þ hc � hs: (7:83)

Applying this to Eq. (7.80), we obtain the following reductions:

 N.A.  

2hc

hs

hc

Ec, coating

Es, substrate

b
hs

Fig. 7.20 Model for thin-coating–thick-substrate system.
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hs þ hcð Þ2

E 0
s Is þ E 0

c Ic
� � � h2s

E 0
s

bh3s
12

þ E 0
c

bhch
2
s

4

¼ 1

E 0
s

bhs
12

þ E 0
c

bhc
4

¼ 12

b E 0
s hs þ 3E 0

c hc
� � � 12

bE 0
s hs

;
(7:84a)

1

E 0
c hc

þ 1

E 0
s hs

� 1

E 0
c hc

: (7:84b)

With Eqs. (7.84a) and (7.84b), Fc is simplified as

Fc � �T �s � �cð Þ
1

b

1

E 0
c hc

þ 3

bE 0
s hs

¼ �T �s � �cð Þ b
1

E 0
c hc

þ 3

E 0
s hs

: (7:85)

Thus, the stress in the thin coating is given by

�c ¼ Fc

hcb
¼ �T �s � �cð Þ

1

E 0
c

þ 3hc
E 0
s hs

¼ �T �s � �cð Þ E 0
c

1 þ E 0
c

E 0
s


 �
3hc
hs

: (7:86)

If we ignore the high-order term in the denominator, �c is further approxi-

mated as

�c � E 0
c�T �s � �cð Þ: (7:87a)

With Eq. (7.64), Eq. (7.87a) is rewritten as

�c � Ec

1� �c
�T �s � �cð Þ: (7:87b)

It is to be noted that, for�T5 0, and�c > �s (for example, ametal coating on

a ceramic substrate), the thermal stress in the coating is tensile,�c50. This is the

case for a tensile stress developed in a metal coating after cooling down to room

temperature, which sometimes results in the cracking of the coating.

7.5.3 Alternative method of solving for the in-plane stress in a thin coating

Consider the two-dimensional thermal stress problemof a thinmetal coating on a

thick ceramic substrate, which undergoes a temperature change�T, Fig. 7.21(a).
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We have

"	 ¼ "	11; "
	
22; 0

� �
¼ "	; "	; 0

� �
; (7:88)

where the CTE misfit strain "	 is defined by

"	 ¼ �c � �sð Þ�T: (7:89)

Assuming plane strain along the x1-, x2-directions, the total strains e
t in the

x1- and x2-directions vanish:

et11 ¼ e11 þ "	11 ¼ 0;

et22 ¼ e22 þ "	22 ¼ 0

)
)

e11 ¼ �"	11;

e22 ¼ �"	22;

e11 ¼ e22 ¼ �"	:

8><>:
9>=>; ð7:90Þ

The 3D Hooke’s law (of an isotropic elastic material) for normal stress and

strains is given by

e11 ¼ �11

E
� �

E
�22 þ �33ð Þ;

e22 ¼ �22

E
� �

E
�11 þ �33ð Þ;

e33 ¼ �33

E
� �

E
�11 þ �22ð Þ:

9>>>>=>>>>; (7:91)

ceramic substrate

x1

x2

x3

 thin metal coating

ceramic substrate

x1

x2

x3

thin metal coating

dislocation line of
edge type to
represent the
misfit strain at the
ceramic/metal
interface.

αs

L

L

E, ν, αc

(a) (b)

(c)

elastic region (Ω0)

punched region (Ω1) z
l

Fig. 7.21 Thin metal coating/thick ceramic substrate model: (a) elastic–
plastic analysis, (b) dislocationmodel, and (c) punched region inmetal coating.

7.5 Thermal stress in coating/substrate system 241

Cambridge Books Online © Cambridge University Press, 2009



Assuming plane stress in the x3-direction, �33 ¼ 0, we obtain from the 3D

Hooke’s law

�11 � � �22 ¼ Ee11; (7:92a)

�22 � � �11¼ E e22 : (7:92b)

From Eqs. (7.89), (7.90), and (7.92), we can solve for �11 and �22:

�11 ¼ �22 ¼ Ec�T �s � �cð Þ
1� �cð Þ : (7:93)

It is to be noted that the in-plane stress in a thin coating given by Eq. (7.93)

coincides with the solution obtained from the previous 2Dmodel, Eq. (7.87b).

The above calculation is based on pure elastic analysis. The thermal stress in

the thin coating, Eq. (7.93), increases linearly with temperature change �T.

Hence for larger�T the stress field becomes larger, leading to plastic yielding

in the metal coating. We are interested in the critical temperature change

(�T)crit at and above which the metal coating yields.

We introduce the effective (von Mises’) stress �� defined by, see Eq. (3.34),

�� 2 ¼ 1

2
�11 � �22ð Þ2þ �22 � �33ð Þ2þ �33 � �11ð Þ2

n o
: (7:94)

Since �11 ¼ �22, and �33 ¼ 0 in the coating, the effective stress of Eq. (7.94) is

reduced to

�� ¼ �11: (7:95)

When yielding occurs, �� ¼ �y ¼ �11, then we can impose the yield condition

for the metal coating using Eqs. (7.93) and (7.95),

�y 
 Ec�T �s � �cð Þ
1� �cð Þ ¼ �11: (7:96)

We can solve for (�T)crit from Formula (7.96)

�T � �y 1� �cð Þ
Ec �s � �cð Þ � �Tð Þcrit; (7:97)

where�y is the yield stress of the coating. Formula (7.97) is the condition under

which yielding of the metal coating takes place.

The above problemwas solved by using simple elastic–plastic analysis based

on the assumption that the state of stress and strain in a thin metal coating is

plane strain in the in-plane direction and plane stress in the thickness direction.
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The key driving source for thermal stress field is the CTE mismatch strain "	

given by Eq. (7.89). As far as the elastic–plastic analysis of the above problem

is concerned, Taya and Mori (1994) solved the problem using a dislocation

punching model, Fig. 7.21, which illustrates the configuration (b) before and

(c) after the array of dislocations is punched over the distance z.

Assuming that the dislocation punching took place with its frontal bound-

ary located a distance z from the interface, Fig. 7.21(b), we shall calculate the

stress and strain field within the elastic region (domain W0) and the punched

region (plastic domain W1), see Fig. 7.21(c), and also the condition for

punching.

In elastic region (W 0)

Stress �ij and strain eij in the elastic region (white domain in Fig. 7.21(c)) are

the same as those in the coating before punching, i.e., given by Eq. (7.93).

In plastic region (W1)

Denoting plastic strain in the punched region (shaded in Fig. 7.21(c)) by epij and

using the plane strain condition in the x1–x2 plane and incompressibility of

plastic strain, one arrives at

ep11 ¼ ep22 ¼ �"	;

ep33 ¼ 2"	;

�ij ¼ 0

9>=>; (7:98)

where "* is again the CTEmisfit strain, defined by Eq. (7.89). It is assumed that

stresses in W1 are all zero due to complete relaxation.

Computation of elastic energy U and plastic work W

The elastic energy per unit width along the x2-axis is given by

U ¼ 1

2
�ijeijðl� zÞ; (7:99)

where l is the thickness of the metal coating (see Fig. 7.21(b)).

A substitution of Eqs. (7.90) and (7.93) into Eq. (7.99) yields

Uc ¼
Ec"

	ðl� zÞ
ð1� �cÞ

: (7:100)

The plastic work done in the coating per unit width Wc is given by

Wc ¼ 2kNbz; (7:101)
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where k is the friction stress (shear stress at yield), N is the number of

dislocation lines along the x2-axis (or x1-axis) and b is the Burgers vector.

Noting that Nb=L"	, the above equation is reduced to

W ¼ 2kL"	z: (7:102)

Then the plastic work per unit width is given by

W ¼ 2k"	z: (7:103)

The punching criterion is given by

� @U

@z
� @W

@z
; (7:104)

where the left-hand term represents the driving force for punching while the

right is the retarding force against punching.

By substituting Eqs. (7.100) and (7.103) into (7.104) we obtain the condition

for punching

"	 � 2kð1� �Þ
E

: (7:105)

Inequality (7.105) can be derived by invoking the yield criterion across the

frontal boundary of the punched region, i.e., the interface betweenW0 andW1,

Fig.7.21(c). The average stresses across the elastic–plastic boundary are cal-

culated by using Eqs. (7.93) and (7.98):

��11 ¼ ��22 ¼ � E"	

2ð1� �Þ ; (7:106)

which is substituted into Hill’s yield criterion

��33 � ��11j j � 2k: (7:107)

A substitutionofEq. (7.106) and�33 ¼ 0 into (7.107) leads to Inequality (7.105).

A more detailed analysis of the dislocation theory and induced stress field is

summarized in a book by Freund and Suresh (2003).

7.5.4 Shear stress in the adhesive between chip and substrate

In electronic packaging, a bondingmaterial is often used, for example bonding of

a chip to a substrate using a thin adhesive polymer or a solder. Here, we consider

a simple model for a chip bonded to a substrate by a thin adhesive, Fig. 7.22.

First, we shall examine the case of elastic deformation of the chip/adhesive/

substrate problem, then elastic–plastic deformation of the adhesive layer.
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Elastic solutions

Consider the free-body diagram in Fig.7.23, in which the upper layer (material

1) is a chip;

� F1 þ F1 þ
@F1

@x
dx� � dx ¼ 0:

chip

substrate
adhesive
(solder or polymer) 

Fig. 7.22 Chip mounted on a substrate and bonded with adhesive.
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Fig. 7.23 1D model for two laminae bonded by interfacial adhesive layer.
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Similarly, for the substrate (material 2)

� F2 þ F2 þ
@F2

@x
dxþ � dx ¼ 0:

Therefore, we have

@F1

@x
� � ¼ 0; (7:108a)

@F2

@x
þ � ¼ 0; (7:108b)

where Fi is force per unit width, and � is shear stress per unit width.

The total strains in materials 1 and 2 are given by

e1 ¼
@u1
@x

¼ F1

E 0
1 t1

þ �1�T; (7:109a)

e2 ¼
@u2
@x

¼ F2

E 0
2 t2

þ �2�T; (7:109b)

where E 0
1 and E 0

2 are the effective Young moduli of materials 1 and 2,

respectively, see Eq. (7.64), and they are given by

E 0
1 ¼ E1

1� �1
; (7:110a)

E 0
2 ¼ E2

1� �2
: (7:110b)

For the adhesive, Hooke’s law gives

�

G0
¼ u1 � u2

t0
(7:111)

whereG0 is the shear modulus of the adhesive.

Applying d=dx to Eq. (7.111), we obtain

1

G0

d�

dx
¼ 1

t0

du1
dx

� du2
dx


 �
: (7:112)

A substitution of Eqs. (7.109) into (7.112) results in

t0
G0

d�

dx
¼ F1

E 0
1 t1

� F2

E 0
2 t2


 �
þ �1 � �2ð Þ �T: (7:113)
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Applying d=dx to Eq. (7.113), we obtain

t0
G0

d2�

dx2
¼ 1

E 0
1 t1

dF1

dx
� 1

E 0
2 t2

dF2

dx


 �
: (7:114)

Substituting Eqs. (7.108) into Eq. (7.114), we have the second-order differ-

ential equation for shear stress � in the adhesive layer,

d2�

dx2
� �2� ¼ 0; (7:115)

where

�2 ¼ G0

t0

1

E 0
1 t1

þ 1

E 0
2 t2


 �
: (7:116)

Equation (7.115) has the following general solution:

� xð Þ ¼ A sinh � x� dð Þ þ B cosh � x� dð Þ (7:117)

for d 
 xj j 
 l:

Equation (7.117) contains two unknown constants, A and B, which will be

solved for by using boundary conditions. To this end, we consider the strain

and stress at x¼ d (innermost boundary of the adhesive layer), Fig.7.23(a).

The displacements u1, u2 (Fig.7.23(b)) in materials 1 and 2 are given from

Eqs. (7.109) as

u1 ¼
F1

E 0
1 t1

þ �1�T


 �
d; (7:118a)

u2 ¼
F2

E 0
2 t2

þ �2�T


 �
d: (7:118b)

Taking the difference of the displacements at x=d, we have

u1 � u2
d

¼ F1

E 0
1 t1

� F1

E 0
1 t1


 �
þ �1 � �2ð Þ �T: (7:119)

From Eq (7.111), the left-hand side of Eq. (7.119) is equal to ðt0=G0Þð�=dÞ while,
from Eq (7.113), the right-hand side of Eq. (7.119) is equal to ðt0=G0Þðd�=dxÞ:
Therefore, at x=d we have

d�

dx

����
x¼d

¼ �

d

���
x¼d

: (7:120)
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From Eq. (7.117) we obtain

d�

dx
¼ A� cosh � x� dð Þ þ B� sinh � x� dð Þ: (7:121)

From Eqs. (7.117), (7.120) and (7.121), for x¼ d, we obtain

d�

dx

����
x¼d

¼ A�;

�

d

���
x¼d

¼ B

d
;

9>>=>>; A� ¼ B

d
: (7:122)

Next we consider the second boundary condition at x=lwhere F1 ¼ F2 ¼ 0.

Using Eq. (7.113) with F1 ¼ F2 ¼ 0, we obtain

t0
G0

d�

dx

����
x¼l

¼ �1 � �2ð Þ �T ¼ t0
G0

A� cosh � l� dð Þ þ B� sinh � l� dð Þf g:

(7:123)

From Eqs. (7.122) and (7.123), we can solve for unknown coefficientsA; B as

A ¼ G0 �1 � �2ð Þ �T

t0 � cosh � l� dð Þ þ � d sinh � l� dð Þf g ; (7:124a)

B ¼ G0 d �1 � �2ð Þ �T

t0 cosh � l� dð Þ þ � d sinh � l� dð Þf g : (7:124b)

Substituting Eqs. (7.124) into Eq. (7.117), the shear stress in the adhesive

layer is obtained as

� xð Þ ¼ �1 � �2ð Þ �T G0 sinh � x� dð Þ þ � d cosh � x� dð Þf g
t0 � cosh � l� dð Þ þ � d sinh � l� dð Þf g : (7:125)

The maximum shear stress occurs at x ¼ l :

� lð Þ ¼ �1 � �2ð Þ �T G0 sinh � l� dð Þ þ � d cosh � l� dð Þf g
t0 � cosh � l� dð Þ þ � d sinh � l� dð Þf g ¼ �max: (7:126)

The minimum shear stress occurs at x ¼ d :

� dð Þ ¼ �1 � �2ð Þ �T G0 d

t0 cosh � l� dð Þ þ � d sinh � l� dð Þf g ¼ �min: (7:127)

As a special case of Eq. (7.126), take d ¼ 0, i.e., adhesive layer spans the

entire zone (2 l). Then,
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�max ¼ � lð Þ ¼ �1 � �2ð Þ �T G0 tanh�l

� t0
: (7:128)

If the chip is thin compared with the substrate,

�2 � G0

t0

1

E 0
1 t1

; (7:129)

�max ¼ � lð Þ ¼ �1 � �2ð Þ �T G0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G0

t0 t1E
0
1

s
t0

tanh�l

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G0t1E

0
1

t0

s
�1 � �2ð Þ �T tanh�l: (7:130)

Similarly �min, which takes place at d¼ 0, vanishes:

�min ¼ 0 (7:131)

Computation of normal stresses, �1, �2

We now calculate the normal in-plane stresses in chip (material 1) and sub-

strate (material 2), Fig. 7.23. Integrating F1, Eq. (7.108a) from x¼ d to x¼ l,

we obtain

F1 xð Þ ¼
Z x0

x0¼d

� x0ð Þdx0 þ F1ðx ¼ dÞ

� ������������!Fd
1

¼ �1 � �2ð Þ�T G0

A0
1

�
cosh� x� dð Þ þ � d sinh � x� dð Þf g þ Fd

1 ;

(7:132)

where

A0 ¼ � t0 cosh � l� dð Þ þ � d sinh � l� dð Þf g : (7:133)

Similarly, the force F2 is obtained by integrating Eq. (7.108b):
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F2 xð Þ ¼ �
Z x

x0¼d

� x0ð Þ dx0 þ F2ðx ¼ dÞ

� ������������!Fd
2

¼ � �1 � �2ð Þ �TG0

A0
1

�
cosh � x� dð Þ þ � d sinh � x� dð Þf g

þ Fd
2 : ð7:134Þ

Applying the boundary condition at x¼ l, F1 ¼ F2 ¼ 0, we have

F1 lð Þ ¼ �1 � �2ð Þ �T G0

A0 �
cosh� l� dð Þ þ � d sinh � l� dð Þf g þ Fd

1 ¼ 0;

(7:135)

F2 lð Þ ¼ � �1 � �2ð Þ �T G0

A0 �
cosh� l� dð Þ þ � d sinh � l� dð Þf g þ Fd

2 ¼ 0:

(7:136)

The in-plane forces F1 and F2 are in equilibrium,

F1 þ F2 ¼ 0: (7:137)

Therefore,

Fd
1 ¼ � Fd

2 : (7:138)

From Eqs. (7.132) and (7.134) we can solve for Fd
1 and Fd

2 as

Fd
1 ¼ � �1 � �2ð Þ �T G0

�2 t0

cosh� l� dð Þ þ � d sinh � l� dð Þf g
cosh� l� dð Þ þ � d sinh � l� dð Þf g

¼ � �1 � �2ð Þ �TG0

�2 t0
¼ �Fd

2 : (7:139)

Upon substitution of Eq. (7.139) into (7.132) and (7.134), we obtain

F1 xð Þ ¼ �1 � �2ð Þ �T G0

�2 t0

cosh � x� dð Þ þ � d sinh � x� dð Þ
cosh� l� dð Þ þ � d sinh � l� dð Þ � 1

� �
;

(7:140a)
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F2 xð Þ ¼ � �1 � �2ð Þ �T G0

�2 t0

cosh � x� dð Þ þ � d sinh � x� dð Þ
cosh� l� dð Þ þ � d sinh � l� dð Þ � 1

� �
:

(7:140b)

The in-plane stresses �1 and �2 are then caluculated from F1 and F2 as

�1 xð Þ ¼ F1

t1

¼ �1 � �2ð Þ �T G0

�2 t0t1

cosh� x� dð Þ þ � d sinh � x� dð Þ
cosh� l� dð Þ þ � d sinh � l� dð Þ � 1

� �
;

(7:141a)

�2 xð Þ ¼ F2

t2

¼ � �1 � �2ð Þ �T G0

�2 t0t2

cosh � x� dð Þ þ � d sinh � x� dð Þ
cosh� l� dð Þ þ � d sinh � l� dð Þ � 1

� �
:

(7:141b)

Figure 7.24 illustrates the distributions of in-plane stress �1 in the chip and

shear stress � in the adhesive layer along the interface bonding line

(x-direction). Figure 7.24 indicates that �1 becomes a maximum at the center

(x¼ 0) while � reaches its maximum value at a free end (x¼ l).

For d ¼ 0 (adhesive layer covers the entire gap between chip and substrate),

at x ¼ 0 (at the center) where normal stress � becomes a maximum

�max ¼ �1 0ð Þ ¼ �1 � �2ð Þ �T G0

�2 t0t1

1

cosh�l
� 1

� �
: (7:142)

σ1(x) τ(x)

d

x

l

τmax

Fig. 7.24 Distribution of in-plane stress �1 in chip and shear stress � in
adhesive along x-direction.
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We assume here a chip that is thin compared with the thick substrate, i.e.,

using Eq. (7.129):

�2 t0t1 � G0
t1

E 0
1 t1

¼ G0

E 0
1

¼ 1� �1ð ÞG0

E1
; (7:143a)

G0

�2 t0t1
¼ E1

1� �1ð Þ : (7:143b)

Therefore, the maximum in-plane stress �max in the thin chip with d¼ 0 is

calculated as

�max ¼ �1 0ð Þ ¼ �1 � �2ð Þ �TE1

1� �1ð Þ
1

cosh�l
� 1

� �
(7:144)

For a thin-chip/thick-substrate system, �l � 1, thus cosh �l ! 1, and �max

is approximated as

�max ¼ �ð�1 � �2Þ�T E1

ð1� �1Þ
¼ E1�T �2 � �1ð Þ

1� �1ð Þ : (7:145)

The maximum stress �1 in thin chip, given by Eq. (7.145), coincides with that

derived by the previous 1D and 2Dmodels, Eqs. (7.87b) and (7.93), if materials

1 and 2 are seen as coating (c) and substrate (s).

Elastic–plastic solutions

As �T increases, if the adhesive material is solder metal, it yields from the

ends, x¼ l, and the elastic–plastic (e–p) boundary moves toward the center

under increasing �T.

Suppose the location of the e–p boundary is at x¼ xc. Then, at an arbitrary

point x in the plastic region, referring to the free-body diagram of Fig. 7.25, we

have

 

dx

F1 F1 + dF1

x

xc

elastic plastic

τ = τy

Fig. 7.25 Model for elastic–plastic analysis of thin-chip/solder/substrate
problem.
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dF1 ¼ �ydx;

dF1

dx
¼ �y; (7:146)

where �y is the yield stress in shear of the solder. By integrating Eq. (7.146)

from x¼ l to x � xcð Þ with the boundary condition F1 ¼ 0 at x ¼ l, we solve

for F1 as

F1 xð Þ ¼ �y x� xcð Þ � �y l� xcð Þ ¼ �y x� lð Þ: (7:147a)

From Eq. (7.135), the in-plane force in the substrate is obtained as

F2 xð Þ ¼ ��y x� xcð Þ þ �y l� xcð Þ ¼ ��y x� lð Þ: (7:147b)

The in-plane strains in materials 1 (chip) and 2 (substrate) are calculated

from Eqs. (7.109) and (7.147).

e1 ¼ du1
dx

¼ F1

E 0
1 t1

þ �1 �T

¼ �y

E 0
1 t1

x� lð Þ þ �1�T; (7:148a)

e2 ¼ du2
dx

¼ � �y

E 0
2 t2

x� lð Þ þ �2 �T: (7:148b)

Rearranging Eqs. (7.148), we obtain

d u1 � u2ð Þ
dx

¼ �y x� lð Þ 1

E 0
1 t1

þ 1

E 0
2 t2


 �
þ �1 � �2ð Þ�T

d

dx

u1 � u2
t0


 �
¼ x� lð Þ �y

t0

1

E 0
1 t1

þ 1

E 0
2 t2


 �
þ���T

t0
;

(7:149)

where

�� ¼ �1 � �2ð Þ: (7:150)

Noting that shear strain � in the adhesive (solder) layer is given by

� ¼ u1 � u2
t0

(7:151a)

and is related to shear stress � by Hooke’s law

�y ¼ G0 �y; (7:151b)

we obtain the shear strain gradient from Eqs. (7.149) and (7.151) as
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d�

dx
¼ x� lð Þ G0 �y

t0

1

E 0
1 t1

þ 1

E 0
2 t2


 �
þ���T

t0
: (7:152a)

By using Eq. (7.116), Eq. (7.152a) is rewritten as

d�

dx
¼ x� lð Þ �2 �y þ

���T

t0
: (7:152b)

Integrating Eq. (7.152b) from the e–p boundary, i.e., x ¼ xc � ¼ �y
� �

; to an

arbitrary point x, we obtain the shear strain in the plastic region of the solder,

� xð Þ ¼ �2 �y
1

2
x2 � x2c
� �

� l x� xcð Þ
� �

þ���T

t0
x� xcð Þ þ �y: (7:153)

The maximum shear strain, �max, occurs at x¼ l:

�max ¼ � x ¼ lð Þ ¼ �2 �y
1

2
l2 � x2c
� �

� l l� xcð Þ
� �

þ���T

t0
l� xcð Þ þ �y:

(7:154)

To find the location xc of the e–p boundary, we use the continuity of normal

force at x¼ xc from the elastic solution, Eq. (7.140a), and the plastic solution,

Eq. (7.147a):

�1 � �2ð Þ �T G0

�2 t0

cosh� xc � dð Þ þ � d sinh � xc � dð Þ
cosh� l� dð Þ þ � d sinh � l� dð Þ � 1

� �
¼ �y xc � lð Þ: (7:155)

Solving Eq. (7.155) numerically, we obtain xc (the location of the elastic–

plastic boundary).

7.6 Electromagnetic waves in laminated composites

Electromagnetic wave propagation through a laminated composite provides

us with several interesting applications. Here we shall treat two cases: (1)

design of a switchable window for EM waves; and (2) surface plasmon

resonance in a layered medium.

7.6.1 Design of switchable window for EM waves

A switchable window that can pass or block incoming or outgoing electro-

magnetic (EM) waves plays a key function in designing a smart radome and

other related EM control devices. Consider a laminated composite that is

composed of a number of alternate layers of two different materials. There
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are two approaches to designing switchable windows, one based on the switch-

able material properties (�, ", �), the other based on the switchable spacing of

each layer (thickness of the ith layer being di). Here we consider the case of the

switchable window based on the second concept, where the laminated compo-

site is composed of electroactive polymer layers with thickness dp and ferrite

layers with thickness df, Fig. 7.26. It is to be noted here that the thickness of the

electroactive polymer can be changed by switching an applied voltage on and

off while the thickness of the ferrite layer remains unchanged. This problem of

Fig. 7.26 can be solved by using the transmission-line (TL) theory discussed in

Chapter 3. For a given layer with thickness d and material constants � and ",

one can relate the incoming voltageV(0) and current I(0) to the outgoing ones,

V(d) and I(d), Fig. 7.27.

According to TL theory, we have

Vð0Þ
Ið0Þ


 �
¼ A1 B1

C1 D1

� �
VðdÞ
IðdÞ


 �
; (7:156)

where

A1 ¼ D1 ¼ cos�1d; (7:157a)

B1 ¼ jZ1 sin �1d; (7:157b)

C1 ¼ j
Z1
sin �1d; (7:157c)

A1D1 � B1C1 ¼ 1: (7:157d)

8>>><>>>:

Electromagnetic wave Electroactive polymer

Ferrite

df

dp

Fig. 7.26 Switchable window made of alternate layers of electroactive
polymer and ferrite.

d

V(0)

I(0) I(d )

V(d )
 ε, µ

Fig. 7.27 Transmission-line theory applied to a single layer with thickness d
and material constants ", �.

7.6 Electromagnetic waves in laminated composites 255

Cambridge Books Online © Cambridge University Press, 2009



The propagation constant �1 is given by

�1 ¼ k0n1 ¼ k0 "r1�r1ð Þ1=2 (7:158a)

where n1 is the refractive index, and the wave parameter k0 is related to

wavelength 	0, frequency !, and speed of light c0 by

k0 ¼
2p
	0

¼ !

c0
; (7:158b)

c0 ¼ 3� 108 ½m=s�: (7:158c)

The characteristic impedance Z1 of material 1 (�1, "1) is given by

Z1 ¼
ffiffiffiffiffi
�1

"1

r
¼

ffiffiffiffiffi
�0

"0

r ffiffiffiffiffiffiffi
�r1

"r1

r
¼ �0

ffiffiffiffiffiffiffi
�r1

"r1

r
(7:159a)

where

�0 ¼ 120p ½W�: (7:159b)

For cascading networks made of a laminated composite, Fig. 7.26, the

incident voltage and current (Vi, Ii) are related to the transmitted ones (Vt, It) by

Vi

Ii


 �
¼ A1 B1

C1 D1

� �
A2 B2

C2 D2

� �
� � � An Bn

Cn Dn

� �
Vt

It


 �
¼ A B

C D

� �
Vt

It


 �
;

(7:160)

where the transmission coefficient T of the laminated composite is given by

T ¼ 2

Aþ B

Z0
þ CZ0 þD

; (7:161)

and 0 
 Tj j 
 1:

Based on the TL model for a laminated composite, Kuga (personal commu-

nication) calculated the transmission coefficientT and the results are plotted as a

function of the thickness ratio dp/df of electroactive polymer to ferrite in

Fig. 7.28. The material parameters used in this calculation are as follows:

electroactive polymer, �r ¼ 1, "r ¼ 2:3

ferrite, �r¼ 1500, "r ¼ 1:4

incoming wavelength, 	¼ 3 cm

thickness of ferrite layer, df¼ 6 mm

number of electroactive polymer layers, np¼ 8

number of ferrite layers, nf ¼ 7.
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It is clear from Fig.7.28 that T can be changed between nearly 1 (full

transmission mode) and 0 (full blocking mode) if the thickness ratio dp/df
(i.e., dp) can be changed for a specific range. A change in the thickness of the

electroactive polymer can be realized by applying a voltage to the electroactive

polymer. Examples of electroactive polymers are solid electrolyte polymers

(Popovic et al., 2001; Uchida and Taya, 2001; Le Guilly et al., 2002; Le Guilly

et al., 2003).

7.6.2 Surface plasmon resonance in layered medium

An incident light beam can give rise to a surface plasmon wave (SPW) at the

interface of a metal/dielectric laminate composed of at least three layers. Use

of SPW-based sensors is increasingly popular in the determination of the

nanostructure of biomolecules, particularly the dynamic behavior of molecu-

lar interactions on the sensor surface such as interactions between antibody

and antigen. We shall review the modeling of SPW in a two-layer laminate

first, then a three-layer laminate, followed by multi-layer laminate analysis

based on transmission theory.

SPW analysis in two-layer laminate

We shall consider here the two-layer laminate shown in Fig. 7.29, where a

transverse magnetic (TM) wave incident in medium 1 is both reflected at the
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Fig. 7.28 Transmission coefficient T vs. thickness ratio dp/df for laminated
composite of Fig.7.26.
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interface and transmitted through medium 2. The electric fields Ei (incident),

Er (reflected), Et (transmitted) are given by

Ei ¼ ð bx cos �i � bz sin �iÞE0
i e

�jk1ðx sin �iþz cos �iÞ; (7:162a)

Er ¼ ð bx cos �r þ bz sin �rÞE0
r e

�jk1ðx sin �r�z cos �rÞ; (7:162b)

Et ¼ ð bx cos �t � bz sin �tÞE0
t e

�jk2ðx sin �tþz cos �tÞ; (7:162c)

where bx, by and bz are basis vectors along the x-, y-, and z-axes, respectively,

and where k1 and k2 are wave parameters of materials 1 and 2, defined by

k1 ¼ !
ffiffiffiffiffiffiffiffiffi
�1"1

p
; (7:163a)

k2 ¼ !
ffiffiffiffiffiffiffiffiffi
�2"2

p
: (7:163b)

First, we shall briefly examine the Maxwell equations relevant to SPW

problems, i.e., Eqs. (3.153) and (3.151) with J¼ 0. For TM waves, the non-

vanishing equations are

� @Hy

@z
¼ j!"Ex; (7:164a)

Material 2 (ε2 
, µ2)

Material 1 (ε1, µ1)

Hi

Ht

Hr

Eiz Ei

Er

Etx

Etz

Et

Erx
Eix

Erz

θi

θr

θi θr

θt
θt

x

z
xx

z

z

y,y
∧

∧

∧

Fig. 7.29 SPW analysis; two-layer laminate model.
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@Hy

@x
¼ j!"Ez; (7:164b)

@Ex

@z
� @Ez

@x
¼ �j!�Hy: (7:164c)

Equations (7.164) will be applied to the following three-layer problem.

SPW analysis in three-layer laminate

Here we consider SPW in a three-layer laminate composed of material 1

(dielectric layer), material 2 (metal layer), and material 3 (another dielectric

layer), Fig. 7.30.

The electric field Ex in the x-direction is the sum of Eix and Erx. Thus, from

Eqs. (7.162), we have

Ex ¼ Eix þ Erx

¼ E 0
i cos � i e

�jk1ðx sin �iþz cos �iÞ þ E 0
r cos �r e

�jk1ðx sin �r�z cos �rÞ

¼ A cos �i e
�jk1xx�jk1zz þ B cos � r e

�jk1xxþjk1zz: (7:165)

Let the angles of the incident and reflected TM waves be redefined by

�1 ¼ �1i ¼ �1r; (7:166a)

�2 ¼ �2i ¼ �2r; (7:166b)

�3 ¼ �3i: (7:166c)

Then the E-fields in materials 1, 2, and 3 are rewritten as

E1x ¼ A cos �1 e
�jk1xx�jk1zz þ B cos �1 e

�jk1xxþjk1zz; (7:167a)

Material 1 (dielectric)

Material 2 (metal)

Material 3 (dielectric)

θ1i θ1r

θ2i θ2r

θ3ia

0
x

z

Fig. 7.30 SPW analysis; three-layer laminate model.
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E2x ¼ C cos �2 e
�jk2xx�jk2zz þD cos �2 e

�jk2xxþjk2zz; (7:167b)

E3x ¼ F cos �3 e
�jk3xx�jk3zz þ G cos �3 e

�jk3xxþjk3zz; (7:167c)

whereA, B, C, D, E, F, andG are amplitudes of the TMwaves. Since there is no

reflection in material 3, G ¼ 0. We set the amplitude of the incident wave as

1, so A ¼ 1.

For the case of surface plasmon resonance (SPR), all the wave vectors k

should be equal to that of SPR, i.e., kSPR ,

k1x ¼ k2x ¼ k3x ¼ kSPR: (7:168)

Therefore, Eqs. (7.167) are further reduced to

E1x ¼ cos �1 e
�jkSPRx�jk1zz þ B cos �1 e

�jkSPRxþjk1zz; (7:169a)

E2x ¼ C cos �2 e
�jkSPRx�jk2zz þD cos �2 e

�jkSPRxþjk2zz; (7:169b)

E3x ¼ F cos �3 e
�jkSPRx�jk3zz: (7:169c)

Applying the boundary conditions at the interface betweenmaterials 1 and 2

at z ¼ 0, E1x ¼ E2x, and that between materials 2 and 3 at z ¼ a, E2x ¼ E3x,

we have

cos �1 ð1þ BÞ ¼ cos �2 ðCþDÞ; (7:170a)

cos �2 ðCe�jk2za þDe jk2zaÞ ¼ F cos �3 e�jk3za: (7:170b)

Integrating Eq. (7.164a) with respect to z, we obtain

Hy ¼
Z
ð�j!"ExÞdz: (7:171)

For material 1

H1y ¼
Z
ð�j!"1E1xÞdz

¼
Z
�j!"1ðcos �1 e�jkSPRx�jk1zz þ B cos �1 e

�jkSPRxþjk1zzÞdz: ð7:172Þ

By introducting parameters R1, R2, and R3 defined by
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R1 ¼
k1z
!"1

;R2 ¼
k2z
!"2

;R3 ¼
k3z
!"3

; (7:173)

Eq. (7.172) can be rewritten as

H1y ¼
1

R1
cos �1 e

�jkSPRx�jk1zz � B

R1
cos �1 e

�jkSPRxþjk1zz: (7:174a)

Similarly, for materials 2 and 3, the H-fields are given by

H2y ¼
C

R2
cos �2 e

�jkSPRx�jk2zz � D

R2
cos �2 e

�jkSPRxþjk2zz; (7:174b)

H3y ¼
F

R3
cos �3 e

�jkSPRx�jk3zz: (7:174c)

Applying the boundary conditions of continuity of Hy-fields across the

interfaces at z ¼ 0, H1y ¼ H2y, at z ¼ a, H2y ¼ H3ywe obtain

cos �1
R1

ð1� BÞ ¼ cos �2
R2

ðC�DÞ; (7:175a)

cos �2
R2

ðCe�jk2za �De jk2zaÞ ¼ F

R3
cos �3 e

�jk3za: (7:175b)

Now we shall solve Eqs. (7.170) and (7.175) for the amplitude B of the

reflected wave inmaterial 1. FromEqs. (7.170b) and (7.175b) we eliminate F to

obtain

C ¼ R3 þ R2

R3 � R2
e 2jk2zaD: (7:176)

Let rmn be the parameter related to both Rm and Rn, defined by

1

rmn
¼ Rn þ Rm

Rn � Rm
: (7:177a)

For example, for materials 2 and 3,

1

r23
¼ R3 þ R2

R3 � R2
: (7:177b)

Then Eq. (7.176) is rewritten as

C ¼ 1

r23
e 2jk2zaD: (7:178)
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From Eq. (7.175a)

D ¼
ð1� BÞR2

R1

cos �1
cos �2

1

r23
e 2jk2za � 1


 � : (7:179)

From Eqs. (7.170a), (7.178), (7.179), we can eliminate C and D:

1þ B ¼ cos �2
cos �1

ðCþDÞ

¼ ð1� BÞR2

R1

1

r23
e 2jk2za þ 1


 �
1

r23
e 2jk2za � 1


 � : (7:180)

Solving (7.180) for B, we obtain the reflection coefficient

B ¼ r12 þ r23e
�2jk2za

1þ r12r23e�2jk2za
: (7:181)

Equation (7.181) provides the amplitude B of the reflected wave in material

1 for a given set of parameters �i, ki,, "i of the ith material. Please note that

r12 ¼
R2 � R1

R2 þ R1
¼ k2z"1 � k1z"2

k2z"1 þ k1z"2
; (7:182a)

r23 ¼
R3 � R2

R3 þ R2
¼ k3z"2 � k2z"3

k3z"2 þ k2z"3
: (7:182b)

With Eqs. (7.182), Eq. (7.181) is reduced to

B ¼

k2z"1 � k1z"2
k2z"1 þ k1z"2

þ k3z"2 � k2z"3
k3z"2 þ k2z"3

e�2jk2za

1þ k2z"1 � k1z"2
k2z"1 þ k1z"2

k3z"2 � k2z"3
k3z"2 þ k2z"3

e�2jk2za

: (7:183)

By using kz ¼ k cos � ¼ k0
ffiffiffiffi
"r

p
cos � ¼ 2p

	

ffiffiffiffi
"r

p
cos �, the wavevectors are

given by

k1z ¼
2p
	

ffiffiffiffiffiffi
"r1

p
cos �1; (7:184a)
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k2z ¼
2p
	

ffiffiffiffiffiffi
"r2

p
cos �2; (7:184b)

k3z ¼
2p
	

ffiffiffiffiffiffi
"r3

p
cos �3; (7:184c)

where the angle �t of the transmitted wave is related to that of the incident

wave for two adjacent materials 1 and 2 by

sin �t
sin �i

¼ n1
n2

¼
ffiffiffiffiffiffiffiffiffi
�1"1

pffiffiffiffiffiffiffiffiffi
�2"2

p ¼
ffiffiffiffiffi
"1

pffiffiffiffiffi
"2

p : (7:185)

As light passes from material 1 to material 2, we have

sin �2t ¼ sin �2i ¼ sin �1i
n1
n2

; (7:186)

cos �2i ¼ ð1� sin2 �2iÞ1=2 ¼ 1� "1
"2

sin2 �1i


 �1=2

: (7:187)

Similarly,

cos �3i ¼ ð1� sin2 �3iÞ1=2 ¼ 1� "1
"3

sin2 �1i


 �1=2

: (7:188)

SPW analysis in multi-layer laminate

For multi-layer laminates with number of layers more than three, we shall use

transmission-line (TL) theory where voltageV is set equal to tangential E-field

(Ex) and current I to tangential H-field (Hy):

V ¼ Ex; (7:189a)

I ¼ Hy: (7:189b)

Let us consider transmission-line theory, Fig.7.31. Voltage and current at an

arbitrary point x are given by (Ishimaru,1991)

V(0), I(0) V(l), I(l)

x l

Fig. 7.31 Transmission-line theory.
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VðxÞ ¼ IL
2
½ðZL þ Z0Þe�ðl�xÞ þ ðZL � Z0Þe��ðl�xÞ�; (7:190a)

IðxÞ ¼ IL
2Z0

½ðZL þ Z0Þe�ðl�xÞ � ðZL � Z0Þe��ðl�xÞ�: (7:190b)

For x=0 (input) and x=l (output), we obtain

Vð0Þ ¼ IL
2
½ðZL þ Z0Þe�l þ ðZL � Z0Þe��l�; (7:191a)

Ið0Þ ¼ IL
2Z0

½ðZL þ Z0Þe�l � ðZL � Z0Þe��l�; (7:191b)

VðlÞ ¼ IL
2
½ðZL þ Z0Þ þ ðZL � Z0Þ� ¼ ILZL; (7:192a)

IðlÞ ¼ IL
2Z0

½ðZL þ Z0Þ � ðZL � Z0Þ� ¼ IL; (7:192b)

where Z0 and ZL are characteristic impedance and load impedance corre-

sponding to the medium between x¼ 0 and x¼ l, IL is the current flowing

through the medium with impedance ZL, and

� ¼ jkz: (7:193)

With Eq. (7.193), V(0) is written as

Vð0Þ ¼ IL
2
½ðZL þ Z0Þe jkzl þ ðZL � Z0Þe�jkzl�

¼ ILðZL cos kzlþ jZ0 sin kzlÞ
¼ VðlÞ cos kzlþ IðlÞjZ0 sin kzl: (7:194)

The characteristic impedanceZ0 is the ratio of the incident voltageV
þ
0 to the

incident current Iþ0 , which are set equal to Eþ
x and Hþ

y , respectively. Then,

using Eqs. (7.164a) and (7.174), we obtain Z0 as

Z0 ¼
Vþ

0

Iþ0
¼ Eþ

x

Hþ
y

¼
�
@Hþ

y

@z

.
j!"

Hþ
y

¼
�ð�jkzÞHþ

y =j!"

Hþ
y

¼ Rm; (7:195)

where Rm (m=1, 2, . . . ,N), the parameter related to the mth layer, is defined

by Eq. (7.173).
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Equation (7.194) is reduced to

Vð0Þ ¼ VðlÞ cos kzlþ IðlÞjRm sin kzl: (7:196)

Similarly, for current, we have

Ið0Þ ¼ IL
2Z0

½ðZL þ Z0Þejkzl � ðZL � Z0Þe�jkzl�

¼ IL
2Z0

½ðZL þ Z0Þðcos kzlþ j sin kzlÞ � ðZL � Z0Þðcos kzl� j sin kzlÞ�

¼ IL
2Z0

ð2Z0 cos kzlþ 2ZL j sin kzlÞ

¼ IL cos kzlþ
VðlÞ
Z0

j sin kzl: (7:197)

With Eq. (7.195), I(0) is reduced to

Ið0Þ ¼ VðlÞ 1

Rm
j sin kzlþ IðlÞ cos kzl: (7:198)

Equations (7.196) and (7.198) are rearranged in the following matrix form:

Vð0Þ
Ið0Þ

� �
¼ Am Bm

Cm Dm

� �
VðlÞ
IðlÞ

� �
; (7:199)

where

Am ¼ Dm ¼ cos kmzl; (7:200a)

Bm ¼ jRm sin kmzl; (7:200b)

Cm ¼ j sin kmzl

Rm
: (7:200c)

If the multi-layer laminate is composed of N layers, then m¼ 1, 2, . . . ,N,

Fig. 7.32.

The relation between incident (i) and transmitted (t) voltage and current is

now given by

Vi

Ii

� �
¼ A B

C D

� �
Vt

It

� �
; (7:201)
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A B
C D

� �
¼ A2 B2

C2 D2

� �
A3 B3

C3 D3

� �
. . .

AN BN

CN DN

� �
: (7:202)

It is to be noted in transmission lines that

Vþ
0

Iþ0
¼ �V�

0

I�0
¼ Z0; (7:203)

where

Vi ¼ Vþ
0 ðincidentÞ þ V�

0 ðreflectedÞ ¼ E0 þ E0�; (7:204a)

Ii ¼ Iþ0 ðincidentÞ þ I�0 ðreflectedÞ ¼
Vþ

0

Z0
� V�

0

Z0
¼ E0

Z0
� E0�

Z0
¼ E0

Z1
ð1� �Þ;

(7:204b)

where Z0 ¼ Z1 and � is the reflection coefficient defined by

� ¼ V�
0

Vþ
0

: (7:205)

Also,

Vt ¼ �E0; (7:206a)

It ¼
�

Zt
E0; (7:206b)

where � is the transmission coefficient defined by

� ¼ 1þ � ¼ Vt

Vi
: (7:207)

Incident Transmitted

Vi, Ii Vt , It

Material    1 2 3 N – 1 N

Fig 7.32 SPW model in N-layer laminate.
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The relation between the incident wave (Vi, Ii) and the transmitted one

(Vt, It) is given in matrix form:

E0ð1þ �Þ
E0

Z1
ð1� �Þ

264
375 ¼ A B

C D

� � �E0

�

Zt
E0

264
375: (7:208)

Solving the matrix equation for � and G, we obtain

� ¼ 2

Aþ B

Zt
þ Z1 Cþ D

Zt


 � ; (7:209)

� ¼ � Aþ B

Zt


 �
� 1 ¼

Aþ B

Zt
� Z1 Cþ D

Zt


 �
Aþ B

Zt
þ Z1 Cþ D

Zt


 � : (7:210)

It is to be noted in Eqs. (7.209) and (7.210) thatZ1 andZt are the impedances

associated with layer 1 and layerN, Fig. 7.32, and they are equal toR1 andRN,

respectively.

Therefore, the reflection coefficient � is now rewritten as

� ¼
Aþ B

RN
� R1 Cþ D

RN


 �
Aþ B

RN
þ R1 Cþ D

RN


 � ; (7:211)

where

A B

C D

" #
¼

YN�1

m¼2

Am Bm

Cm Dm

" #

¼
YN�1

m¼2

cosðkmztmÞ jRm sinðkmztmÞ

j sinðkmztmÞ
Rm

cosðkmztmÞ

" #
; ð7:212Þ

and where tm and nm are the thickness and refractive index of the mth layer,

respectively. The parameter Rm is

Rm ¼ kmz

!"m
¼ kmz	

2pc0n2m
; (7:213a)
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and

kmz ¼ km cos �m ¼ k0nm cos �m ¼ k0nm 1� n1
nm


 �2

sin2 �1

" #1=2

: (7:213b)

Surface plasmon resonance (SPR) is widely used as a key mechanism in

designing a number of biosensors. There are two major types of SPR equip-

ment. One is ‘‘angle modulation,’’ where we input a single wave with a specific

wavelength, such as aHe–Ne laser, and find the resonance angle, and the other

is ‘‘wavelength modulation,’’ where we input an optical wave with many

wavelengths such as white light and observe a certain wavelength which is

absorbed. Here we shall present the numerical results based on the SPR

equations developed earlier in this section.

Before the numerical calculations based on SPR model, we have to set the

input data of multi-layer laminates. The refractive index of metals such as

gold (Au) and chromium (Cr) is a complex number which depends on the

wavelength of the incident light.

nð	Þ ¼ nð	Þ � jkð	Þ; (7:214)

where nð	Þ is a complex-valued refractive index, n(	) and k(	) are real and

imaginary parts, respectively.

Let us assume that n(	) and k(	) are approximated by

nð	Þ ¼ a1 þ a2	þ a3
	2

þ a4
	4

þ a5
	6

; (7:215a)

kð	Þ ¼ b1 þ b2	þ b3
	2

þ b4
	4

þ b5
	6

: (7:215b)

The a-parameters (a1, a2, . . . , a5) and b parameters (b1, b2, . . . , b5) of gold

and chromium are given by

aðAuÞ ¼ ð0:0705; 0:2562;�0:0530;�0:0362; 0:0198Þ;

bðAuÞ ¼ ð2:7742; 4:5739; 0:1185;�0:8814; 0:1752Þ;

aðCrÞ ¼ ð1:7048; 2:4846; 0:6029;�0:2369; 0:0166Þ;

bðCrÞ ¼ ð1:5322; 2:1596; 0:6694;�0:0028;�0:0126Þ:

(7:216)

Figure 7.33 shows an approximate curve of n(	) of gold (Au) as a function of

wavelength 	.
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Fig. 7.34 illustrates an SPR model of a five-layer laminate model. We shall

calculate the reflection coefficient (reflectivity) � of the SPR in this multi-layer

system. We are interested in the effect of the polymer layer (of thickness 10 nm

and refractive index n¼ 1.4). It is to be noted in Fig. 7.34 that the Cr layer is

needed as an adhesive bonding layer between the prism (BK7, n¼ 1.5) and Au.

Use of water and the polymer layer is to simulate a realistic SPR characteriza-

tion of unknown molecules in a flow cell (mostly water).

Figure 7.35 shows the results of the numerical simulation of the reflectivity–

incident-angle (�i) relation for the multi-layer model of Fig. 7.34 with (solid

prism

Ii Ir

θi
Cr (2 nm)

Water n = 1.33

Polymer (10 nm, n = 1.4)
Au (50 nm)

Fig. 7.34 SPR model of five-layer laminate composed of prism, Cr (2 nm),
Au (50 nm), polymer (10 nm), and water.
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Fig. 7.33 Experimental data and approximate curve of n(	) of gold (Au).
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curve) and without (dashed curve) polymer layer. Figure 7.35 demonstrates

the sensitivity of an SPR sensor for sensing the existence of the polymer layer.

To quantify the sensitivity, one can use the change��i in the SPR angle or the

change �� in the reflectivity at a specific incident angle (�i ¼ 758 was used in

the figure). If the polymer layer is to simulate unknown molecules in more

realistic sets of SPR characterizations, the thickness of the unknownmolecules

can be as small as a few nm or so. Even for such an extremely thin layer, the

SPR sensor system based on either �� or ��i can detect the existence of the

unknown molecules in very small amounts. The SPR sensor, however, cannot

distinguish the in-plane resolution (i.e., x–y plane) as the unknown layer is

assumed to be uniform in the x–y plane (sensor surface).
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R
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∆Γ

∆θSPR

Fig. 7.35 Reflectivity � vs. incident angle �i for the multi-layer laminate of
Fig. 7.34 with polymer layer (solid curve) and without polymer layer (dashed
line).
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8

Engineering problems

The preceding chapters are mostly aimed at modeling and design of electronic

composites. Here we shall look at some of the engineering problems related to

electronic composites: (1) processing, (2) standard measurement methods of

properties, and (3) electromigration.

8.1 Processing

The processing routes of electronic composites for use in electronic packaging

and in micro-electromechanical systems (MEMS) have common processing

steps, which are

(1) photolithography,

(2) metallization,

(3) cladding,

(4) injection molding,

(5) compression molding,

(6) deposition of organic films.

We shall outline these processing methods below. There are many more

processing routes that are available, but in this chapter we focus only on the

major ones. Detailed accounts of the processing of electronic packaging and

MEMS are given elsewhere, for example in a book by Madou (2002).

Photolithography

The most widely used processing technique in the electronic packaging and

MEMS industry is photolithography, which serves as the primary step before

the final IC and MEMS packages are assembled. The standard method of

photolithography is illustrated in Fig. 8.1 where two cases of photoresist

Cambridge Books Online © Cambridge University Press, 2009



removal are shown, positive and negative, resulting in the correspondingmetal

(Cu) circuit line or pad.

The first step in Fig. 8.1 is oxidation of the topmost Si wafer, to convert it to

SiO2 whose function is to protect the Si wafer from the etchant during the

removal (lift-off ) of the photoresist material and serves as a sacrificial layer in

the MEMS process. Recent demands for higher spatial resolution and higher

aspect ratios have led to alternative lithography technology, such as x-ray

lithography.

Metallization

Deposition of a thin layer of metal (such as Cu, Au, or Al) in a specific pattern

on a substrate, Si, or printed circuit board (PCB), is another key step in

forming the desired circuit pattern. Popular metallization methods that are

used for electronic and MEMS packaging include

(i) physical vapor deposition (PVD),
(ii) chemical vapor deposition (CVD),

(iii) screen printing,
(iv) plasma polymerization,
(v) self-assembled monolayer (SAM).

The cost-effectiveness of processing increases from (i) toward (iii), which are

primarily for Si-based substrates, while (iv) and (v) are aimed at coating on

both Si-based and polymer substrates. PVD includes thermal evaporation and

photoresist

SiO2
Si

mask

positive 
resist

negative 
resist

coppersputtering or 
evaporation

lift-offSi

photoresist

UV light

mask

cross-section

SiO2

Fig. 8.1 Standard photolithography used for IC and MEMS packages,
followed by Cu metallization.

272 Engineering problems

Cambridge Books Online © Cambridge University Press, 2009



sputtering, where the former is used only with metal species that can be

evaporated at high temperatures while the latter method does not have a

limitation as to which material can be deposited, but requires a sputtering

source material. Some PVD setups are shown in Fig. 8.2.

PVD is also used for etching some parts of the electronic packages and

MEMS surfaces. There are two modes of etching by PVD, glow discharge and

ion-beam methods, where the main principle of material removal is due to the

kinetic energy carried by bombarding charged ions (Ar+), with and without

chemical reactions. This etching normally takes place on the substrate
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Fig. 8.2 Selected PVDs: (a) DC-diode glow discharge sputtering, (b) RF
diode glow charge sputtering, (c) DC planar magnetron sputtering, and (d)
ion-beam sputtering. (After Enoki, 1995.)
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material, with a thin masking coating on top, which is placed in the target

source location i.e., opposite mode of operation to deposition of the target

source.

There are several different variations in CVD: plasma-enhanced CVD, low-

pressure CVD, and metal–organic CVD. Compared with PVD, most of CVD

techniques require less power, lower deposition temperatures, provide less

damage on the surface of a substrate and faster deposition rates on larger

substrate areas, but the types of material that can be deposited on a substrate

are limited. A typical CVD system requires a set of gases that flow into a

chamber which is initially evacuated to a high vacuum, followed by input of Ar

gas to create a plasma, which enhances the deposition of the reactant gases on

the substrate that can be heated to a desired temperature. Figure 8.3 illustrates

an example of a plasma-enhanced CVD system.

Screen printing is a cost-effective deposition method for 2D electric circuit

patterns where inks made of conductive metals with an organic binder and

solvent are inserted through a stainless-steel sheet with patterned openings

which will become circuit lines for electronic and MEMS packages. The

minimum width of the opening (slit) in the stainless-steel plate, however, is

relatively large (�100mm) although recent progress has been made down to

20mm with some reliability.

Cladding

Cladding is the bonding of two thin plates at low temperature after etching

both surfaces of the plates, providing low-cost and high-volume processing of

thin laminated composite sheets. Figure 8.4(a) shows the principle of bonding

and (b) is an example of a high-volume processing setup.
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Fig. 8.3 Plasma-enhanced CVD (Richards, 1996).
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It is to be noted that more than two sheets can be processed easily by including

more sheet feeding and cladding systems. It is also noted here that the cladding

can include the case of polymer film bonding to metal sheet. In addition to low-

cost, high-volume processing, another advantage of the clean etching–cladding

method of Fig. 8.4 is to provide a distinct interface between two material sheets

with no diffusion layer and no compounds formed at the interface because

bonding is at room temperature after etching the surfaces by Ar+ ion bombard-

ment. The thin laminate composite plates produced by cladding play a key role in

processing multi-layered printed wiring board (ML-PWB) as shown in Fig. 8.5.

Step 1
Material A, B

in vacuum

Oxide and
absorbate

Ar+

Ar+

Step 2
Surface activated

treatment

Step 3
Roll bonding Vacuum chamber

Material A Uncoiling device

Rolling mill

Ion etching device Material B
Uncoiling device

Coiling device

Activated
surface

Fig. 8.4 Cladding of two thin metal sheets: (a) concept of clear fine cladding,
(b) continuous process setup. (Courtesy of Mr. K. Saijo of Toyo Kohan.)

Cu/Ni/Cu clad

Laminating 
resin

Hot press

Pattern forming

Repeat

Bump forming and Ni
removing

Fig. 8.5 Processing ofML-PWB using Cu/Ni/Cu clad laminate (courtesy of
Mr. K. Saijo of Toyo Kohan).
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TheCu/Ni/Cu clad laminate inFig. 8.5 is bonded between theCu/Ni plate and

the Cu plate by the cladding process equipment of Fig. 8.4 where the Cu/Ni

plate was prepared by electrolytic plating of Ni (typically �0.5–few mm) on the

Cu plate (typically �10–30mm). Under increasing demand for cellular phones

and other portable antenna devices, use of lightweight material with a low

dielectric constant (such as a liquid crystal polymer (LCP)) bonded to conductive

metals has been accelerated. The cladding of LCP film andCu foil provides a key

RF PWB component. Figure 8.6 illustrates the processing route for multi-layer

PWB for RF components.

The clean etching–claddingmethod is also used to process multi-layer sheets

with embedded resistor lines, where the resistor lines are typically Ni–Cr and

the conductor lines are Cu. Figure 8.7 illustrates the processing route for a

resistor line with conductor circuit embedded in the insulator (LCP) where the

key starting material is Cu/Cr–Ni/LCP clad laminate.

Injection molding

Injection molding has been used extensively for low-cost processing of plastic

parts, some of them electronic composites, such as insulator parts made of a

mica-filled polymer matrix. An injection-molding machine is composed of two

parts, (1) a mixer, to prepare semi-liquid polymers (or polymer compounds),

and send them to (2) a compression unit to form a shaped final part, Fig. 8.8.

Due to the demand for electronic packaging and MEMS components with

micron-sized high tolerance, the conventional injection molding machines

Rolled Cu foil

type LCP

type LCP

Laminating and 
drilling

Pattern 
formation

Core board

Via filling and pattern 
forming

Fig. 8.6 Processing route for multi-layer PWB for RF components (cour-
tesy of Mr. K. Saijo of Toyo Kohan).
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have been modified to allow flat shaped parts with some low-aspect-ratio

bumps, for example, compact discs (CDs) and housing for micro-fluidics.

The micron-sized cavities in the mold can be filled with the plastic mass with

its temperature equal to or slightly higher than its glass transition temperature

(Tg). If the flowing plastic mass is replaced by plastic compounds made of

fillers and polymer, the viscosity increases, and getting such plastic compounds

to penetrate into narrow channels of higher aspect ratio in the mold presents a

challenge. This is the case with short fibers with higher aspect ratio. A carbon

Fig. 8.8 Injection molding machine. Diagram downloaded from the
Intelligent Systems Laboratory Website of Michigan State University
(http://islnotes.cps.msu.edu/trp/inj/inj_what.html).

Cross-section

Upper side

Cu selective etching

Cu selective etching

Base material

Resistant layer etchingResistor Circuit

Fig. 8.7 Processing of the clean etching–cladding method for a resistor–
conductor network in an LCD insulator (courtesy of Mr. K. Saijo of Toyo
Kohan).
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short-fiber/polymer matrix composite has been successfully injection molded

into a housing for laptop PCs, as shown in Fig. 8.9.

It is to be noted that high mechanical strength is required for the laptop PC

housing, which can be achieved by uniform distribution of stiff carbon short

fibers. This uniform distribution of short fibers can be realized by using

multiple gates for the mold. The optimum design of the mold with such gates

requires 3D flow analysis of injection molding as well as the detailed analysis

of the short-fiber orientations and the filler spatial concentration in a 3D

mold, followed by predictions of the thermomechanical property data for all

spatial locations. Analytical modeling of the thermomechanical properties of

short-fiber composites has been made by using the Eshelby model (Takao

et al., 1982; Taya and Arsenault, 1989; Kataoka and Taya, 2000).

Compression molding

Compression molding has been used as extensively as injection molding in

processing electronic packaging and MEMS components. Unlike injection

molding, compression molding uses polymer or polymer compound sheets

as a starting material, which is heated close to or at Tg, followed by compres-

sion of the sheet between upper and lower dies (molds). A typical compression-

molding machine is illustrated in Fig. 8.10.

The compression molding sequence of Fig. 8.10 is a batch process; its

productivity is limited. To increase productivity, a continuous compression-

molding system is better suited where a plastic sheet or a plastic compound

sheet is sent continuously into the hot-pressing unit. For the processing of

1 cm

Fig. 8.9 Injection molded laptop housing made of carbon short-fiber/
polymer matrix composite where circular areas are access gates for injected
flow (courtesy of Mr. Matsuhisa, Toray).
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printed circuit board (PCB), Takei et al. (1991a,b) proposed a continuous

processing route involving preform making and compression molding, Figure

8.11 shows the routes for two types of preform: (a) premix, and (b) paper

making. The paper-making process is further illustrated in Fig. 8.12.

Takei et al. (1991b) processed a hybrid composite plate for a PCB using the

two-stage processing of Fig. 8.11(b). The microstructure of the preform is

shown in Fig. 8.13. Micro-fibridized cellulose was used to produce a tightly

bound skeletal Si3N4 whiskers/Al2O3 short-fiber preform.

Deposition of organic films

Deposition of organic films on substrates can be made by some of the preced-

ing coatingmethods for use in electronic packages andMEMS.More recently,

the deposition of organic films on the surfaces of BioMEMS sensors and

actuators has become an increasingly important technology. Here we shall
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Fig. 8.11 Continuous processing involving preform process and compres-
sion molding. Two types of preform process are shown: (a) premix, and
(b) paper making, which is further detailed in Fig. 8.12. (Takei et al., 1991a,
with permission from Elsevier Ltd.)
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force

eject

Fig. 8.10 Compression-molding machine. (a) Load/heat, (b) compress, and
(c) eject.
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state briefly three methods of deposition of organic films: (1) plasma poly-

merization, (2) Langmuir–Blodgett (LB) method, and (3) self-assembled

monolayer (SAM).

Plasma polymerization has been used extensively to modify the surface of a

polymer substrate and deposit organic film on the as-modified polymer.

A typical plasma polymerization apparatus is illustrated in Fig. 8.14.

In the PVD process, a gaseous or volatile compound is introduced into a

reaction chamber, fragmented and/or ionized in a glow discharge plasma,

and reassembled on a surface. The processes that simultaneously occur

during the plasma reaction are ionization, neutralization, recombination,

polymerization, etching, implantation and, deposition. Under appropriate

Stirring

Wet hybrid mat
Handpress

Handpress
Filter
paper

Filter
paper

Roller

Plate Hot drum

Canvas

STIRRING DEHYDRATION SQUEEZING OUT OF WATER DRYING

Hybrid paper

Wire gauze

Suspension

Paper-making machine

Fig. 8.12 Paper-making process to form preform made of two different
fillers, Al2O3 short fibers and Si3N4 whiskers (Takei et al., 1991b, with
permission from Elsevier Ltd).

Fig. 8.13 Preform of a hybrid composite where two types of fillers (Si3N4

whiskers and Al2O3 short fibers) are tightly bonded by micro-fibridized
cellulose (Takei et al., 1991b, with permission from Elsevier Ltd).
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conditions, a deposit will form on a substrate placed in the reactor. If the

molecule introduced into the gas phase is an organic compound, polymer-

ization is possible, but the structure of the polymer may be far from that of

the precursor (Johnston and Ratner, 1996). In the last 10 years, methods

have been developed to obtain a plasma deposition that closely resembles

the structure of the precursor, and some of the parameters (RF power,

precursor flow rate, pressure, reaction time, pulsing of the power, etc.) that

control the structure of the deposit have been elucidated. Butoi et al. (2000)

pointed out the influence of substrate position relative to the RF coil. In

their research, CF2-rich films deposited close to the RF coil were highly

amorphous and cross-linked, whereas films deposited 28 cm downstream

from the coil showed a high degree of order and less cross-linking. Plasma

polymerization is a flexible strategy to modify the surface of materials. The

resulting coatings are strongly adherent and many surface chemistries are

possible. The applications of plasma polymer coatings range from corro-

sion protection to biomaterials that can interact with proteins. Zhang et al.

(2003) plasma polymerized allylamine on pretreated glass slides to immo-

bilize DNA. They found that low-power plasma deposits were able to swell

in solution, making the amine groups within the bulk of the polymer

accessible to DNA.

Langmuir (1938) introduced a horizontal lifting method, useful for deposi-

tion of very rigid films. This method, however, was invented about 1000

years ago and is called ‘‘Sumi Nagashi’’: a Japanese artist spread Chinese
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Fig. 8.14 Diagram of plasma polymerization apparatus. M.F.C. is mass
flow control; S,T: vacuum gauges (Pirani and Baratron sensors).
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ink (a suspension of carbon particles in a protein solution) on a water surface.

The protein monolayer thus formed was picked up by paper. The films are

layers of molecules transferred from the water–air interface onto a solid

substrate. A bath of water is covered with a film and a substrate is dipped

horizontally into the bath. The film bonds to the surface of the solid substrate

during the dipping. The film usually consists of molecules having a hydro-

phobic ‘‘tail’’ and a hydrophilic ‘‘head.’’ The molecules align with the hydro-

phobic tail away from the water to bind readily to the substrate. These layers

can be in a monolayer or multi-layer form. Multi-layers are produced by

repeating the dipping process. Common materials used for the films are

liquid-crystal compounds, porphyrin, phthalocyanine, and polymers.

There are many potential applications, for example applying a polyamide

monolayer on graphite (Schedel-Niedrig et al., 1991).

Figure 8.15 illustrates the case of the deposition of a single layer of an

organic film with hydrophobic tail and hydrophilic head which is deposited

on one side of a substrate. If the need is to deposit on both sides of the

substrate, the ‘‘Y-type’’ LB method illustrated in Fig. 8.16(a) can be used.

LB deposition methods based on a non-centrosymmetric system, Fig 8.16(b),

(c), are also shown as X- and Z-types.

Self-assembly is a process by which molecules spontaneously assemble on a

surface. The molecules chemisorb on the surface of a solid, leaving a functional

group on the exposed end. The surface-active head is chosen to be attracted to

the specific surface. The outward facing functional group is then tailored to

produce the desired surface properties on the assembled layer. One requirement

of the functional group is that it cannot be highly attracted to the substrate, to

ensure that the functional group points away from the surface. A common

Hydrophobic tail
Hydrophilic head

Fig. 8.15 Langmuir–Blodgett film deposition.
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instance of this process uses an alkanethiol head to attach to a gold surface

(Whitesides et al., 1991; Kawasaki et al., 2000).

Self-assembled monolayer (SAM) deposition is ‘‘borrowed’’ from Nature,

where it is used by biological cells; it is a room-temperature, low-cost process.

Figure 8.17 illustrates SAM applied to Au colloidal deposition on an ionic

polymer substrate. In this example, both plasma polymerization and self-

assembly are used. First, a thin coating of allylamine is deposited on the surface

of an ionic polymer membrane by plasma polymerization. Then Au colloids

assemble on the allylamine coating because of the high affinity of gold for amine

groups. If the allylamine coating is patterned, a patterned Au deposition is

obtained. Figure 8.18 shows an example of Au electrode pattern made by SAM

(Le Guilly, 2004).

Ionic polymer
membrane

Au colloid
Plasma polymerized
allylamine

HSH2C CH2OH

Fig. 8.17 Stepwise assembly of Au on ionic polymer membrane. (adapted
from Musick et al., 1997, # 1997, with permission from Amer. Chem. Soc.)

(a) (b) (c)

Y-type: the most usual & stable
mode of multi-layer formation.

X-type deposition Z-type deposition

X-, Z-types (non-centrosymmetric): unstable.

Fig. 8.16 Various types of LB film deposition methods.
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8.2 Standard measurement methods of properties

Properties of electronic composites need to be accurately measured. The key

properties are mechanical (stiffness tensor Cij), thermal (thermal conductivity

coefficient of thermal expansion �, and specific heat c), and electromagnetic

(electrical conductivity �, dielectric constant ", andmagnetic permeability �).

For materials with coupled behavior such as piezoelectric materials, we have

also to measure the piezoelectric constants (dij or eij). Here we shall cover the

standard measurement methods for these properties.

8.2.1 Mechanical properties

Electronic composites are often anisotropic due to the presence of fillers, see

Fig. 3.4. Therefore, their elastic constants (stiffness tensor Cijkl, Eq. (3.17a), or

compliance tensor Sijkl, Eq. (3.17b)) need rigorous measurement methods. If a

composite is orthotropic, thus having nine elastic constants, Eq. (3.20) in terms

of compliance tensor, one can use a set of strain gauges to monitor various

strain components (eij) under increasing or decreasing applied stress (�ij). Then

the nine elastic constants are calculated from the measured strains using Eq.

(3.20). An electrical resistance strain gauge system is the most popular method

of measuring strains, first proposed by Thompson (1856). The electrical

Silicon stencil masks
sandwiching ionic polymer

Plasma deposition of
allylamine

Self-assembly of Au
colloids on amine surface

Binding of  bi-functional
cross-linker on Au

Assembly of additional Au
colloids

Fig. 8.18 Micro-patterned self-assembled electrodes fabrication scheme
(Le Guilly, 2004).
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resistance R of a metal wire of cross-sectional area A, length L, and electrical

resistivity � is given by

R ¼ �L

A
: (8:1)

Taking the total derivative of Eq. (8.1) and dividing it by R results in

dR

R
¼ d�

�
þ dL

L
� dA

A
; (8:2)

where the change dA in area divided by A is given by

dA

A
¼ �2�

dL

L
þ �2

dL

L

� �2

; (8:3)

and � is Poisson’s ratio of the metal. The strain sensitivity (SA) is defined by

SA ¼ dR=R

dL=L
¼ d�=�

dL=L
þ 1þ 2�; (8:4)

where the higher-order term is neglected. The values of SA for common strain

gauge materials are given in Table 8.1 (Dally et al., 1987).

SA is very sensitive to temperature, and the mechanical property measure-

ments with strain gauges are often done in a changing temperature environ-

ment. Thus we have to account for the temperature sensitivity of resistivity �.

Then the resistance change dR/R is expressed by two terms

dR

R
¼ Se�eþ ST�T; (8:5)

where Se is the sensitivity factor to strain change �e (gauge factor), and ST

is the sensitivity factor to temperature change �T. Both factors are well

documented for commercially available strain gauges.

Table 8.1 Strain gauge sensitivity SA, and composition of common materials for

strain gauges (Dally et al., 1987).

Material Composition SA

Advance (or Constantan) 45Ni–55Cu 2.1
Karma 74Ni–20Cr–3Al–3Fe 2.0
Isoelastic 55.5Fe–36Ni–8Cr–0.5Mo 3.6
Nichrome V 80Ni–20Cr 2.1
Platinum–tungsten 92Pt–8W 4.0
Armour D 70Fe–20Cr–10Al 2.0
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In order to obtain the state of multi-axial strains (mostly up to two-

dimensional in the x–y plane), one has to use multiple strain gauges, Fig.

8.19, where three strain gauges, A, B, and C are placed with different orienta-

tion angles with respect to the x-axis, �A, �B, and �C, respectively. Then the

strain components along these orientations are expressed in terms of the strain

components in the x-, y-coordinates:

eA ¼ exx cos
2 �A þ exy sin

2 �A þ 2exy sin �A cos �A; (8:6a)

eB ¼ exx cos
2 �B þ eyy sin

2 �B þ 2exy sin �B cos �B; (8:6b)

eC ¼ exx cos
2 �C þ eyy sin

2 �C þ 2exy sin �C cos �C: (8:6c)

The unknowns exx, eyy, and exy can be solved for from Eqs. (8.6) for

measured values of eA, eB, and eC.

If the orientation angles are specified as

�A ¼ 0�; �B ¼ 45�; and �C ¼ 90�; (8:7)

then Eqs. (8.6) are simplified as

eA ¼ exx; (8:8a)

eB ¼
exx þ eyy þ 2exy
� �

2
; (8:8b)

strain gauge A

B

C

x

y

θB

θC

θA

 

Fig. 8.19 Three strain gauges placed with different orientation angles for
measurement of 2D strain components exx, eyy and exy in the x-, y-
coordinates.
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eC ¼ eyy: (8:8c)

From Eqs. (8.8), we can easily obtain the three strain components, exx, eyy,

and exy. A strain gauge arrangement with the orientation angles specified by

Eq. (8.7) is called a ‘‘rosette’’ and is commercially available.

When the specimen size is decreased, typical of electronic packages and

MEMS components, use of the strain gauge method is difficult, and optical

methods are better suited for the measurement of the strain field. The use of

laser moiré interferometry is becoming increasingly popular in direct measure-

ments of the strain field on a 2D specimen surface, because of its high spatial

resolution (down to the submicron range). Figure 8.20 illustrates a typical

setup of the optical system for moiré interferometry. Moiré interferometry,

however, requires rigorous optical equipment and careful preparation of the

specimen surface, including application of a grating.

The specimen grating is prepared from amaster grating which is processed by

photolithography onto a metal film which is then used as a mold in a compres-

sion-molding setup. The specimen, coated with uncured polymer adhesive, and

the metal film are pressed together to produce a grated specimen, see Fig. 8.21.

computer

Grating frequency = 1200 lines / mm

He–Ne laser

spatial filter collimating
lens

mirror

specimen grating
reference grating

specimenmirror

PZT pusher
PZT

35 mm
camera

beam splitter

CCD
camera

Fig. 8.20 Laser moiré interferometric system (Tran et al., 1999. Reprinted
from Experimental Mechanics, with permission of Soc. Exp. Mech. Inc.).
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The theoretical background of moiré interferometry is given by Post and

his co-workers (Post, 1987; Post et al., 1994). A high-frequency diffraction

grating is replicated on the surface of the specimen. Upon loading of the

specimen into the interferometer, the specimen grating, which deforms,

interacts with the reference grating, which does not deform, forming a

moiré fringe pattern. The moiré fringe pattern provides the displacements

along the x-axis (U-field) and y-axis (V-field), which are calculated from

U ¼ Nx

f
; (8:9a)

V ¼ Ny

f
; (8:9b)

where f is the frequency of the virtual reference grating, andNx andNy are the

fringe orders in theU- and V-fields of the fringe pattern. Electronic packaging

components which are often made of electronic composites are of small size.

Applications of moiré interferometry to these electronic packaging comp-

onents requires use of a microscope able to resolve the fringe pattern. Han

(1992) developed an experimental–numerical method to increase spatial

resolution by using optical/digital fringe multiplication (O/DFM). Then the

U- and V-fields are modified to

U ¼ N�
x

f�
; (8:10a)

V ¼
N�

y

f�
; (8:10b)

(a) (b) (c)

mold

metallic film

uncured
adhesive
specimen 
surface

Fig. 8.21 Sequence of preparing a specimen with grating. (a)Master grating
with metal film on top of polymer adhesive mounted on a specimen,
(b) pressing, and (c) specimen with grating. (Post, 1987. Reprinted from
Handbook of Experimental Mechanics, with permission of Society. Exp.
Mech. Inc.)
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where N�
x and N�

y are the contour numbers, which are proportional to the

fringe orders in the moiré fringe patterns, � is a fringe multiplication factor,

and f is normally set equal to 4800 lines/mm. The spatial resolution based on

O/DFM can be of submicron order. Han and co-workers applied the above

O/DFM to observe several electronic packages under thermal loading – tape

ball grid array (TBGA) package (Han, 1998) and wire bond–plastic ball grid

array (WB-PBGA) package (Cho et al., 2001). Figure 8.22(a) shows the

profile of a TBGA which is subjected to various temperatures. The U-field

fringe patterns of the TBGA subjected to temperatures of 30 8C, 75 8C, and
115 8C are shown in Fig. 8.22(b), (c), and (d), respectively. It is clear from Fig.

8.22(b)–(d) that the horizontal relative displacement in PCB and solder balls

increases with temperature, resulting in higher shear strain in the solder balls.

Figure 8.22(d) demonstrates that the shear strain increases toward the left edge

of the solder ball array, which is coincident with the distribution of shear stress

illustrated in Fig. 7.24.

Cho et al. (2001) observed theU- and V-fields of wire bond–plastic ball grid

array (WB-PBGA). Figure 8.23(a) shows the entire WB-PBGA package

which is dissected and bonded by grating. Figure 8.23(b) and (c) denote the

U- and V-fields, respectively, when subjected to a temperature of 80 8C.

(a)

(b)

(c)

(d)

Fig. 8.22 (a) Tape ball grid array. (b)–(d) U-field moiré fringe pattern at
(b) 30 8C, (c) 75 8C, and (d) 115 8C. (Han, 1998. Reprinted from Experimental
Mechanics with permission of Soc. Exp. Mech. Inc.)

8.2 Standard measurement methods of properties 289

Cambridge Books Online © Cambridge University Press, 2009



8.2.2 Thermal properties

The key thermal properties of electronic composites are the coefficient of

thermal expansion (CTE) (1/K), thermal conductivityK (W/m�K) and specific

heat capacity c (J/kg�K).

Electronic composites are often composed of several different constituents –

metals, polymers, and ceramics – and they are subjected to a temperature

change �T during processing and in service. The CTEs of different constitu-

ents combined with �T lead to relatively large misfit strains, expressed in ��

�Twhere�� denotes the difference of CTE (�) among different constituents.

Even if the misfit strain is small, under repeated temperature change (thermal

cycling) due to on/off of chips and other heat-emitting electronic components,

thermal stress and strain in electronic composites result in degradation of the

composites and their components. As the power of chips and other electronic

components increases rapidly, removal of the heat emitted by these is a key

thermal management issue. In view of the above, determination of the basic

thermal properties (�, K, and c) is a prerequisite for design engineers of

electronic packages and MEMS.

(a)

(b)

(c)

Specimen Strip

Substrates

y,V
x,U

z,W

27.02 mm9.78 mm

Solder Ball

PCB Chip
Wire Bond

Molding Compound

1.53 mm

1.5 mm

Fig. 8.23 Wire bond–plastic ball grid array (WB-PBGA). (a) Entire view
before dissecting, (b) U-field and (c) V-field fringe pattern of WB-PBGA
subjected to 80 8C. (Cho et al., 2001. Reprinted from Experimental
Techniques, with permission of Soc. Exp. Mech. Inc.)
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The CTE of an electronic composite specimen (typically a rod shape of

length l) is normally measured by a dilatometer, which consists of a heating

source, a quartz rod to convey the thermal expansion displacement (�l), and a

displacement measurement unit which can be of two types: a Linear Voltage

Displacement Transformer (LVDT), and an optical method. Figure 8.24 shows

an illustrative setup for a dilatometer with an optical method using a double-pass

interferometer (Bennett, 1984). Measured data in terms of �l vs. temperature

T are obtained. The slope of the �l–T curve provides the CTE, which is

normally a function of T.

The CTEs of electronic composites are often anisotropic, having the

property of a second-order tensor �ij. Takei et al. (1991a) measured �ij of

electronic composites for use in a printed circuit board (PCB) using an LVDT

dilatometer. Values of �ij for a Kerimid1 matrix loaded with four fillers are

shown in Fig. 8.25(a)–(d), where i and j take values of x, y or z, with x, y being

in plane and z being perpendicular to the plane. The values of �xy and �z

of SiO2 particle/Kerimid1 matrix composites almost coincide with each

other, indicating that this composite is nearly isotropic due to spherical

SiO2 particles, while for composites with other types of filler �z exceeds

�xy, indicating that these are anisotropic due to the non-spherical shape of

the fillers.

Quarter-wave plate

Cube corner reflector

Interferometer

Window

Specimen

a

c

b

Fig. 8.24 The double-pass interferometer where a, b and c are beam
splitters (Bennett, 1984, with permission from Kluwer/Plenum Publishers).
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Fig. 8.25 Coefficients �ij of Kerimid1matrix composites with various types
of filler as a function of filler volume fraction: (a) SiO2 particle, (b) Al2O3 short-
fiber, (c) BN flake, and (d) Si3N4 whisker. (Takei et al., 1991a, with permission
from Elsevier Ltd.)
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Thermal conductivity

Thermal conductivityK can be measured under the assumption of steady-state

one-dimensional heat conduction (see American Society for Testing of

Materials, ASTM C177-97 or ASTMD5470-01). ASTMC177-97 uses a sym-

metric heat flux arrangement requiring two identical specimens with a heat

source between them, and is best suited for measurements of thermally less

conductive materials or insulators, while ASTM D5470-01 is based on one-

directional heat flow with only one specimen required, this being better suited

for measurements of thermally more conductive materials. Hatta et al. (1992)

used the former method to measure the diffusivity l of selected electronic

composites for use in PCBs where the environmental temperature is controlled.

Once l is measured, K is calculated from K ¼ l=�c where � is mass density and

c is specific heat capacity. Their apparatus is illustrated in Fig. 8.26.

Once steady-state heat conduction is established, one can measure the heat

flow Q (W) by

Q ¼ KrS
T1 � T2ð Þ

tr
; (8:11)

where Kr, tr, and S are the thermal conductivity, thickness, and surface area of

the reference material, respectively, and T1 and T2 are the temperatures of the

top and bottom of the reference material (such as copper), respectively. Then

the thermal resistance of a specimen R (K/W) is calculated from

Rt ¼
T2 � T3

Q
; (8:12)

where T3 is the temperature just underneath the specimen.

Since Rt is related to thermal conductivity K by Eq. (3.52), K (W/m�K) is

calculated from

K ¼ t

RtS
: (8:13)

If the thermal properties are not expected to changemuchwith environmental

temperature, we can use a simpler apparatus with only a central heat source, i.e,

without the heater to control the environmental temperature, but with a sym-

metric arrangement of two samples that sandwiches the central heater, Fig. 8.27.

The thermal conductivity of Al2O3 short-fiber/Kerimid1matrix composites

measured by the apparatus of Fig. 8.27 is shown in Fig. 4.8. For reasonably

conductive materials, we can use the apparatus based on ASTM D5470-01
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Fig. 8.27 Apparatus for measurement of thermal conductivity K of elect-
ronic composites: (a) furnace, (b) specimen geometry with thermocouple
groove (Dunn et al., 1993, with permission from Sage Publications Ltd.).
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Fig. 8.26 Thermal property measurements for in-plane (�xy, Kxy) and out-
of-plane (�z, Kz) properties. (a) Overall setup, (b) disk-shaped specimen with
thermocouple locations for out-of-plane thermal properties (�z, Kz), (c) three
identical specimens for measurements of in-plane thermal properties (�xy,
Kxy), and (d) thermocouple locations of (c) Dimensions in mm. (Hatta et al.,
1992, with permission from Sage Publications Ltd.)
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with one-directional heat flow, Fig. 8.28(a), where four temperatures are

measured by thermocouples embedded in a conductive metal, such as alumi-

num, from which the temperature TA at the top and TB at the bottom of the

specimen are obtained by the extrapolation, and the thermal resistance Rt is

calculated as

Rt ¼
TA � TBð Þ

Q
; (8:14)

where Q is the heat flow which is estimated by

Q ¼ KrS
T1 � T2ð Þ

tr
(8:15)

where T1 and T2 are the temperatures at two locations of the reference metal

(Al), and S is the surface area of the reference metal, which is equal to that of

the specimen. Thermal impedance � is sometimes used instead of thermal

resistance Rt. Then, � is defined by

� ¼ RtS: (8:16)

In the electronic packaging industry, the unit of � is often cm2�K=W.

In all the above apparatuses, thermocouples are inserted in the reference

materials through grooves. If more accurate measurements are warranted,

temperature sensor patterns can be embedded in a reference material (alu-

mina), Fig. 8.28(b), where the reference material (Al2O3) that sandwiches the

specimen is composed of angled Au lines, as shown in Fig. 8.29.

By using the Al2O3 reference plates embedded with the new temperature

sensor (Au–TiW lines) of Fig. 8.29, Park and Taya (2003) measured the

thermal impedance � (cm2 �K/W) of a commercial thermal interface material

(TIM). The measured results of � vs. temperature are shown in Fig. 8.30. It is

noted that this TIM is composed of a phase-changeable polymer (PCP) matrix

(a) (b)

T1

TA

TB

T2

T3

T4

T1

T2

T3

T4

Metal
(Al)

Metal
(Al)

TA

TB

Alumina

Alumina

SiO2

Fig. 8.28 One-dimensional steady-state heat conduction: (a) ASTM
D5470-01, (b) a new design based on thermistor. (Park and Taya, 2003.)
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and embedded conductive fillers, such as silver flakes. The PCP softens as the

temperature increases and the thickness of the TIM can be reduced by apply-

ing a vertical pressure to the package containing the TIM (such as TIM +

chip). As the thickness of the TIM is reduced, the thermal resistance Rt (thus

impedance �) is reduced linearly as

Rt ¼ �
t

S
(8:17a)

or

� ¼ �t; (8:17b)
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Fig. 8.30 Thermal impedance � vs. temperature of a commercial TIM with
phase-changeable polymer matrix (Park and Taya, 2003).
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Fig. 8.29 A new temperature sensor embedded in Al2O3 reference material
(Park and Taya, 2003).
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where � is intrinsic volumetric thermal resistivity, and t and S are the thickness

and surface area of the TIM. To study the thickness dependence of Rt (or �),

� vs. t relationship of a commercial TIM is plotted in Fig. 8.31 where a spacer

of known thickness was used in the experiment. The straight line passing

through the three sets of data intersects the vertical axis at �i¼ 0.08 cm2�K/W,

which is considered as the thermal impedance of the interface.

Specific heat capacity

Specific heat capacity c (J/kg�K) is defined by

�Q ¼ c�T (8:18)

where �Q (J) is the change in heat per unit mass (kg) under a uniform

temperature change in a specimen �T (K). The property c has two values

depending on the condition of measurements, constant volume of a specimen

(cv) and constant pressure (cp), which are related to each other by

cp � cv ¼
�2
iiV0T

�
; (8:19)

where the volumetric CTE (1/K), �ii¼�11+�22+�33, V0 is volume per unit

mass (m3/kg), and � is compressibility (1/Pa). Two methods of measuring

specific heat are described in detail in ASTMD2766-95 and ASTME1269-01.

Both ASTM methods are aimed at measurement of the specific heat capacity

of liquids and solids, but E1269-01 is based on use of a differential scanning

calorimetry (DSC). SinceDSCequipment is normally easy to access in amodern

laboratory, E1269-01 appears to be the easier method, hence it is described
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Fig. 8.31 Thickness dependence of thermal impedance � of a commercial
TIM with phase-changeable polymer matrix (Park and Taya, 2003).
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here briefly. Accurate measurement of specific heat capacity requires calib-

ration based on synthetic sapphire (�-alumina) whose specific heat capacity

values are given as a function of temperature in the table of ASTME1269-01. If

calibration is made prior to DSC measurement, the specific heat capacity of a

specimen under a constant pressure cp is given by

cp ¼ c�p
Ds �Wstð Þ
Dst �Wsð Þ (8:20)

where c�p,Wst and Dst are the constant-pressure specific heat capacity, weight,

andDSC displacement (heat flow) of standard sapphire, andWs andDs are the

weight and DSC displacement of a specimen, respectively. Fig. 8.32 shows a

typical DSC displacement chart as a function of testing temperature where the

definitions of Ds and Dst are given.

The thermal properties (�, K, and cp) of popular electronic packaging

materials are listed in Appendix B2.

8.2.3 Piezoelectric constants

Let us look at two methods of measurement of piezoelectric constants: (1)

static, and (2) dynamic. The static technique is easier to understand, but the

accuracy of the measured piezoelectric constants is within a few percent error,

en
do

empty  specimen holder

sapphire standard

specimen

he
at

 f
lo

w
ex

o

Temperature

Dst Ds

Fig. 8.32 Typical heat flow vs. temperature curve obtained by differential
scanning calorimetry (DSC) where solid, dashed, and dash–dot curves denote
the results of sapphire standard placed in specimen holder, specimen in
specimen holder, and empty specimen holder, respectively (ASTM
E1269-01, 2001).
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while the dynamic (resonance) method is now the standard measurement

method for piezoelectric constants. There are two methods of static measure-

ment, one based on the direct effect, the other on the converse effect. We shall

examine here the static method based on the direct effect, Fig. 8.33, in which a

given stress �3 (force F3) is applied across the thickness t of a piezoelectric

specimen connected to a potentiostat which measures the voltage induced in

the capacitor with capacitance C. To this end we will rewrite the constitutive

equation of a piezoelectric material given by Eq. (3.218) in terms of the electric

flux density D vs. stress � relation with the isothermal condition, �¼ 0,

Di ¼ dikl�kl þ "inEn; (8:21)

dnij ¼ enklSklij; (8:22)

where dikl is a third-order tensor of the piezoelectric d-constant. Following the

1987 IEEE convention, i.e., short notation of piezoelectric constant and stress

and strain components (6� 1 column vector form), the above equation is

further expressed by

Di ¼ dim�m þ "inEn: (8:23)

If the thickness of the piezoelectric specimen is taken in the x3-axis in which

tensile stress �3 is applied, Eq. (8.23) is reduced to

D3 ¼ d33�3 þ "33E3; (8:24)

where "33 is the dielectric constant in the thickness direction of the piezoelectric

specimen and E3 is the electric field given by
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Fig. 8.33 Signs of charges and fields for static test of sample with d33
greater than 0 under tension (ANSI/IEEE, 1987).

8.2 Standard measurement methods of properties 299

Cambridge Books Online © Cambridge University Press, 2009



E3 ¼ �V

t
: (8:25)

Please note that E3 is pointing toward the negative x3-axis, according to the

coordinate system used in Fig. 8.33. In the capacitor with capacitance C, the

induced voltage V is given by

V ¼ q

C
; (8:26)

where

q ¼ D3S; (8:27)

and S (length�width) is the surface area of the specimen. Substituting Eqs.

(8.25)–(8.27) into Eq. (8.24), we can obtain

V ¼ d33�3S

Cþ "33S

t

� � : (8:28)

For a given input of applied tensile force F3 ( ¼ �3S ), by measuring the

induced voltage V we can obtain the piezoelectric d-constant d33 in the thick-

ness direction, provided that the dielectric constant "33 of the piezoelectric

specimen and the capacitance C of the voltage-measurement unit are known

together with geometrical data.

The static method based on the converse piezoelectric effect can be obtained

from the constitutive equation Eq. (3.219), with the second term modified and

�¼ 0, becomes

eij ¼ Sijkl�kl þ gkij"klEl: (8:29)

(Substitute Eq. (3.96) in index form into Eq. (3.219) to obtain Eq. (8.29).)

Noting that the product gkij "kl is equal to the d-constant,

dlij ¼ gkij"kl; (8:30)

Eq. (8.29) is rewritten as

eij ¼ Sijkl�kl þ dlijEl: (8:31)

In the absence of an applied stress, and using the short notation of the 1987

IEEE convention, Eq. (8.31) is reduced to

ei ¼ dliEl; (8:32)

where ei is a 6 � 1 column vector and El is a 3 � 1 column vector, see Eqs.

(3.19) and (3.223).
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The measurement of the d-constant based on Eq. (8.32) provides a more

accurate value of d than the direct static method, as control of a stress-free

state in the piezoelectric specimen andmeasurement of the induced strain for a

given applied electric field are relatively easy. However, both static methods

are now more usually replaced by the dynamic resonance method, which

provides much more accurate data.

Here we will discuss briefly a simple dynamic resonance method to measure

the piezoelectric d-constant. Consider a piezoelectric specimen with thickness t

subjected to an alternating current with variable frequency f under a constant

voltage V. The equivalent circuit of the measurement setup is shown in Fig.

8.34(a) where C and L are the capacitance and inductance, respectively, of the

piezoelectric specimen and other measurement components. A typical current

I vs. frequency f relation is shown in Fig. 8.34(b) where the first peak (fr) and

second peak (fa) are called the resonance frequency and antiresonance fre-

quency, respectively, and they are defined by

fr ¼
1

2p
ffiffiffiffiffiffiffi
LC

p ; (8:33a)

fa ¼
1

2p
ffiffiffiffiffiffiffi
LC

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C

C0

r
: (8:33b)

From Eqs. (8.33) we obtain

1� fr
fa

� �2

¼ C

Cþ C0
� k2; (8:34)

(a) (b)

C
ur

re
nt

, IC0

C

L

fr fa Frequency, f

Fig. 8.34 Dynamic resonance measurement of piezoelectric d-constant and
electrical–mechanical coupling coefficient k: (a) equivalent circuit, (b) current
vs. frequency.
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where k denotes the electrical–mechanical coupling coefficient and k2 is given by

k2 ¼ Um

Ue þUm
; (8:35)

where Um is mechanical energy and Ue is electrical energy.

The electrical energy Ue that is stored in a piezoelectric specimen with

dielectric constant ", thickness t, and surface area S is given by

Ue ¼
1

2
C0V

2 ¼ 1

2

"S

t
V2: (8:36)

Under an electric field of V/t, strain is induced through the piezoelectric

d-constant, see Eq. (8.32). Thus, the strain energy Um in a piezoelectric speci-

men is given by

Um ¼ 1

2
E d

V

t

� �2

St; (8:37)

whereE is Young’smodulus of the piezoelectric specimen. Substitution of Eqs.

(8.36) and (8.37) into Eq. (8.35) provides

k2 ¼ d 2E

"þ d 2E
: (8:38)

With Eq. (8.34), Eq. (8.38) can be written as

k2

1� k2
¼ fa

fr

� �2

�1 ¼ d

ffiffiffiffi
E

"

r
: (8:39)

Equation (8.39) provides the d-constant from the measured values of fr and

fa, and known material constants E and ".

8.2.4 Electromagnetic properties

Accurate measurements of magnetic permeability �, permittivity (dielectric

constant) ", and electric conductivity � are very important for electronic

packaging, RF engineers, and MEMS designers. For example, the dielectric

constant of a substrate material of a PCB must be known in order to design

microwave and high-frequency circuits. Another example is in modern fighter

planes, which are designed to reduce their radar cross section (RCS) by using

composite materials. Because the amount of radar reflection (cross section) is

strongly dependent on the materials used, the permeability and permittivity of

composite materials such as a carbon composite must be measured at all the
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radar operating frequencies (from VHF to millimeter wavelength). Here we

shall review the methods of determining the permeability, permittivity, and

resistivity (or conductivity).

Dielectric constant " and permeability �

First, we will study the transmission techniques. We assume that the test

sample is placed inside a coaxial transmission line or waveguide. From the

measured S11 and S21, the material characteristics are obtained using an

inversion algorithm (Nicolson and Ross, 1970). It will be shown that the

Nicolson–Ross method diverges when the sample length becomes a multiple

of l/2.
For DC or very low-frequency cases, we can measure " (¼ "0"r) of a

dielectric specimen with surface area S and thickness d from Eq. (3.147)

provided that d �
ffiffiffi
S

p
, as in these cases the fringe field can be neglected.

For high-frequency cases, the transmission method is the most popular

method to obtain the relative dielectric constant "r and relative permeability

�r, which are complex-valued:

"r ¼ "0r � j"00r ; (8:40a)

�r ¼ �0
r � j�00

r ; (8:40b)

where "0r, "
00
r are real and imaginary parts of the relative dielectric constant, and

�0
r and �00

r are real and imaginary parts of the relative permeability.

Let us use theNicolson–Rossmethod and assume that the sample holder is a

coaxial TL, as illustrated in Fig. 8.35.

For three different regions, 1, 2, and 3 (from left to right in the figure),

voltage and current are given by

V1 ¼ Vine
�j	0l þ V�

1 e
j	0l; (8:41a)

I1 ¼
1

Z0
Vine

�j	0l � V�
1 e

j	0l
� �

; (8:41b)

V2 ¼ Vþ
2 e

�j	1l þ V�
2 e

j	1l; (8:42a)

I2 ¼
1

Zs
Vþ

2 e
�j	1l � V�

2 e
j	1l

� �
; (8:42b)
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V3 ¼ Vþ
3 e

�j	0 l�dð Þ; (8:43a)

I3 ¼
1

Z0
Vþ

3 e
�j	0 l�dð Þ

� �
; (8:43b)

where the boundary conditions at l¼ 0 are:

V1 ¼ V2 and I1 ¼ I2; (8:44a)

and at l¼ d are:

V2 ¼ V3 and I2 ¼ I3: (8:44b)

The reflection coefficient � is given by

� ¼ Zs � Z0

Zs þ Z0
¼

ffiffiffiffiffi
�r

"r

r
� 1ffiffiffiffiffi

�r

"r

r
þ 1

; (8:45)

and the transmission coefficient T by

T ¼ e�j	1d ¼ e�j!
ffiffiffiffiffiffiffi
�0"0

p ffiffiffiffiffiffi
�r"r

p
d: (8:46)

l = 0 l = d
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Fig. 8.35 Transmission method for measurement of "r and mr.
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The S-parameters are given by

S11 ¼
V�

1

Vin

¼
1� T 2
� �

�

1� T 2�2
; (8:47a)

S21 ¼
Vþ

3

Vin

¼
1� �2
� �

T

1� T 2�2
: (8:47b)

It is to be noted that S11 and S21 are measured values, they provide four

equations, while �and T are related to "r and �r, with four unknowns

� ¼ K	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K 2 � 1

p
; (8:48)

K ¼
S 2
11 � S 2

21

� �
þ 1

2S11
; (8:49)

T ¼ S11 þ S21ð Þ � �

1� S11 þ S21ð Þ� : (8:50)

From Eqs. (8.45) and (8.46), �r and "r are solved as

�r ¼
1þ �

� 1� �ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

�2
0

� 1

�2
c

� �s ; (8:51)

"r ¼

1

�2
þ 1

�2
c

� �
�2
0

�r
; (8:52)

where

1

�2
¼ � 1

2pd
ln

1

T

� �� 	2
; (8:53)

and �0, �c are the free-space wavelength and the waveguide cut-off wavelength,

respectively. For a transverse electromagnetic (TEM) wave �c ! 1 (coaxial

TL)

This transmission method becomes troublesome if S11 becomes small. One

example is a low-reflection material such as Styrofoam ("r 
 1.05). Another

example is when the effective length of the sample becomesm�=2 wherem is an

integer. In this case, Zin¼Z0 and S11 becomes 0.
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Measured S-parameters of a Teflon1 material are shown in Fig. 8.36.

Calculated values of "r and �r using the Nicolson–Ross method (real part

only) are shown in Fig. 8.37 where instability around 11 GHz due to the �=2

condition is clearly visible.
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Fig. 8.37 Calculated real parts of (a) "r and (b) �r for a Teflon1 sample.

(a) S11  (b) S21

Fig. 8.36 Measured S-parameters of a Teflon1 sample: (a) S11 and (b) S21.
The x- and y-axes are real and imaginary values, respectively, of Sij.
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In order to overcome the above problems associated with the

Nicolson–Ross method, Barker-Jarvis et al. (1990) proposed an improved

technique to measure "r and �r which will not be detailed here. Appendix B3

lists the relative dielectric constants "r of popular materials where tan 
 is

defined by tan 
 ¼ "r
00/"r

0 and "r ¼ "r
0 – j"r

00.

Derivation of reflection and transmission coefficients of a layered structure based

on multiple reflection.

Referring to Fig. 8.38, the reflection coefficients are

�1 ¼
Zs � Z0

Zs þ Z0
; (8:54a)

�2 ¼
Z0 � Zs

Z0 þ Zs
¼ ��1; (8:54b)

�3 ¼
Z0 � Zs

Z0 þ Zs
¼ �2 ¼ ��1 (8:54c)

and the transmission coefficients are

T21 ¼ 1þ �1; (8:55a)

T12 ¼ 1þ �2 ¼ 1� �1: (8:55b)

The total reflection can be considered as a summation of all multiple

reflections. Then, a reflection coefficient �in is defined by

Γin

T21 T12

T12

Γ1 Γ2 Γ3

Zs Z0Z0

1 2 1

e–jθ : delay

= Tout

Fig. 8.38 Reflection and transmission coefficients of three-layer model.
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�in ¼
Zin � Z0

Zin þ Z0

¼ �1 þ T12T21�3e
�2j� þ T12T21�

2
3�2e

�4j� þ � � �

¼ �1 þ T12T21�3e
�2j�

X1
n¼0

�n
2�

n
3e

�2jn�; ð8:56Þ

where the second- and higher-order terms represent the multiple reflections.

Since
P1
n¼0

xn ¼ 1

1� x
xj j, �in is reduced to

S11ðmeasuredÞ ¼ �in ¼
�1 1� e�2j�

� �
1� �2

1e
�2j�

: (8:57)

Similarly, the transmission coefficient Tout is given by

S21ðmeasuredÞ ¼ Tout ¼
1� �2

1

� �
e�j�

1� �2
1e

�2j�
: (8:58)

Electrical resistivity

Two types of measurement method are often used, a four-point probe for low

resistance (below 100O) and a two-point probe for high resistance. Normally,

themeasurement of low resistance is more difficult than that of high resistance.

The four-point probe is the most popularmethod tomeasure a low-resistance

material as this can avoid the problem of contact resistance inherent in a two-

point probe. Figure 8.39 shows a four-point probe test fixture with spring-

loaded probe tips fixed into an insulating acrylic plate, where the outer

(current) probes are 2 inches (5.08 cm) apart from each other and the inner

(voltage) probes are 0.5 inch (1.27 cm) apart from the current probes, giving

a voltage probe spacing of 1 inch (2.54 cm) (Kim, 1998). The relatively long

voltage probe spacing enhances the specimen resistance when using a relatively

low DC source and allows an acceptable accuracy to be achieved. After a

specimen is placed onto the four-point probe test fixture, a constant current is

applied through the outer probes using a Hewlett Packard (HP) 6186C DC

source and the voltage is measured between the inner probes with a Keithley

2000 digital multimeter.

The electrical resistance R of a specimen based on the four-point probe is

obtained in terms of a V–I relation, from which electrical resistance R is

calculated. Then the volume resistivity � is obtained from

� ¼ R
A

L
(8:59)
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where A is the cross-sectional area (width � thickness) of a specimen and L is

the distance between the inner probes, see Fig. 8.39. This four-point probe

normally provides reasonably accurate value of resistance (error within

0.02%).

The method for high-resistance measurement, which is applicable for an

insulator or a semiconductor, is well described in ASTM D257. Figure 8.40

illustrates a typical system where an HP 16008B resistivity cell is used with an

electrode 1 inch (25.4mm) in diameter and a guard electrode ring 1.5 inch

(38.1mm) in diameter. The guard electrode ring is located together with the

bottom electrode, giving a guard gap g of typically 0.25 inch (6.35mm). The

aluminum test
fixture

acrylic probe
plate

specimen

probe

bolt

L

lever

Fig. 8.39 Four-point probe system for low-resistance measurement (Kim,
1998).

voltage
source

ammeter
HI

D

LO

specimen

electrodes

HI

LO

t

g

Fig. 8.40 Two-point probe system for high-resistance measurement (Kim,
1998). ‘‘HI’’ and ‘‘LO’’ are high and low applied voltage, respectively. (Not to
scale.)
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guard gap should be twice as large as the specimen thickness t (Note that

Fig. 8.40 is not drawn to scale in this respect). A disk-shaped specimen with

diameter D and thickness t is mounted between the top and bottom electrode

plates of the HP 16008B resistivity cell. To minimize the interfacial resistance

between the specimen and electrodes, conductive silver paint is applied onto

the specimen surfaces. A high DC voltage, ranging from 100 to 900 volts, is

applied to the specimen using a Bertan 205B-01R high-voltage supply, and the

corresponding current is measured using a Keithley 485 autoranging picoam-

meter or a Keithley 2000 multimeter after an electrification time of 60 seconds.

Then the volume resistivity of the specimen is calculated by

� ¼ S

t

V

I
; (8:60)

where S is the surface area of the specimen, given by

S ¼ p Dþ gð Þ2

4
: (8:61)

Magnetization measurement methods

The magnetization vector M of a ferromagnetic material is a key magnetic

property, which is normally expressed in terms of magnetic field H. Thus,

determination of the M–H curve of a ferromagnetic material is a prerequi-

site for experimental work. Here we shall review three basic methods of

measurement of the M–H curve of ferromagnetic materials which include

‘‘soft’’ and ‘‘hard’’ magnetic materials. The three methods are based on (1)

magnetic force, (2) magnetic field, and (3) electric current or voltage

(Chikamizu, 1964). The measurement of magnetization vector M based

on force F stems from the following equation:

Fx ¼ �0M � @H
@x

V; (8:62)

where �0 is the magnetic permeability in a vacuum defined by Eqs.

(3.104)–(3.106), M and V are the magnetization vector and the volume of a

ferromagnetic specimen, respectively, and Fx is the force along the x-direction.

If the orientation of H is specified, for example along the x-direction with

Hy¼Hz¼ 0, Eq. (8.62) is reduced to

Fx ¼ �0Mx
@H

@x
V: (8:63)
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Therefore themagnetizationMx is calculated fromEq. (8.63) bymeasuring the

magnetic force Fx and knowing @H=@x. Bozorth andWilliams (1956) designed

an apparatus based on a vertical magnetic pendulum, Fig. 8.41, where a

ferromagnetic specimen (S) surrounded by a coil (C) is attached at the bottom

of a pendulum subjected to an inhomogeneous H-field producing a specified

gradient @H=@x. The deflection of the pendulum is measured by a strain gauge

(G) located in the top portion of the pendulum. This deflection, a measure of

the magnetic force acting on the specimen, allows the magnetization to be

calculated.

Themagnetization of a ferromagnetic specimen can also be obtained using a

vibrating specimen magnetometer (VSM) by measuring the AC signal emitted

from a specimen which is subjected to a forced vibration by a voice coil. The

resulting alternating current in the two set of coils is fed into an amplifier for

detection and measurement, Fig. 8.42. The VSM is the most popular equip-

ment to measure the magnetization of a ferromagnetic material; a typical

commercial setup is shown in Fig. 8.43.

A ballistic galvanometer with an inductance/resistance (LR) circuit can be

used to measure the total electric charge Q (which is related to the magnetiza-

tion M) of a specimen subjected to a known magnetic field H. Figure 8.44

shows the magnetization measurement setup where a specimen (S) is attached

to a rod (E) which is pulled out from two solenoids (A and B; each having n

turns) connected to a ballistic galvanometer (G). The rod with coils (A and B)

and specimen (S) is placed inside a solenoid (C) that provides a knownH-field.

G

C

S

Polepiece

Fig. 8.41 Vertical magnetic pendulum to measure the magnetic force, from
which the magnetization of a ferromagnetic specimen is calculated (Bozorth
and Williams, 1956).
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The total electric charge Q stored in the galvanometer (G) is proportional to

the displacement u of the galvanometer needle:

Q ¼ ku: (8:64)

A specimen with magnetization M and volume v has a total magnetization

of Mv. When a ferromagnetic specimen with magnetization M is moved

through coils A and B, a magnetic flux F is generated:

M

S

Amplifier

Fig. 8.42 Vibrating specimen magnetometer (Foner, 1959).

electrom
agnet

velectrom
agnet

specimen

Fig. 8.43 Vibrating specimenmagnetometer (VSM) (courtesy of Dr. Sutou,
Tohoku University).
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F ¼ 2Mvn: (8:65)

The electric current I that flows spontaneously in the ballistic galvanometer

is given by

I ¼ dQ

dt
¼ V

R
(8:66)

while voltageV is related to the rate of change with time of the magnetic flux�

(Faraday’s law, Eq. (3.80) with N¼ 1),

V ¼ dF
dt

: (8:67)

From Eqs. (8.66) and (8.67)

Q ¼ 1

R
F: (8:68)

Substituting Eqs. (8.64) and (8.65) into (8.68), we obtain

M ¼ kR

2n

� �
u: (8:69)

Equation (8.69) indicates that the magnetization of a ferromagnetic speci-

men is proportional to the displacement u of the ballistic galvanometer needle

with a proportionality constant given by kR=2n.

8.3 Electromigration

Electromigration is a phenomenon where metallic atoms flow toward an

anode, resulting in depletion of metal and formation of voids and hillocks,

posing serious degradation in conductive metallic lines. This electromigration

G

A

A

DC 100 V

AC 100 V

BA

CSW3

SW4

SW1EV

L

SW2
a 

b

d
r1

r2S

Fig. 8.44 Magnetization measurement method based on ballistic galvan-
ometer (Tsutsui, 1960).
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phenomenon was first studied quantitatively by Huntington andGrone (1961)

who proposed a formula to predict the atomic flux which is dependent on

many parameters, but most dominantly on current density j where the

mechanism at the micro-level is the diffusion of atoms along the grain bound-

aries of a polycrystalline metal. As the width of metallic lines is being reduced

rapidly due to miniaturization of IC and MEMS packages, designers are

much concerned with the degradation of such metallic lines due to electro-

migration. For narrow metallic lines, current density j is expected to increase,

resulting in an increase in atomic flux according to the Huntington–Grone

formula. But the microstructure of narrow metallic lines is bamboo-like,

Fig. 8.45(a), while that of wider lines is composed of a typical polycrystalline

structure with many grains that bridge across the line width, Fig. 8.45(b).

Although the narrower lines were expected to be degraded more severely

than the wider lines, Vaidya et al. (1980) found experimentally that narrower

lines of Al–0.5%Cu exhibited a longer life because the bamboo-like

microstructure with grain boundaries perpendicular to the line direction has

a lower total length of boundaries than the wider polycrystalline metal line.

The above two studies prompted further studies to clarify the exact mechan-

isms associated with electromigration. In parallel with such studies, Black

(1969) proposed a simple formula to predict the lifetime t of a metal line

t ¼ Aj �n
in exp

Q

kBT

� �
; (8:70)

where jin is input current density, kB is the Boltzmann constant, n is a

parameter (normally 1–3) (Ghate, 1983), T is absolute temperature, Q is the

activation energy (0.4–0.8 eV) and A is a constant dependent on the metal-line

grain boundary

grain boundary 

(a) (b)

Fig. 8.45 Microstructure of a metal line: (a) narrow line with bamboo-like
structure, (b) wider line with polycrystalline structure with many grains
across line width.
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characteristics. In Black’s formula, constants A and n are obtained empiri-

cally by accelerated testing which is performed at a higher-than-use tempera-

ture. Thus the validity of using A and n for analysis of a metal line with

different line geometry and use temperatures is not sure-footed. To increase

the accuracy of the lifetime prediction model, Sasagawa et al.(1998) proposed

a more rigorous model focusing on atomic flux divergence (AFD) by account-

ing for all factors that contribute to void formation in a metal line, i.e., current

density, temperature, their gradients, and metal-line characteristics. In their

model, an atomic flux vector J is given by (Huntington and Grone, 1961)

J ¼ ND0

kBT
exp � Qgb

kBT

� �
Z�e� jj j cos’ (8:71)

whereN is the atomic density,D0 is a prefactor,Qgb is the activation energy for

grain boundary diffusion, Z � is the effective valence, e is electric charge, j is

the current density vector,’ is the angle between the current density vector and

the grain boundary line, Fig. 8.46, � is the electrical resistivity, dependent on

temperature as � ¼ �0 1þ � T� Tsð Þf g, �0 is the resistivity at Ts, which is the

substrate temperature, T is the temperature of the metal line, and � is the

temperature coefficient. Sasagawa et al. (1999a) applied the above equation to

predict atomic flux divergence for a given unit cell made of a polycrystalline

metal line, Fig. 8.47, where hexagonal grains are periodically arranged and the

effects of current density j and the temperature field T are both considered.

The atomic fluxes along the grain boundaries within the unit cell are summed,

multiplied by the cross-sectional area of the grain boundary (width 
) and then

divided by the volume of the unit cell, providing atomic flux divergence per

unit time (AFDgb�), which is given by

Grain boundary
Current density j

Atomic flux

J

ϕ

Fig. 8.46 Atomic flux along grain boundaries. (Sasagawa et al., 1999a, with
permission from Amer. Inst. Phys.)
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Fig. 8.47 Line structure model for a polycrystalline metal line. (Sasagawa
et al., 1999a, with permission from Amer. Inst. Phys.)

316 Engineering problems

Cambridge Books Online © Cambridge University Press, 2009



AFDgb� ¼ Cgb�
4ffiffiffi
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jy

� �#
; (8.72)

where AFDgb� is dependent on the orientation angle � of grain boundary I with

respect to the x-axis, and Cgb is given by

Cgb ¼
ND0Z

�e


kB
: (8:73)

It is to be noted in Eq. (8.72) that positive values of AFDgb� mean depletion

of metal atoms, i.e., void formation, while negative values of AFDgb� mean

increase in metal atoms. Since � takes all possible values from 0 to 2p, we
obtain the average AFDgen in a unit cell of a polycrystallic metal line per unit

time as

AFDgen ¼
1

4p

Z 2p

0

AFDgb� þ AFDgb�

�� ��� �
d�: (8:74)

AFDgen defined by Eq. (8.74) represents the number of metal atoms that

are depleted per unit volume and per unit time, thus it is equivalent to the

volume of voids that are formed in a unit volume of a metal line per unit time.

The distributions of current density j and temperature T are calculated by

using the finite elementmethod, where the following governing equationsmust

be satisfied along with the boundary conditions:

r2�e ¼ 0; (8:75)

j ¼ � 1

�0

D

�e; (8:76)

�r2Tþ �0j � jþ �0�j � j�Hð Þ T� Tsð Þ ¼ 0; (8:77)

where H is a constant for the heat flow from a metal line to a substrate, l is

thermal conductivity of the metal line, �e is the electric potential, and r2 is a

Laplacian.
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Experiments by Sasagawa et al. (1999a,b) on polycrystalline and bamboo-like

aluminum lines are reproduced in Figs. 8.48 to 8.57. The microscope in their

experimental setup, Fig. 8.48, is a scanning electron microscope (SEM). The

test line used for polycrystalline samples is shown in more detail in Fig. 8.49.

This setup was to determine the parametersQgb,�’ andCgb used in Eq. (8.72).

Probe

Microscope

Test Line
Substrate

Constant Current Power
Supply

Voltmeter

Galvanometer

Hot Stage

Voltmeter

Galvanometer

Fig. 8.48 Experimental setup. (Sasagawa et al., 1999b, with permission
from Amer. Inst. Phys.)

B

250 µm

18.6°

B

AA

Current Input / Output Pad

C
urrent Input

 /
 O

utput Pad

200 µ
m

Fig. 8.49 Detail of angled polycrystalline aluminum lines used in the
experiment. (Sasagawa et al., 1999a, with permission from Amer. Inst. Phys.)
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Fig. 8.50 ln(VT/jin�) vs. 1/T relation of two different aluminum lines, see
Fig. 8.49. (Sasagawa et al., 1999a, with permission from Amer. Inst. Phys.)

(a)

6

2 2

1

Failure

(b)

+

−

Fig. 8.51 (a) Predicted frequency distribution of failure site, and (b) SEM
photomicrograph of failure for Sample 1 (A [see Fig. 8.49] ¼ 8.9 mm).
(Sasagawa et al., 1999a, with permission from Amer. Inst. Phys.)
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The activation energyQgb is obtained experimentally from the graph of ln(VT/

jin�) vs. 1/T, Fig. 8.50; the slope of the curve provides �Qgb/kB. From these

results they were able to predict the mean time to failure of the polycrystalline

samples.

Sasagawa et al. (1999a) performed accelerated testing on these polycrystalline

aluminum lines to determine failure location and mean time to failure.

Figure 8.51(a) shows the predicted frequency distribution of failure sites,

and Fig. 8.51(b) a typical failure for Sample 1. Results for Sample 2 are

shown in Fig. 8.52. Figures 8.51 and 8.52 demonstrate the validity of the

model of Sasagawa et al.

Electromigration in a metal line with a bamboo-like structure (see

Fig. 8.45(a)), is predominantly through grains (i.e., lattice diffusion), not

(a)

Failure

(b)

+

−

4 4 3
1

Fig. 8.52 (a) Predicted frequency distribution of failure site, and (b) SEM
photomicrograph of failure for Sample 2 (A [see Fig. 8.49] ¼ 19 mm).
(Sasagawa et al., 1999a, with permission from Amer. Inst. Phys.)
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Fig. 8.53 Dimensions and experimental conditions of angled bamboo-like
metal lines. (Sasagawa et al., 1999b, with permission from Amer. Soc. Mech.
Eng.)
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Fig. 8.54 Experimental results in ASYM(+). (a) Frequency distribution
of failure site. Mean time to failure (experiment): 9160s [7965s], lifetime
(prediction): 7100s. (b) Example of SEM observation of failure location.
(Sasagawa et al., 1999b, with permission from Amer. Soc. Mech. Eng.)
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Fig. 8.56 Experimental results in ASYM(�). (a) Frequency distribution of
failure site. Mean time to failure (experiment): 6769s [6072s], lifetime (pre-
diction): 5800s. (b) Example of SEM observation of failure location.
(Sasagawa et al., 1999b, with permission from Amer. Soc. Mech. Eng.)

1 1
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21 1

15

2

(b)

(a)

6.00 µm

+

−

Fig. 8.55 Experimental results in SYM. (a) Frequency distribution of fail-
ure site. Mean time to failure (experiment): 7836s [7344s], lifetime (predic-
tion): 7000s. (b) Example of SEM observation of failure location. (Sasagawa
et al., 1999b, with permission from Amer. Soc. Mech. Eng.)
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along the grain boundaries which are oriented perpendicular to the metal-line

direction. For the bamboo-like case, themodel of Sasagawa et al., Eq. (8.72), is

simplified to

AFDlat ¼ Clat�
1

T

Qlat

kBT
� 1

� �
exp �Qlat

kBT

� �
@T

@x
jx þ

@T

@y
jy

� �
; (8:78)

AFDgen ¼
1

2
AFDlat þ AFDlatj jð Þ; (8:79)

where AFDlat is the atomic flux divergence by the lattice diffusion mechanism,

Clat is defined by

Clat ¼
ND0Z

�e

kB
; (8:80)

and AFDgen is the average atomic flux divergence in a unit cell per unit time.

Sasagawa et al. (1999b) applied the above model to angled aluminum lines

with a bamboo-like structure (i.e., narrower line width). The dimensions and

experimental conditions for angled bamboo-like lines they used are given in

Fig. 8.53 where three different types of angled aluminum bamboo-like lines are

processed for the experimental verification. Figures 8.54, 8.55 and 8.56 show

(a) predictions of mean time to failure at different locations, and (b) SEM

photos showing failure location in the same line, for the asymmetric (+),

symmetric, and asymmetric (�) lines, respectively. These figures demonstrate

the validity of their model for bamboo-like lines.

(a) (b)

Fig. 8.57 SEM micrographs of hillocks in angled aluminum bamboolike
lines: (a) swelling mode, (b) lump mode. (Sasagawa et al., 2000, with permis-
sion from Elsevier Ltd.)
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Electromigration can take place also in terms of hillock formation (accu-

mulation of atoms in a confined area). Examples of hillocks are shown in

Fig. 8.57.

Sasagawa et al. have applied the above model to other practically important

cases, such as in passivated lines (2002a,b).
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Appendix A
Eshelby tensors

A1 Eshelby tensor Sijkl for elasticity

The Eshelby tensors Sijkl for an isotropic matrix are a function of the geometry

of an ellipsoid with axes a1, a2, and a3, and the Poisson ratio � of the matrix.

Here we present the Eshelby tensors for ellipsoids with a simple geometry. The

reader can find complete information on the Eshelby tensors for general cases

of an ellipsoid in Mura (1987).

The domain of an ellipsoidal inclusion is bounded by

x21
a21

þ x22
a22

þ x23
a23

¼ 1;

where a1, a2, and a3 are the principal radii of the ellipsoid and coincide with the

x1-, x2-, and x3-axes, respectively. Sijkl satisfies the symmetry Sijkl¼Sjikl¼Sijlk.

(1) Sphere: a1=a2=a3 (Fig. A.1)

S1111 ¼ S2222 ¼ S3333 ¼
7� 5�

15 1� �ð Þ ;

x1

x2

x3

a1

a1

a1

Fig. A.1 Sphere, radius a1 ¼ a2 ¼ a3.
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S1122 ¼ S2233 ¼ S3311 ¼ S1133 ¼ S2211 ¼ S3322 ¼
5� � 1

15 1� �ð Þ ;

S1212 ¼ S2323 ¼ S3131 ¼
4� 5�

15 1� �ð Þ :

(2) Elliptical cylinder: (a1 6¼ a2) � a3 ! 1 (Fig. A.2)

S1111 ¼
1

2 1� �ð Þ
a22 þ 2a1a2

a1 þ a2ð Þ2
þ 1� 2�ð Þ a2

a1 þ a2ð Þ

( )
;

S2222 ¼
1

2 1� �ð Þ
a21 þ 2a1a2

a1 þ a2ð Þ2
þ 1� 2�ð Þ a1

a1 þ a2ð Þ

( )
;

S3333 ¼ 0;

S1122 ¼
1

2 1� �ð Þ
a22

a1 þ a2ð Þ2
� 1� 2�ð Þ a2

a1 þ a2ð Þ

( )
;

S2211 ¼
1

2 1� �ð Þ
a21

a1 þ a2ð Þ2
� 1� 2�ð Þ a1

a1 þ a2ð Þ

( )
;

S2323 ¼
a1

2 a1 þ a2ð Þ ;

S2233 ¼
1

2 1� �ð Þ �
2�a1

a1 þ a2ð Þ ;

S3311 ¼ 0;

x1

x2

x3

a1
a2

Fig. A.2 Elliptical cylinder, (a1 6¼ a2) � a3 ! 1.
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S1133 ¼
1

2 1� �ð Þ �
2�a2

a1 þ a2ð Þ ;

S3322 ¼ 0;

S1212 ¼
1

2 1� �ð Þ
a21 þ a22

2 a1 þ a2ð Þ2
þ 1

2
1� 2�ð Þ

( )
;

S3131 ¼
a2

2 a1 þ a2ð Þ :

Please note that continuous fibers are usually considered to be cylinders

with a circular cross-section, a1¼ a2 � a3¼1, for which the above Sijkl are

further simplified, i.e., a function only of Poisson’s ratio �.

(3) Discus shape: a1 ¼ a2 � a3 (Fig. A.3)

S1111 ¼ S2222 ¼
p 13� 8�ð Þ
32 1� �ð Þ

a3
a1

;

S3333 ¼ 1� p 1� 2�ð Þ
4 1� �ð Þ

a3
a1

;

S1122 ¼ S2211 ¼
p 8� � 1ð Þ
32 1� �ð Þ

a3
a1

;

S1133 ¼ S2233 ¼
p 2� � 1ð Þ
8 1� �ð Þ

a3
a1

;

S3311 ¼ S3322 ¼
�

1� �ð Þ 1� p 1þ 4�ð Þ
8�

a3
a1

� �
;

x2

x3

a3

a1

a1

x1

Fig. A.3 Discus with shape a1 ¼ a2 � a3.

Eshelby tensors 327

Cambridge Books Online © Cambridge University Press, 2009



S1212 ¼
p 7� 8�ð Þ
32 1� �ð Þ

a3
a1

;

S1313 ¼ S2323 ¼
1

2
1þ p � � 2ð Þ

4 1� �ð Þ
a3
a1

� �
:

(4) Oblate spheroid: a1 ¼ a2 4 a3 (Fig. A.4)

S1111 ¼ S2222 ¼ � 3

8 1� �ð Þ �
�2

1� �2ð Þ þ
1

4 1� �ð Þ 1� 2� þ 9

4 1� �2ð Þ

� �
g;

S3333 ¼
1

2 1� �ð Þ 4� 2� � 2

1� �2ð Þ

� �
þ 1

2 1� �ð Þ �4þ 2� þ 3

1� �2

� �
g;

S1122 ¼ S2211 ¼
1

8 1� �ð Þ 1� 1

1� �2ð Þ

� �

þ 1

16 1� �ð Þ �4 1� 2�ð Þ þ 3

1� �2ð Þ

� �
g;

S1133 ¼ S2233 ¼
1

2 1� �ð Þ �
�2

1� �2ð Þ �
1

4 1� �ð Þ 1� 2� þ 3�2

1� �2ð Þ

� �
g;

S3311 ¼ S3322 ¼
1

2 1� �ð Þ � 1� 2�ð Þ þ 1

1� �2

� �

þ 1

4 1� �ð Þ 2 1� 2�ð Þ � 3

1� �2ð Þ

� �
g;

S1212 ¼ � 1

8 1� �ð Þ �
�2

1� �2ð Þ þ
1

16 1� �ð Þ
3

1� �2ð Þ þ 4 1� 2�ð Þ
� �

g;

x1

x2

x3

a1

a1

a3

Fig. A.4 Oblate spheroid, a1 ¼ a2 > a3.
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S1313 ¼ S2323 ¼
1

4 1� �ð Þ 1� 2� þ 1þ �2

1� �2

� �

� 1

8 1� �ð Þ 1� 2� þ 3
1þ �2

1� �2

� �� �
g;

where

� ¼ a3
a1

51;

g ¼ �

1� �2ð Þ3=2
cos�1 �� � 1� �2

� �1=2n o
:

(5) Prolate spheroid: a1¼ a2 5 a3 (Fig. A.5)

S1111 ¼ S2222 ¼
3

8 1� �ð Þ
�2

�2 � 1ð Þ þ
1

4 1� �ð Þ 1� 2� � 9

4 �2 � 1ð Þ

� �
g;

S3333 ¼
1

2 1� �ð Þ 1� 2� þ 3�2 � 1

�2 � 1
� 1� 2� þ 3�2

�2 � 1ð Þ

� �
g

� �
;

S1122 ¼ S2211 ¼
1

4 1� �ð Þ
�2

2 �2 � 1ð Þ � 1� 2� þ 3

4 �2 � 1ð Þ

� �
g

� �
;

S1133 ¼ S2233 ¼ � 1

2 1� �ð Þ
�2

�2 � 1ð Þ þ
1

4 1� �ð Þ
3�2

�2 � 1ð Þ � 1� 2�ð Þ
� �

g;

S3311 ¼ S3322 ¼ � 1

2 1� �ð Þ 1� 2� þ 1

�2 � 1

� �

þ 1

2 1� �ð Þ 1� 2� þ 3

2 �2 � 1ð Þ

� �
g;

x1

x2

x3

a1
a1

a3

Fig. A.5 Prolate spheroid, a1 ¼ a25a3.
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S1212 ¼
1

8 1� �ð Þ
�2

�2 � 1ð Þ þ
1

4 1� �ð Þ 1� 2� � 3

4 �2 � 1ð Þ

� �
g;

S2323 ¼ S1313 ¼
1

4 1� �ð Þ 1� 2� �
�2 þ 1
� �
�2 � 1ð Þ

� �

� 1

8 1� �ð Þ 1� 2� �
3 �2 þ 1
� �
�2 � 1ð Þ

� �
g;

where

� ¼ a3
a1

> 1;

g ¼ �

�2 � 1ð Þ3=2
� �2 � 1
� �1=2� cosh�1 �

n o
:

A2 Eshelby tensors Sij for uncoupled physical behavior

A semi-detailed description of Sij is given in the Appendix of Hatta and Taya

(1986). Please note that Sij¼ 0 for i 6¼ j.

(1) Sphere: a1¼ a2¼ a3 (Fig. A.1)

S11 ¼ S22 ¼ S33 ¼
1

3
:

(2) Elliptical cylinder: a1, a2 � a3 ! 1 (Fig. A.2)

S11 ¼
a2

a1 þ a2
; S22 ¼

a1
a1 þ a2

; S33 ¼ 0:

(3) Penny shape: a1¼ a2 � a3 (Fig. A.3)

S11 ¼ S22 ¼
pa3
4a1

; S33 ¼ 1� pa3
2a1

:

(4) Oblate spheroid: a1¼ a2 4 a3 (Fig. A.4)

S11 ¼ S22 ¼
a21a3

2 a21 � a23
� �3=2 cos�1 a3

a1
� a3
a1

1� a23
a21

� �1=2
( )

;

S33 ¼ 1� 2S22:

(5) Prolate spheroid: a1¼ a2 5 a3 (Fig. A.5)

S11 ¼ S22 ¼
a21a3

2 a23 � a21
� �3=2 a3

a1

a23
a21

� 1

� �1=2

� cosh�1 a3
a1

( )
;
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S33 ¼ 1� 2S22:

It is to be noted that Sij defined above is also applicable to S tensors for the

uncoupled electromagnetic Eshelby problem, Chapter 4, which include a

demagnetization factor discussed in Subsections 1.2.3 and 4.4.4.

A3 Eshelby tensors for ellipsoidal inclusions in piezoelectric matrix

For a two-dimensional elliptical cylinder inclusion (a3!1, �¼ a2/a1, see Fig.

A.2) in a transversely isotropic matrix (axis of symmetry being the x3-axis), the

non-zero components of the Eshelby tensors are explicitly obtained as (Dunn,

1994; Mikata, 2000):

S1111 ¼
�

2 �þ 1ð Þ2
2C11 þ C12

C11
þ 2�þ 1ð Þ

� �
;

S1212 ¼ S2121 ¼ S1221 ¼ S2112 ¼
�

2 �þ 1ð Þ2
�2 þ �þ 1

�
� C12

C11

� �
;

S1313 ¼ S3131 ¼ S1331 ¼ S3113 ¼
�

2 �þ 1ð Þ ;

S1122 ¼
�

2 �þ 1ð Þ2
2�þ 1ð ÞC12 � C11

C11

� �
;

S1133 ¼
C13

C11

�

�þ 1
;

S1143 ¼
e31
C11

�

�þ 1
;

S2211 ¼
�

2 �þ 1ð Þ2
�þ 2ð ÞC12 � C11

C11

� �
;

S2222 ¼
�

2 �þ 1ð Þ2
2C11 þ C12

C11
þ �þ 2

�

� �
;

S2323 ¼ S3232 ¼ S2332 ¼ S3223 ¼
1

2 �þ 1ð Þ ;

S2233 ¼
C13

C11

1

�þ 1
;

S2243 ¼
e31
C11

1

�þ 1
;

S4141 ¼
�

�þ 1
;

S4242 ¼
1

�þ 1
;
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where Cij, eij are elastic and piezoelectric constants based on the ANSI/IEEE

1987 convention, see Subsection 3.5.1.

For a circular cylindrical inclusion (�¼ 1), the non-zero components of the

Eshelby tensors reduce to

S1111 ¼ S2222 ¼
5C11 þ C12

8C11
;

S1212 ¼ S2121 ¼ S1221 ¼ S2112 ¼
3C11 � C12

8C11
;

S1313 ¼ S3131 ¼ S1331 ¼ S3113 ¼ S2323 ¼ S3232 ¼ S2332 ¼ S3223 ¼
1

4
;

S1122 ¼ S2211 ¼
3C12 � C11

8C11
;

S1133 ¼ S2233 ¼
C13

2C11
; S1143 ¼ S2243 ¼

e31
2C11

;

S4141 ¼ S4242 ¼
1

2
:

For a ribbon-like inclusion (a2 � a1), the non-zero components of the

Eshelby tensors reduce to

S1111 ¼
3C11 þ C12ð Þ

2C11
�;

S1212 ¼ S2121 ¼ S1221 ¼ S2112 ¼
1

2
� C11 þ C12ð Þ

2C11
�;

S1313 ¼ S3131 ¼ S1331 ¼ S3113 ¼
�

2
;

S1122 ¼ � C11 � C12ð Þ
2C11

�;

S1133 ¼
C13

C11
�;

S1143 ¼
e31
C11

�;

S2211 ¼
2C12 � C11ð Þ

2C11
�;

S2222 ¼ 1� C11 � C12ð Þ
2C11

�;

S2323 ¼ S3232 ¼ S2332 ¼ S3223 ¼
1� �

2
;

S2233 ¼
C13

C11
1� �ð Þ;

332 Appendix A

Cambridge Books Online © Cambridge University Press, 2009



S2243 ¼
e31
C11

1� �ð Þ;

S4141 ¼ �;

S4242 ¼ 1� �:

The Eshelby tensors are represented in a 9� 9 matrix format. It is to be

noted, however, that, in general, S is not diagonally symmetric and that care

must be taken in the matrix representation of S to correctly account for the

factor of two with regard to the shear strains. The Eshelby tensor for a

spheroidal inclusion in a piezoelectric matrix with transverse isotropy is

given explicitly by Mikata (2001).

A4 Eshelby tensors in matrix form

Here explicit forms of several Eshelby tensors are given in matrix form.

(1) Eshelby tensor for an elastic inclusion, referred to in Appendix A1

e ¼ S � e�;

where strain e and eigenstrain e� are defined by

e ¼

e11
e22
e33
2e23
2e31
2e12

0
BBBBBB@

1
CCCCCCA
; e� ¼

e�11
e�22
e�33
2e�23
2e�31
2e�12

0
BBBBBB@

1
CCCCCCA

and the S matrix by

S ¼

S1111 S1122 S1133 0 0 0
S2211 S2222 S2233 0 0 0
S3311 S3322 S3333 0 0 0
0 0 0 2S2323 0 0
0 0 0 0 2S3131 0
0 0 0 0 0 2S1212

0
BBBBBB@

1
CCCCCCA
:

(2) Eshelby tensor for an uncoupled inclusion, referred to in Appendix A2

Z ¼ S � Z�;

where field vector Z and eigenfield vector Z� are defined by
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Z ¼
Z1

Z2

Z3

8<
:

9=
;; Z� ¼

Z�
1

Z�
2

Z�
3

8<
:

9=
;;

and S is given by

S ¼
S11 S12 S13

S21 S22 S23

S31 S32 S33

2
64

3
75:

(3) Eshelby tensor for a ellipsoidal inclusion referred to in Appendix A3

For a spheroidal inclusion in a piezoelectric matrix with geometrical and

crystallographic axes of symmetry along x3, we have

Z ¼ S � Z�;

where Z and Z� are defined by

Z ¼

e11
e22
e33
2e23
2e31
2e12
�E1

�E2

�E3

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
; Z� ¼

e�11
e�22
e�33
2e�23
2e�31
2e�12
�E �

1

�E �
2

�E �
3

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
;

and the S matrix by

S ¼

S1111 S1122 S1133 0 0 0 S1141 S1142 S1143

S2211 S2222 S2233 0 0 0 S2241 S2242 S2243

S3311 S3322 S3333 0 0 0 S3341 S3342 S3343

0 0 0 2S2323 0 0 2S2341 2S2342 2S2343

0 0 0 0 2S1313 0 2S1341 2S1342 2S1343

0 0 0 0 0 2S1212 2S1241 2S1242 2S1243

S4111 S4122 S4133 S4123 S4113 S4112 S4141 0 0
S4211 S4222 S4233 S4223 S4213 S4212 0 S4242 0
S4311 S4322 S4333 S4323 S4313 S4312 0 0 S4343

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
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Some of the Sijkl components vanish for the following simpler cases of

inclusion geometry.
(i) For a flat oblate spheroid (penny-shaped) inclusion embedded in a

transversely isotropic piezoelectric matrix subjected to two types of applied

electric field E as illustrated in Fig. A.6(a) and (b), the S tensor is given by

S ¼

S1111 S1122 S1133 0 0 0 0 0 S1143

S2211 S2222 S2233 0 0 0 0 0 S2243

S3311 S3322 S3333 0 0 0 0 0 S3343

0 0 0 2S2323 0 0 0 2S2342 0

0 0 0 0 2S3131 0 2S3141 0 0

0 0 0 0 0 2S1212 0 0 0

0 0 0 0 S4131 0 S4141 0 0

0 0 0 S4223 0 0 0 S4242 0

S4311 S4322 S4333 0 0 0 0 0 S4343

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

It is to be noted in Fig. A.6 (and Figs. A.7 and A.8, later) that two examples

of the applied electric field are shown, but this does not influence the S tensors.

(ii) For an elliptical cylindrical inclusion with geometrical and crystallo-

graphic symmetric axes along x3, as illustrated in Fig. A.7(a) and (b)

Z ¼ S � Z�

where Z and Z� are defined as in (i) and the S matrix by

x1

x3

x2

Material symmetric axis

E

x1

x3

x2

Material symmetric axis

E

(a) (b)

Fig. A.6 Penny-shaped piezoelectric fillers embedded in a matrix subjected
to applied field E.
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S ¼

S1111 S1122 S1133 0 0 0 0 0 S1143

S2211 S2222 S2233 0 0 0 0 0 S2243

0 0 0 0 0 0 0 0 0
0 0 0 2S2323 0 0 0 0 0
0 0 0 0 2S3131 0 0 0 0
0 0 0 0 0 2S1212 0 0 0
0 0 0 0 0 0 S4141 0 0
0 0 0 0 0 0 0 S4242 0
0 0 0 0 0 0 0 0 0

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

(iii) For an elliptical cylindrical inclusion with geometrical symmetry along the

x1-axis and crystallographic symmetry along the x3-axis. This case is illustrated

x1

x3x2

Material symmetric axis

E

x1

x3x2

Material symmetric axis

E

(a) (b)

Fig. A.8 Elliptical cylindrical piezoelectric fibers (with material symmetric
axis along x1) embedded in a matrix subjected to applied field E.

x3

x2x1

Material symmetric axis

E

x3

x2
x1

Material symmetric axis

E

(a) (b)

Fig. A.7 Elliptical cylindrical piezoelectric fillers embedded in a matrix
subjected to applied electric field E.
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in Fig. A.8(a) and (b) where the piezoelectric fiber has its material (crystal-

lographic) symmetric axis along the x1-direction. The Eshelby tensor for this

case was explicitly obtained in closed form by Mikata (2000).

Z ¼ S � Z�

where Z and Z� are defined as in (i) and the S matrix by

S ¼

0 0 0 0 0 0 0 0 0
S2211 S2222 S2233 0 0 0 0 0 S2243

S3311 S3322 S3333 0 0 0 0 0 S3343

0 0 0 2S2323 0 0 0 2S2342 0
0 0 0 0 2S3131 0 2S3141 0 0
0 0 0 0 0 2S1212 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 S4223 0 0 0 S4242 0

S4311 S4322 S4333 0 0 0 0 0 S4343

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
:
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Appendix B
Physical constants and properties of materials

B1 Physical constants

B2 Thermal properties of popular packaging materials.

Material Specific heat
capacity,
cp (J/kg�K)

Thermal expansion
coefficient,

� (1/K�10�6)

Thermal conductivity,
K (W/m�K)

Metals
Aluminum 900 23.6 247
Copper 386 16.5 398
Gold 130 13.8 315
Iron 448 11.8 80.4
Nickel 443 13.3 89.9
Silver 235 19 428
Tungsten 142 4.5 178
SAE 1025 steel 486 12.5 51.9
316 stainless steel 502 16 16.3

Permittivity of free space, e0 = 8.854 � 10�12 F/m
Permeability of free space, �0 = 4p � 10�7 H/m
Impedance of free space, �0 = 376.7 O
Velocity of light in free space, c0 = 2.998 � 108 m/s
Charge of electron, q = 1.602 � 10�19 C
Mass of electron, m = 9.109 � 10�31 kg
Boltzmann’s constant, kB = 1.380 � 10�23 J/K
Planck’s constant, h/2p = 1.0545 � 10�34 J�s
Stefan–Boltzmann constant, � = 5.670 � 10�8 W/m2�K4
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Material Specific heat
capacity,
cp (J/kg�K)

Thermal expansion
coefficient,

� (1/K�10�6)

Thermal conductivity,
K (W/m�K)

W–Cu (90–10) 209 6 209.3
Molybdenum 251 3–5.5 138
Brass (70Cu–30Zn) 375 20 120
Silicon 702–718 2.3–4.7 124–148
Alloy 42 (FeNi) – 6 16

Ceramics
Alumina (Al2O3) 775 8.8 30.1
Beryllia (BeO) 1050 9 220
Magnesia (MgO) 940 13.5 37.7
Spinel (MgAl2O4) 790 7.6 15.0
Fused silica (SiO2) 740 0.5 2.0
Soda–lime glass 840 9.0 1.7
SiC 670 4.5–4.9 283
AlN 745 4.3–4.7 82–320

Polymers
Polyethylene 2100 60–220 0.38
Polypropylene 1880 80–100 0.12
Polystyrene 1360 50–85 0.13
Polytetrafluoroethylene

(Teflon)
1050 135–150 0.25

Phenol-formaldehyde
(Bakelite)

1650 68 0.15

Nylon 6,6 1670 80–90 0.24
Polyisoprene – 220 0.14
Polyimide – 50 0.4
Epoxy – 15 0.3

Sources: Callister, 1994; Hannemann et al., 1994, with permission of John Wiley and Sons, Inc.,#1994.
Lau et al., 1998, reproduced with permission of The McGraw-Hill Companies.

B2 (cont.)
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B3 Dielectric constants er of popular materials.

Material Frequency (GHz) er0 tan � (at 25 8C)

Alumina (99.5%) 10 9.5–10 0.000 3
Barium tetratitanate 6 37(�5%) 0.000 5
Beeswax 10 2.35 0.005
Beryllia 10 6.4 0.000 3
Ceramic (A-35) 3 5.6 0.004 1
Fused quartz 10 3.78 0.000 1
Gallium arsenide 10 13 0.006
Glass (pyrex) 3 4.82 0.005 4
Glazed ceramic 10 7.2 0.008
Lucite 10 2.56 0.005
Nylon (610) 3 2.84 0.012
Paraffin 10 2.24 0.000 2
Plexiglass 3 2.60 0.005 7
Polyethylene 10 2.25 0.000 4
Polystyrene 10 2.54 0.000 33
Porcelain (dry process) 100 5.04 0.007 8
Rexolite (1422) 3 2.54 0.000 48
Silicon 10 11.9 0.004
Styrofoam (103.7) 3 1.03 0.000 1
Teflon 10 2.08 0.000 4
Titania (D-100) 6 96(�5%) 0.001
Vaseline 10 2.16 0.001
Water (distilled) 3 76.7 0.157

Relative dielectric constant er (¼ e/e0)¼e0r�je00r ; tan �¼ e00r /e0r; e0¼ 8.854 � 10�12 F/m.
Sources: Pozar, 1998, with permission of John Wiley and Sons, Inc.,#1998.
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B4 Magnetic properties of soft and hard magnets.

(i) Soft magnets

(ii) Hard magnets

Material Composition,
% by wt.
(remainder
Fe)

Initial
permeability
(gauss/oersted)

Saturation
induction
(gauss)

Curie
temperature
(8C)

Density
(g/cm3)

Alfenol 12 12 Al 4 500 14 800 650 6.74
Iron (commercial) 0.2 impurity 200 21 580 770 7.87
Oriented Si–Fe 3.25 Si 5 200 20 200 740 7.67
Permalloy 45 45 Ni 3 500 14 500 400 8.27
Permalloy 78 78 Ni 15 000 8 700 460 8.76
Supermalloy 5 Mo, 79 Ni 100 000 7 900 400 8.78
Supermendur 2 V, 49 Co 1 000 24 000 980 8.20

Name Composition,
% by wt.
(remainder Fe)

Coercive
force, Hc

(oersted)

Residual
flux
density,
Br (gauss)

Energy
product,
(BHmax)
(106 G�Oe)

Density
(g/cm3)

5% Tungsten steel 5W, 0.7C 70 10 500 0.33 8.1
36% Cobalt steel 36Co, 3.75W,

5.75Cr, 0.8C
240 9 750 0.93 8.2

Remalloy 2 12Co, 20Mo 340 8 550 1.2 8.4
Vicalloy 2 52Co, 13V 415 9 000 2.3 8.2
Cunife 1 60Cu, 20Ni 500 5 400 1.3 8.6
Alnico 5 8Al, 14Ni, 24Co,

3Cu
620 12 500 5.3 7.3

— — — — — — — — — — — — — — — — — — — — — — — — — — —
Samarium–cobalt SmCo 8 400 8 700 18.5 8.4
Ceramic 5 Mo.6Fe2O3 2 400 3 800 3.4 4.9
Neodymium 35 NdFeB 10 500 12 300 35 7.4

Sources: Billings et al., 1972; Fink and Beaty, 2000, with permission of The McGraw-Hill Companies.
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